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Partial Stabilization of Input-Output Contact Systems
on a Legendre Submanifold

Hector Ramirez, Bernhard Maschke, and Daniel Sbarbaro

Abstract—This technical note addresses the structure
preserving stabilization by output feedback of conserva-
tive input-output contact systems, a class of input-output
Hamiltonian systems defined on contact manifolds. In the
first instance, achievable contact forms in closed-loop and
the associated Legendre submanifolds are analysed. In
the second instance the stability properties of a hyper-
bolic equilibrium point of a strict contact vector field are
analysed and it is shown that the stable and unstable
manifolds are Legendre submanifolds. In the third instance
the consequences for the design of stable structure pre-
serving output feedback are derived: in closed-loop one
may achieve stability only relatively to some invariant
Legendre submanifold of the closed-loop contact form and
furthermore this Legendre submanifold may be used as a
control design parameter. The results are illustrated along
the technical note on the example of heat transfer between
two compartments and a controlled thermostat.

Index Terms—Contact systems, nonlinear control sys-
tems, feedback stabilization, irreversible thermodynamics.

|. INTRODUCTION

In this brief technical note, we address the stabilization by output-
feedback of a class of input-output contact systems [22] which are
the generalization of input-output Hamiltonian systems defined on
contact manifolds. Actually we shall consider a class of these systems,
called conservative input-output contact systems, in the sense that
they leave invariant a Legendre submanifold, often associated with
the thermodynamic properties of the system. These nonlinear control
systems have been introduced in the context of modelling of open
irreversible thermodynamical systems [4] and further developed in [5],
[20], and [23]. Finally, the analysis of the feedback equivalence to a
contact system, in general with respect to a different closed-loop con-
tact form, has led to the definition of input-output contact systems [22].

The main result presented in this technical note consists in the
global stability analysis of the closed-loop contact system obtained by
the structure preserving output feedback suggested in [22], yielding the
proof that one may achieve only partial stability with respect to some
Legendre submanifold rendered invariant by the feedback. Therefore
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it will be proven that a hyperbolic equilibrium point of a strict contact
vector field has a stable and unstable submanifold which are Legendre
submanifolds, extending the local results in [6], [13], and [21]. The
paradigmatical example of the 2 cells exchanging heat, the second one
connected to a thermostat, is used to illustrate the results along the
technical note.

The technical note is organized as follows. In Section II we recall
the definition of conservative input-output contact systems and present
the example. The Section III consists firstly in a reminder of the
family of feedback control which preserve the contact structure along
[22], secondly in an analysis of the closed-loop contact form and the
associated Lagrangian submanifolds. Section IV presents the main
results of the technical note, the stability analysis of a hyperbolic
equilibrium point of a strict contact vector field and the consequence
for the control design. Finally in Section V some closing remarks and
lines of future work are given. In the Appendix, the main definitions
related to contact manifolds and contact vector fields are given.

Il. CONSERVATIVE INPUT-OUTPUT CONTACT SYSTEMS

In this section, we shall briefly recall the definition and main proper-
ties of input-output contact systems. Their state space are contact man-
ifolds which arise from the formalization of the geometric structure
of the Thermodynamic Phase Space [1], [10] elaborated from Gibbs’
geometric definition of Equilibrium Thermodynamics [7]. On this
contact manifold reversible and irreversible thermodynamic processes
may be described by a dynamical system defined by a contact vec-
tor field, leaving invariant the contact geometry [8], [15]. Nonlinear
control systems which express the dynamics of open Irreversible
Thermodynamic Systems and preserve the contact structure, have been
defined as Hamiltonian control systems on contact manifolds first
in [4] and further elaborated in [5], [13, Sec. 3], [23].! Input-output
contact Hamiltonian systems, which differ from the previous ones by
the definition of the output, have been defined in the context of the
feedback equivalence preserving the contact structure in [22].2

A. Input-Output Contact Systems

Consider a differentiable manifold M equipped with a contact
form € and denote by & = [zo,z,p]T € R x R® x R™ a set of canon-
ical coordinates (the reader is refereed to the Appendix and the refer-
ences therein for the reminders on contact manifolds and vector fields).
On this contact manifold, we shall consider the following class of
nonlinear control systems adapted to the contact structure.

