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a b s t r a c t

In this paper, the technique of local linear dynamics assignment is presented, which complements the
powerful Interconnection and Damping Assignment Passivity Based Control (IDA-PBC) methodology. In
IDA-PBC, nonlinear state feedback controllers are designed by matching the system’s dynamics with a
desired Port-Hamiltonian (PH) state representation. The latter consists of an energy function,which serves
as the closed-loop Lyapunov function, as well as matrices, describing the virtual internal exchange and
dissipation of the energy. Amajor difficulty in IDA-PBC is how to determine reasonable values for the large
number of free design parameters. Local linear dynamics assignment offers a solution to this problem
with a number of advantages. (i) Invoking the closed-loop Jacobian linearization to fix the parameter
values provides transparency with respect to the resulting local dynamic behavior. (ii) An appropriate
state transformation isolates the coordinates available for energy shaping. (iii) A related local linear state
transformation makes the resulting system of design equations linear. (iv) Assigning a Hurwitz closed-
loop Jacobian and ensuring positive semi-definiteness of the closed-loop dissipation matrix, the tedious
definiteness check of the energy is omitted. The design steps are illustrated with the Ball on Wheel
example.

© 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Nonlinear control literature, see e.g. Krstić, Kokotović, and
Kanellakopoulos (1995), Khalil (1996) and Sepulchre, Janković, and
Kokotović (1997), provides a wide range of methods based on Lya-
punov theory. While the nonlinear nature of the state differential
equations is explicitly taken into account in Lyapunov-based tech-
niques, an estimate of the domain of attraction of the stabilized
equilibrium is also provided by the shape of the Lyapunov function.
In passivity based methods like Interconnection and Damping As-
signment Passivity Based Control (IDA-PBC), see Ortega, Loría, Nick-
lasson, and Sira-Ramírez (1998); Ortega, van der Schaft, Maschke,
and Escobar (2002) and van der Schaft (2000), a Lyapunov func-
tion for the closed-loop system results constructively from the con-
troller design process. In IDA-PBC this means that first order PDEs
have to be solved under positivity constraints. The so-constructed
Lyapunov function has the interpretation as a new energy func-
tion for the closed-loop system. The class of Port-Hamiltonian (PH)
systems, which arises naturally from port-based modeling and
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captures the internal and external energy flows and dissipation of a
system, is especially suitable for physically inspired controller de-
sign, see e.g. Kugi (2001). In IDA-PBC, the original system represen-
tation is matched with a closed-loop PH system. For a predefined
interconnection and dissipation structure the set of assignable en-
ergy functions is identified with the solutions of the vector-valued
so-calledmatching PDE.

Different aspects of IDA-PBC have been explored in the last few
years, some of which shall be mentioned here. A central question
is the solvability of the linear matching PDE in the case of input-
affine systems, for which Cheng, Astolfi, and Ortega (2005) give
necessary and sufficient conditions. To circumvent the solution
of the matching PDE, an alternative is proposed in Acosta and
Astolfi (2009), based on solving the PDE for the elements of the
gradient algebraically. The latter are integrated to define a map in
state plus error coordinates. Then constructing a Lyapunov function
for the augmented system proves closed-loop stability. In Höffner
(2011) the matching problem is considered from a coordinate-
free viewpoint. The problem of sampled-data implementation
of IDA-PBC controllers is addressed in Tiefensee, Monaco, and
Normand-Cyrot (2010). An interesting class are underactuated
mechanical systems. When the total energy is shaped, see Viola,
Ortega, Banavar, Acosta, and Astolfi (2007), the matching PDE
for the kinetic energy becomes nonlinear and inhomogeneous.
A procedure how to construct a solution of this PDE is given in
Acosta, Ortega, Astolfi, and Mahindrakar (2005). Another problem
is physical dissipation in unactuated coordinates (Gómez-Estern &
van der Schaft, 2004).

http://dx.doi.org/10.1016/j.automatica.2013.01.028
http://www.elsevier.com/locate/automatica
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http://crossmark.dyndns.org/dialog/?doi=10.1016/j.automatica.2013.01.028&domain=pdf
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Besides the stabilization of an equilibrium and the estimation
of its domain of attraction, the assignment of desired transient
dynamic behavior is a further important issue in nonlinear
controller design. The existence of a passive output of the closed-
loop PH system allows us to tune the transient dynamics by
damping injection. However, the effect of a certain output feedback
gain is hardly predictable, nor can closed-loop dynamics be fixed
transparently by choosing the elements of the interconnection and
dissipation matrix.