Definition 2.1: [20], [22] A (single) input-(single) output contact
system on the contact manifold (M, #), affine in the scalar input

I The formulation of Thermodynamic systems has led to an extensive publi-
cation activity which is not discussed here and in the context of system’s theory,
we refer the reader to the discussion in [5], [23, Sec. 3].

2They are the analogue of the input-output Hamiltonian systems [2], [12],
[24], [26] developed for mechanical systems and defined on symplectic mani-
folds associated with the conjugated position-momentum pairs.
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uw€ L°°(R, ) is defined by the two functions K € C> (M), called the

internal contact Hamiltonian, K. € C*° (M) called the interaction

(or control) contact Hamiltonian, and the state and output equations
dz

— = Xg, + Xk, u,

a y = Kc(T) €y

where Xy, and X, are the contact vector fields of (M, 6) generated
by the contact Hamiltonians K and K. respectively.

Models of irreversible thermodynamic systems belong to a subclass
of contact systems [4], [5], [23], called conservative input-output
contact systems.

Definition 2.2: [4] A conservative input-output contact system
with respect to the Legendre submanifold £ is an input-output contact
system with the internal, respectively control, contact Hamiltonians
K, respectively K., satisfying the two conditions:

(i) they are invariants of the Reeb vector field, satisfying (19)
ipdKy =ipdK, =0 2)
(ii) they satisfy the invariance condition (23)

K0|1;:07 Kc|£:0~ 3)

The reader may find the detailed justification in the context of
Irreversible Thermodynamics and examples in [4], [5], and [23]. For
the sake of clarity, let us recall some interpretation of these definitions.
The condition (2) amounts, in a set of canonical coordinates, to assume
that the Hamiltonian functions do not depend on the x( coordinate
which is the coordinate of the fotal energy (or entropy) of the system
and is satisfied for physical models. The condition (3) says that the drift
and control vector fields should leave invariant some distinguished
Legendre submanifold representing the thermodynamic properties of
the physical system and defined by the total energy of the system
(or any Legendre transformation of it).?

Finally, it may be noted that the contact Hamiltonian functions may
be constructed as the virtual power associated with the reversible and
irreversible phenomena inducing the systems dynamics [4], [23].4

B. Paradigmatic Example: Two Compartments
Exchanging Heat

We shall illustrate the results of this technical note with the example
of two compartments only exchanging a heat flow through a heat
conducting wall and one of them exchanging a heat flow with the en-
vironment (see the detailed presentation in [23]). The Thermodynamic
Phase Space R® > (zo, %1, %2, p1,p2) ', consists of the coordinates
of the total internal energy x(, the coordinates of the entropies © =
(x1,22) ", and the coordinates p = (py,p2) ' of the temperatures of
the two compartments. The thermodynamic properties of the system
are described by the total internal energy U(zi,xz2) = Ui(x1) +
Uz (z2), sum of the internal energies of each subsystem and satisfied
on the Legendre submanifold £ generated by U

zo = U(x1,x2)
Ly : m:[mlva]T . (4)
p=[2L, 22] = [Ti(@1), To(w2)]”

3Some authors consider nonlinear control systems, which do leave invariant
the Legendre submanifold defining the thermodynamic properties of the system
but are not defined by contact vector fields and do not leave invariant the contact
structure [9].

4There exist an alternative representation where the total entropy function
of the system is used to define the Thermodynamic properties and the contact
Hamiltonian has the dimension of a rate of entropy [5], [6].

where OU/dz; = T;(x;) are the temperatures of each compartment
with T;(z;) = Toexp(x;/c;), where Ty and ¢; are some constants
[3]. The dynamics of the two compartments may be described by the
input-output contact system defined by the internal and control contact
Hamiltonians

P2 _q

Ko=—RpTJT — (T-p)A 22, Ko=e (87 1 5)
2
where A, A, > 0 denote Fourier’s heat conduction coefficients of the
internal and external walls respectively, the controlled input u(t) €
R, is the temperature of the external heat source and R(z,p) =
0 -1
)\((pl —pg)/Tng) and J = |:1 0
tems’ dynamic is described by the restriction to the Legendre subman-
ifold Ly of the global input-output contact system, where it reduces
to the 2-dimensional nonlinear control system consisting of the two
entropy balance equations

i’l 1 1 0 —1 g_U
. :)\ —_— x )\e
M (— 5%1){1 oH%+

Ill. STRUCTURE PRESERVING FEEDBACK AND CLOSED-LOOP
INVARIANT LEGENDRE SUBMANIFOLDS

}. The actual physical sys-

ey
dwg

-]
1 1|u. (6)

In this section, we firstly recall the class of structure preserving
feedback of input-output contact systems according to [20], [22]
and secondly, we shall analyze some properties of the closed-loop
system regarding the closed-loop contact form as well as its Legendre
submanifolds. We conclude by illustrating some results on the example
of the two cells exchanging heat flows.

A. Structure Preserving Feedback of Input-Output
Contact Systems

Let recall briefly the conditions under which the closed-loop system
obtained by state-feedback remains a contact vector field defined with
respect to a contact form [20], [22].

Proposition 3.1: [20], [22] Consider an input-output contact sys-
tem according to the Definition 2.1. The closed-loop system dz/dt =
Xk, + ()X, with state-feedback o € C'*° (M), is a contact sys-
tem defined with respect to the closed-loop contact form 6,

0y =0+dF (7)

with F' € C°° (M) such that iz F' = 0, if and only if there exist a real
function ® € C'°°(R) such that the feedback is an output feedback

a=2'(y) ®)

where @ is the derivative of ® and the following matching equation
between the function ® and F is satisfied®
Xiey(F) + @' (y) [Ke + Xk (F)] = ®(y) = cr, cr €R. (9

Then the closed-loop vector field X = Xy, + ®'(y) Xk, is a strict
contact vector field with respect to 6,4 generated by the Hamiltonian

and will be denoted hereafter by Xk.

5Note that the constant ¢ is actually an integration constant [22] and may
be arbitrarily chosen.
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Remark 3.1: In canonical coordinates, the assumption that F' is an
invariant of the Reeb vector field £, means that, in a set of canonical
coordinates, the function F' depends only on the variables (z,p) and
the closed-loop contact form 6,4 admits then canonical coordinates [22]
(), z, p) with x{, = z¢ + F(z,p).

Notice that, similarly to the case of input-output Hamiltonian sys-
tems defined with respect to a Poisson structure [24], [26], the structure
preserving feedback is an output feedback, i.e. a function of the control
contact Hamiltonian. The (control) function ® shapes the closed-loop
contact Hamiltonian in a very similar manner as for the feedback of
input-output Hamiltonian systems [26] or the Casimir method for port-
Hamiltonian systems [19].

Unlike for input-output Hamiltonian systems, but resembling to the
control of port-Hamiltonian systems in the IDA-PBC method [18],
[19], the closed-loop vector field is a contact vector field with respect
to a different geometrical structure, defined by the closed-loop contact
form 04 (7). As in the IDA-PBC method, the geometric structure,
i.e. the closed-loop contact structure (7) and the closed-loop contact
Hamiltonian (10) are related by a matching equation. This matching
equation (9) may equivalently be written as

(Xky + (¥ 0 Ke) Xk, dF)+ ("0 Ko )K= ®o K. =0 (11)
where (,) denotes the pairing between vector fields and 1-forms on
M. Choosing a function & (that is using it as the control design
parameter), the matching equation defines a linear first-order PDE in
the function £, which may be treated using classical methods such as
the method of characteristics [17].

B. Characterization of the Closed-Loop System

In the first instance, we shall prove that, while the open- and closed-
loop contact forms are different, their Reeb vector fields are equal.

Corollary 3.2: Under the assumptions of Proposition 3.1, the Reeb
vector field E associated with the open-loop contact form 0 is equal to
the Reeb vector field associated with the closed-loop contact form 6,
defined in (7).

Proof: Recall that it has been proven in [22] that if F' is an
invariant of the Reeb vector field E' of 0, then the closed-loop contact
form 64, defined in (7), is a contact form. Note firstly that the fact that
the difference of the contact form is exact: 04—6=dF', implies that
dOg=d0 and hence igdf; = ipdf = 0 by (17). Secondly note that, as
F'is an invariant of the Reeb vector field F [i.e. satisfies (19)], one has
itgfs =1ip(0 + dF) = ipf = 1, hence, according to Definition A.2,
the vector field £ is also the Reeb vector field of the closed-loop
contact form 6. [ |

In the second instance, we shall show that, under the assumptions
of the Proposition 3.1, the Legendre submanifolds for the open- and
the closed-loop contact forms may be different. Therefore, we use the
Definition A.4 which defines Legendre submanifolds using the field of
contact elements.