The present contribution gives an answer to the question: ‘‘How
to determine the design parameters in the IDA-PBC approach such that
the (local) dynamic behavior of the closed-loop system can be specified
in advance and in a quantifiable way?’’

The basic idea of local linear dynamics assignment is to match
the linearization of the nonlinear PH dynamics resulting from IDA-
PBC with a predefined asymptotically stable linear system. The
lattermay result e.g. from eigenvalue assignment for the linearized
original system. Both a partitioning of the state representation and
a linear state transformation of the linearized system render the
systemofmatching equations for local linear dynamics assignment
linear in the elements of the interconnection and dissipation
matrices in the equilibrium. Furthermore, the system of linear
equations yields parameter values of the closed-loop energy
function which can be directly realized in the energy shaping
step of IDA-PBC. To sum up, local linear dynamics assignment
provides parameter values for nonlinear IDA-PBCwhich guarantee
prespecified local dynamics. (This neither means linear state
feedback nor a feedback linearizing design.) A major advantage of
the approach is — in contrast to the classical application of IDA-PBC
— that from matching asymptotically stable local linear dynamics
and ensuring a positive semi-definite dissipation matrix, positive
definiteness of the closed-loop energy Hessian is deduced. As a
consequence, the tedious definiteness check of the latter can be
omitted. Local linear dynamics assignment reduces the number
of remaining free design parameters in the IDA-PBC matching
problem. However, to appropriately tune the nonlinear controller,
in order to outperform the corresponding linear one — which
is a general issue in the application of nonlinear methods —
optimization over all free design parameters is required, including
the prespecified properties of the closed-loop linearization. One
possible criterion to assess the quality of the obtained nonlinear
controllers is the extent of the domain of attraction, estimated by
the shape of the energy functions.

The present paper generalizes and completes the results of
the conference papers Kotyczka, Koch, Pellegrini, and Lohmann
(2010); Kotyczka, Volf, and Lohmann (2010) and Kotyczka and
Lohmann (2009),where local linear dynamics assignment has been
presented for constant design matrices. Here, the technique is
derived for the general case of state-dependent design matrices.
This requires the examination of involutivity properties of a
distribution of vector fields which appear in a part of the design
matrix. Based thereon, important issues like the shapeability of the
energy function, the existence of a nonlinear transformation, which
reveals the structure of the closed-loop energy and the relation of
this diffeomorphism to the local linear transformation used for the
main result are discussed.

In Section 2, IDA-PBC for input-affine systems is summarized
and the solvability condition for the vector-valued matching PDE
is given. In Section 3, the shapeability of the solution of the PDE
is discussed in terms of the number of characteristic coordinates.
A coordinate transformation which reveals the structure of the
solution, and a simplified solvability test in the case of constant
coefficients are presented. The considered class of systems as well
as a decomposition of the design parameters are introduced in
Section 4, and the assignability of closed-loop local linear dynamics
is discussed. Section 5 contains a compact derivation of the local
linear dynamics assignment technique and a description of the
design steps. In Section 6, the procedure is illustrated with the Ball
on Wheel example while Section 7 concludes the paper with an
outlook to future research.
Notation.∇H(x) denotes the column vector of partial derivatives of
H(x) (gradient), while ∂H(x)

∂x is the corresponding row vector (Jaco-
bian). For convenience, definitions of matrix valued functions like
F : Rn

→ Rn×n are denoted F(x) ∈ Rn×n. All statements regarding
the local properties of vector fields, distributions, etc., like regular-
ity or involutivity, are assumed to be valid in a sufficiently large
neighborhood of the equilibrium x∗.

2. IDA-PBC

The IDA-PBC approach is briefly reviewed and the solvability
condition for the matching PDE is given.