Proposition 3.3: Under the conditions of Proposition 3.1 and
assuming that ker dF" is of dimension 2n almost everywhere, the fields
of contact elements® are different in open- and closed-loop: ker 84 #
ker 6.

Proof: Indeed, from the definition of the closed-loop contact
form (7), for any vector field X of M: 04(X) =0(X) + ixdF
Hence, ker 6,; = ker 0 implies ker § C ker dF'. With the regularity
condition on the function F' that ker dF' is of dimension 2n almost
everywhere, then ker @ = ker dF’ which contradicts the fact that the

6See the Definition A.4.

Reeb vector field satisfies i @ = 1 according to the Definition A.2 and
that ¢ gd " = 0 by the assumptions of the Proposition 3.1. |

On the other hand, the intersection of the distribution ker # N ker 04
is a distribution of dimension (2n — 1) at least, and from the preceding
proposition it is hence exactly of dimension (2n — 1). As a conse-
quence, it is the generic case that the open-loop Legendre submanifold
L of a conservative contact system is also a Legendre submanifold
of the closed-loop contact form (7).” In conclusion, according to the
Proposition 3.1, a structure preserving feedback control (8) is an output
feedback of the input-output contact system and is parametrized by
a real function ® which shapes the closed-loop contact Hamiltonian
(10). If moreover, one desires that the closed-loop system is a conser-
vative contact system (as physical models are), then the function ®
should be such that the closed-loop contact Hamiltonian (10) vanishes
on some desired Legendre submanifold with respect to the closed-loop
contact form (7).

C. Paradigmatic Example: Structure Preserving
Output Feedback

Following the Proposition 3.1, any structure preserving feedback
is expressed as the output feedback (8). Using the expression of the
control contact Hamiltonian in (5), it may be seen that any structure
preserving output feedback o = ®’(y) is a function of (z2,p2) only
and is hence only a function of the co-state p, and the temperature of
the second compartment which is the only one in direct contact with
the environment. In the sequel, we shall express the output feedback
as follows:

0‘(372,?2) =d'o Kc(m27p2) =p (/\ep2 - TQ) (12)

T

with the real function 3(¢) = ®’(e — 1). Assume moreover that there
exists a function ® which satisfies the conditions of Proposition 3.1
and such that the closed-loop system leaves invariant some Legendre
submanifold Ly, defined with respect to some generating function
Uq(7) in some canonical coordinates of the closed-loop contact form
(7) (see remark 3.1). Then, considering the restriction of the closed-
loop system to the invariant Legendre submanifold Ly, the feedback
(12) becomes a function of the two extensive variables (the entropy
variables) only

u(z1,22) = a(z2, p2)|

aU,
P2=Wg‘(x1,x2)

-3 ()\ %(3617362) —T2(96’2)>

1
Tolza) 13)

which may be interpreted as a nonlinear function of a “virtual”
entropy flux into the compartment 2 induced by a control temperature
(0U4/0z2) (w1, x2) defined by the closed-loop Legendre submani-
fold. Assigning the closed-loop Legendre submanifold may be in-
terpreted as shaping the apparent thermodynamic properties of the
system composed of the 2 compartments and the thermostat with
control temperature in closed-loop with the state-feedback (13).

IV. PARTIAL STABILIZATION BY FEEDBACK EQUIVALENCE
TO A CONSERVATIVE CONTACT SYSTEM

This section presents the main result of this technical note, namely
the mathematical justification of the control objectives presented in [6],
[21], that in closed-loop the system is a conservative system which is

"Then, according to the expression of the closed-loop contact Hamiltonian
(10), the invariance condition (23) implies that ®(0) = —cp.
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stable on some invariant Legendre submanifold. The section mainly
consists in deriving some mathematical results on the stability of
equilibria of strict contact vector fields, needed to determine stabilizing
structure preserving controllers of input-output contact systems. In the
first instance we recall and precise some results on the equilibrium
points of a contact system and in the second instance we present
novel results on their stability properties. Finally, we conclude with
the consequences for the control objectives for structure preserving
control of input-output contact systems.

A. Equilibria of a Contact System and Restriction of the
Contact System

Let us first recall the conditions for the existence of an equilibrium
point of a strict contact vector field.

Proposition 4.1: [11, p. 322] Consider a contact manifold
(M, 0) and a strict contact vector field X generated by the contact
Hamiltonian K € C'*°(M). Then a point Z* € M is an equilibrium
point of the contact system defined by
%i’ = Xk ()
if and only if it satisfies K (Z*) = 0 and dK |z« = 0.

Remark 4.1: In [6] the Proposition 4.1 was expressed in canonical
coordinates using the expression (20). In a set of canonical coordinates
(zo,x,p) € R x R™ x R™, apoint (xf, z*, p*) is an equilibrium point
of a strict contact vector field if and only if it is a zero and a critical
point of the contact Hamiltonian K, that is, satisfies: K (z§, z*,p*) =
0 and (0K /0z)(xf, z*, p*) = (0K /Op)(z§, x*,p*) = 0.

Now assuming that there exists a zero of the vector field, implies
that the set S = K ~1(0) is not empty. Furthermore all equilibria of
the contact system (14) belong to S. In the sequel, we shall make the
following regularity assumption on the contact Hamiltonian K.

Assumption 1: The set S = K ~'(0) is a differentiable manifold
of constant dimension 2n.

In the sequel we shall prove that the contact vector field X x leaves
invariant the submanifold S = K ~!(0), as a particular case of the
following result.

Lemma 4.2: The contact vector field X with contact Hamil-
tonian K being an invariant of the Reeb vector field, leaves any
submanifold K ~1(c), ¢ € R invariant.

Proof: TIndeed, using the Definition A.3 of the Jacobi bracket
and its expressions in (21), one has

(14)

Lx, K =ix dK = [K,K|g + K igdK = K ipdK

the contact Hamiltonian is an invariant of the Reeb vector field,
that is: igdK =0, hence Lx, K = 0. The contact Hamiltonian
is an invariant of the contact system, hence the submanifold S =
K~1(c) too. [ ]

Remark 4.2: Note also that according to the definition of conser-
vative contact vector fields (i.e., leaving invariant a Legendre submani-
fold L) the Proposition A.4 states that Ly C S.

It follows that an equilibrium point of a strict contact vector field
(14) cannot be asymptotically stable. Therefore in the sequel we shall
discuss its stability relatively to the restriction of the contact vector
field to the submanifold S = K~1(0).

B. About the Stability of Equilibria Points Relatively to
S =K=1(0)

In this subsection, we shall analyze the stability properties of the
restriction, denoted by X | g = X[, of the contact vector field X
to the submanifold S = K ~1(0).

Proposition 4.3: Let &* € S be an hyperbolic critical point of the
restriction X i of the strict contact vector field on the submanifold S =
K~'(0). The stable manifold S ({z*}) and the unstable manifold
S~ ({Z*}) are Legendre submanifolds of (M, ).

Proof: By assumption, the vector field X x is complete. There-
fore, denoting by ¢, the integral flow of Xz one has

0(s) (Xx(5)) = 0 (0e(5)) (0e(5)« X (5))
Vse ST ({i*}), teRy.

As the vector field X g generates an orbit converging to the equilib-
rium point £*, lim;_, 1 o ¢ (8)« X (s) = 0, hence
0(s) (Xx () =0, ¥se St ({#)), Xi(s) € ST ({3").
15)

As a consequence, the stable manifold S*({Z*}) is an integral man-
ifold of € and, according to Proposition A.3, is of dimension less or
equal than n. It may be shown with similar arguments (but reversing
the time limit) that the unstable manifold S~ ({Z*}) also satisfy (15),
hence is an integral manifold of 6 and has dimension less or equal
than n. As the equilibrium point is assumed to be hyperbolic, the
stable and unstable submanifolds have complementary dimensions in
S = K~1(0) which by assumption has dimension 2n. Hence both the
stable and unstable submanifolds have the maximal dimension n and,
according to Proposition A.3, are Legendre submanifolds. |

This proposition is the global version of the local stability results
given in [6], and [21] by considering the Jacobian D Xy of the strict
contact field X i at an equilibrium point expressed in some canonical
coordinates.

Lemma 4.4: Under the conditions of Proposition 4.1, let us con-
sider an equilibrium state (z, z*, p*) of the contact vector field X .
Then zero is eigenvalue of DX and the remaining 2n eigenvalues
are symmetrical with respect to the imaginary axis.

Proof: Since (0K /0x¢)(xg, z, p) =0, the Jacobian is given by

0 0K «T 92K o« T 02K
oz Oxdp ap?
2K %K
DX = 0 " 9zdp "~ op? (16)
0 ?K o2k \ "
dx2 Oz dp

According to Lemma 4.1, (0K/0x)(z§,z*,p*) =0 and denoting
A= (82K/3x8p)(x3,x*,p*), B=BT = (82K/3p2)(x8,$*,p*),
C=CT = (9°K/0z*)(x}, x*, p*), the characteristic polynomial of
D X i may be evaluated by using cofactor expansion with respect to
the first column and the properties of the determinant of block matri-
ces [14]

det(DXx — M) = —Adet ({—(Ag M) ” :i)TD

= Adet(A—XI) " det (A+AI)—B(A-XI)~'C)
= Adet(A+AI)det (A—AI)T—C(A+\I)™'B)

where the inverse matrices (A — AI)~! and (A + AI)~! are com-
puted for values of A different than the eigenvalues of A or their op-
posite. It follows that A = 0 is always an eigenvalue (corresponding to
the invariance of the manifold S) and that the remaining 2n eigenval-
ues are symmetrical with respect to the imaginary axis. |

It may be observed that these results are the extension to contact
manifolds of the stability properties of Hamiltonian systems defined
on symplectic manifolds [25, Ch. 8], [27, Lemma 1].
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C. Consequences for Structure Preserving Stabilizing Control

The first consequence of the Proposition 4.3 is the a posteriori
justification of the stabilization objectives presented in [6], and [21].
Indeed it shows that, under the assumptions of Proposition 3.1, noth-
ing more may be achieved in closed-loop by a structure preserving
feedback, than that the system is a conservative contact system which
is stable only on some invariant Legendre submanifold. Furthermore it
shows the existence of such a stable invariant Legendre submanifold
for any hyperbolic equilibrium of the closed-lop systems obtained by
structure preserving feedback. Note that the restriction of the output
feeedback (8) to the stable invariant Legendre submanifold in closed
loop, may then be expressed as a state-feedback of any coordinates of
the stable closed-loop submanifold being interpretable as for instance
the intensive variables or the extensive variables of the system.

The second and most important consequence is that the control
problem is completely parametrized by the stable Legendre submani-
fold which may serve as design parameter for the structure preserving
stabilizing control and that it is fotally equivalent to the use of the
function ® as design parameter. This leads to formulate the following
control problem.

Definition 4.1: An output feedback of an input-output contact
system of Definition 2.1 which is structure preserving according to
Proposition 3.1, is said partially stabilizing the point z* € M with
respect to some Legendre submanifold £, C M (with respect to the
closed-loop contact form 6;) and containing z*, if the closed-loop
system admits the point Z* as hyperbolic equilibrium point and £,
is its stable submanifold.

One way to proceed for the control design is the following. Once
the family of structure preserving output feedbacks is characterized
according to the Proposition 3.1, one chooses some Legendre sub-
manifold £, for the closed-loop system and then use the invariance
condition as additional conditions on the function ¢ characterizing
the closed-loop contact form (7) and the output feedback. Finally it
remains to choose a solution @ such that the stability on the Legendre
submanifold is satisfied [20, Sec. 4.3].

D. Paradigmatic Example: Stable Feedback

Consider again the example of the two cells exchanging heat and
let us select a stabilizing controller among the structure preserving
stabilizing controllers defined in the Section III-C: ®(y) with y =
K.(Ts, p2) according to (5). In the first instance, let us choose the most
simple desired closed-loop submanifold £, generated by the function

Ug(zy,z2) = (x1 + 22) T

where 7 is a desired temperature. It follows, according to the
Definition (22), that the closed-loop intensive variables, which may
be interpreted as virtual temperatures, are equal and constant: p? =
(0U4/dz)(x) = [T* T*] . In the second instance, using the expres-
sion of the contact Hamiltonians (5), we check the invariance condition
of the Legendre submanifold Lq: Ko, + ®(y)|c, = —cr and we
obtain the condition

T*

Al =T 7 + W), =0

oo,
with cp = 0. This implies that on Ly, ®(y)lz,, = Ae(T2 —
T*)(T*/T>). And one may find a ® that satisfies the invariance con-
dition as follows:

T*

O(y) =T"In(y+ 1) = Ae(T2 — pQ)?Q

with the restriction to the closed-loop Legendre submanifold be-
ing ®(y)|z, = Ae(T> —T*)(T*/T3). The state feedback on the
whole Thermodynamic Phase Space is, according to Proposition 3.1:
a(za,p2) = ¥'(y) = (T7/(y + 1)) = T e e(»2/T2)71 and
the actual control is its restriction to the closed-loop Legendre sub-
manifold L4
u(wa) = B(y) |, = T (T ),

In this case, the function S defining the nonlinear control (12) is
B(¢) = T*e*. In the third instance, it remains to be checked that
the submanifold £, is indeed the stable submanifold. This may be
done using local arguments at the equilibrium point or directly on
the entropy balance equations (6) as (x1,x2) are coordinates for
the open-loop as well as for the closed-loop system. Consider the
function V (21, z2) = (1/2) 327, (U — U;)?, where Uy = U, (x)
with T = (9U; /0z;)(z}): ithas a global strict minimum at (7, z3).

Furthermore, its differential is: [gngi] = [Egé:gi;%gi;] and one
; Tz
obtains
dV 1 1
— =A== ) (= (U, = U} T\T-: Us — US) T T
da <T2 T1>( (U =U7) W + (U2 = Us) T2T1)

“ A (Us —U3) (T2 - T*e“(%*l))
= —C)\(Tl—TQ)Q—C)\e(TQ—T*) (TQ_T*QAE(%_l))

where it has been assumed that the two gases have the same properties
and that: U; = cexp(x;/c) = ¢T;. The Lyapunov stability follows by
nothing that (7o — T™*)(T> — T* exp(A((T™/T>) — 1))) > 0, with
equality only if 7} = Ty, = T'*.

V. CONCLUSION

Contact systems are Hamiltonian systems defined on contact mani-
folds and arise from the modelling of open thermodynamical systems
in an analogous way as Hamiltonian systems defined on symplectic
manifolds arise from the models of mechanical systems. In this
technical note, we have addressed the problem of the design of
stabilizing nonlinear control laws for conservative input-output contact
systems. These conservative input-output systems are control systems
defined on contact structure which leave invariant some Legendre
submanifold and often arise from the formulation of the dynamics of
irreversible thermodynamic systems on the complete thermodynamic
Phase Space [4], [5], [23]. We have considered structure preserving
nonlinear control of these systems suggested in [22] in the sense it uses
the feedback equivalence of the closed-loop system on the complete
Thermodynamic Phase Space, which may again be defined as a contact
system however with respect to some different contact structure.

In this technical note, the class of achievable closed-loop contact
forms have been characterized with respect to their Reeb vector field
which is shown to be equal to the Reeb vector field of the open-
loop contact form. Furthermore the set of Legendre submanifolds
associated with the achievable closed-lop contact form have been
characterized. The main result concerns the stability in closed-loop and
therefore it has firstly been shown that a hyperbolic equilibrium point
of a strict contact vector field has a stable and unstable submanifold
which are Legendre submanifolds. As a consequence, and under some
mild regularity assumptions on the closed-loop contact Hamiltonian, it
has been shown that the asymptotic stabilizing control laws of input-
output contact systems are parametrized by the Legendre submanifolds
(actually their generating functions) of the feedback equivalent con-
servative contact system. This has been illustrated on the paradigmatic
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example of the two cells exchanging heat and connected to a thermo-
stat where the control laws are parametrized by a potential function
which may be interpreted as a virtual internal energy associated with
the thermostat.

Future work will address the application of such control design
to systems related to applications in Chemical Engineering such as
the Continuous Stirred Tank Reactor but also to the generalization to
the dynamic control laws where the closed-loop system is no more
conservative, that is using the feedback equivalence to more general
contact systems defined with respect to vector fields which are not
necessarily strict.

APPENDIX

In this Appendix, we briefly recall the main definitions and proper-
ties of contact geometry used in this technical note; the reader is re-
ferred to the following textbooks for a detailed exposition [1, App. 4.],
[10] and [11, Ch. 5] which is our main reference. We shall consider
systems defined on state-spaces which are contact manifolds, that are
(2n + 1)-dimensional differentiable manifolds M > Z equipped with
a contact form. We denote by X(M) its set of vector fields and by
A(M) its set of 1-forms.

Definition A.1: A contact structure on a 2n + 1-dimensional
differentiable manifold M is defined by a 1-form 6 of constant class
(2n + 1) satisfying 8 A (d)™ # 0, where A denotes the wedge prod-
uct, d the exterior derivative and (-)™ the n-th power of the exterior
product. The pair (M, 0) is then called a (strict) contact manifold, and
0 a contact form.

According to Darboux’s Theorem there exists, locally, a set of
canonical coordinates & = (xg,x,p) € R x R™ x R™ of M where
the contact form 6 is given by

=1

Definition A.2: The Reeb vector field E associated with the
contact form 6 is the unique vector field satisfying

g =1, igdd=0 (17)
called interior product) of a differential form by the vector field
E. In canonical coordinates the Reeb vector field is expressed as
There is a distinguished set of vector fields associated with the
contact structure (M, @), i.e., which are infinitesimal automorphisms
of the contact structure, called contact vector fields.
Proposition A.1: A (smooth) vector field X on the contact
manifold M is a contact vector field with respect to a contact form

0 if and only if there exists a smooth function p € C°°(M) such that

Lx0=p (18)

where Lx - denotes the Lie derivative with respect to the vector field
X. When the p = 0, the contact vector field is called a strict contact
vector field.

It may be shown that contact vector fields are uniquely defined by
smooth real functions.

Proposition A.2: The map Q(X) = ix 0 defines an isomorphism
from the vector space of contact vector fields in the space of smooth
real functions on the contact manifold.

The real function K generating a contact vector field X is obtained
by K = Q(X) = ix0 and is called contact Hamiltonian. The contact
vector field generated by the function K is denoted in this technical
note by Xx = Q71 (K), where Q71 is the inverse of the isomorphism
defined in Proposition A.2. Finally the function p of (18) is given by

p = ipdK where F is the Reeb vector field. When the contact vector
field X g is strict then its contact Hamiltonian K satisfies

ipdK =0 (19)

i.e., K is a first integral of the Reeb vector field or in canonical
coordinates 0K /0x = 0. The expression of a contact vector field,
in any set of canonical coordinates is

Kl o o —p7][5
Xg=|0|+1]0 0 -—I, 29—’9 (20)

o] p . o ||k

ya

where /,, denotes the identity matrix of order n. It should be mentioned
that the isomorphism €2 also defines a Lie algebraic function, called the
Jacobi bracket.

Definition A.3: [11, pp. 319-320] The Jacobi bracket [f, glo of
two differentiable functions f and g, is defined by

[, gl = ([27'(f), 2 (9)])
=ix,dg — gipdf
= —ix,df + f irdg. @1)
Furthermore, the contact form defines a set of distinguished submani-
folds, the isotropic and Legendre submanifolds [11, p. 312, 383].

Definition A.4: An isotropic submanifold of a (2n+ 1)-
dimensional contact manifold (M, @) is an integral submanifold £ C
M of ker 0 called field of contact elements [11, p. 322].

We shall use the following Proposition.

Proposition A.3: A Legendre submanifold is an isotropic
submanifold of a (2n + 1)-dimensional contact manifold (M, ), of
maximal dimension, equal to n.

In some set of canonical coordinates, the Legendre submanifold is
defined by a generating function U € C'*°(R"™) as follows:

EU:{xozU(x),x:x,p:—(x), xER"}. (22)

ox

Contact vector fields may satisfy an additional condition, namely that
they leave some Legendre submanifold invariant.

Proposition A.4: [16] Let £ be a Legendre submanifold. Then
X is tangent to £ if and only if K vanishes on £, i.e., L C K~1(0)
which may be stated as follows:

Kl =0 (23)

where |- denotes the restriction to L.
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