2.1. General approach

Given an input-affine system

ẋ = f (x) + G(x)u (1)

with x(t) ∈ X ⊆ Rn, u(t) ∈ U ⊆ Rm, the IDA-PBC problem is
to find a state feedback u = β(x) + v to transform (1) into the
Port-Hamiltonian (PH) system

ẋ = (Jd(x) − Rd(x))∇Hd(x) + G(x)v, (2)

where Hd : Rn
→ R is a positive definite storage or energy function

for the closed-loop system with

x∗
= argmin

x
Hd(x) (3)

a strict minimum at the desired equilibrium. The interconnection
and dissipation matrices Jd(x) = −JTd (x) and Rd(x) = RT

d(x) ≥ 0
of dimension n × n describe energy exchange and dissipation in
the closed-loop system. The new input v and the collocated pas-
sive output y = GT (x)∇Hd(x) obey the energy balance equation

Ḣd(x) = −(∇Hd(x))TRd(x)∇Hd(x) + yTv ≤ yTv,

showingpassivity of the closed-loopPH system. Comparing Eqs. (1)
and (2) yields amatching equationwhichmust be met by all design
parameters, i.e. the designmatrix Fd(x) := Jd(x)−Rd(x), and the en-
ergy Hd(x) as well as the corresponding control law. The fact that
the number m of inputs is in general lower than the number n of
state equations imposes restrictions on the achievable closed-loop
dynamics, which are expressed by the projected matching equa-
tion ormatching PDE

G⊥(x)Fd(x)∇Hd(x) = G⊥(x)f (x). (4)

Herein, multiplication with the full rank left hand annihilator
G⊥(x) ∈ R(n−m)×n, with G⊥(x)G(x) = 0, eliminates the inputs u
and v from the matching equation. The vector-valued matching
PDE represents a set of n−m scalar first order linear PDEs. A solu-
tion of (4) — if it exists — can be written as the sum

Hd(x) := Ψ (x) + Φ(ξ(x)).

The particular solutionΨ (x) solves (4) while the homogeneous solu-
tion Φ(·) is an arbitrary smooth function of the solutions ξi(x), i =

1, . . . , nξ , of the homogeneous PDE G⊥(x)Fd(x)∇ξi(x) = 0. In the
energy shaping step, Φ(ξ) is chosen to satisfy the minimum con-
dition (3). If furthermore Rd(x) ≥ 0 holds in a sufficiently large
neighborhood of x∗, the control law (for v ≡ 0)

u = [GT (x)G(x)]−1GT (x)[Fd(x)∇Hd(x) − f (x)]

renders the equilibrium x∗ stable with Hd(x) a Lyapunov function
which satisfies Ḣd(x) ≤ 0 for x ≠ x∗. Asymptotic stability can be
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proven using LaSalle’s invariance principle, see e.g. Khalil (1996).
An estimate of the domain of attraction of x∗ is the region enclosed
by the largest bounded and connected level set of Hd(x) around x∗

where Rd(x) ≥ 0 holds. The minimum condition (3) for the closed-
loop energy Hd(x) is commonly verified examining the gradient
and the Hessian matrix in x∗:

∇Hd(x)|x∗ = 0, Qd :=
∂2Hd(x)

∂x2


x∗

> 0. (5)

The first (second) order coefficients of the Taylor series expansion
of the freely adjustable homogeneous solution Φ(ξ) will be called
first (second) order design parameters of the energy function.

2.2. Solvability of the matching PDE

The vector-valued matching PDE (4) has the form

W (x)∇Hd(x) = s(x), (6)

where the matrix W (x) = [w1(x) . . . wn−m(x)]T contains the
coefficient vectors wi(x) ∈ Rn of each scalar PDE. The vector
s(x) = [s1(x) . . . sn−m(x)]T is composed of the forcing terms
si(x) ∈ R, i = 1, . . . , n−m. A necessary and sufficient condition for
the solvability of these PDEs has been given in Cheng et al. (2005):

Theorem 1. The PDE (6) admits a solution Hd(x) if and only if the
involutive closures inv∆(x) and inv∆′(x) of the regular distributions

∆(x) = span {w1(x), . . . , wn−m(x)} and (7)

∆′(x) = span


w1(x)
s1(x)


, . . . ,


wn−m(x)
sn−m(x)


have equal dimension d ≤ n.

3. Properties of the matching PDE

In this section, the notion of characteristic coordinates is ex-
plained and their number for a given PDE is discussed. A coordi-
nate transformation to allocate the effect of energy shaping is in-
troduced and a simplified solvability test is presented for PDEswith
constant coefficients.

3.1. Characteristic coordinates

Definition 2. Characteristic coordinates ξi(x) are independent so-
lutions of the homogeneous PDE

W (x)∇ξi(x) = 0, (8)

summarized in the vector ξ(x) = [ξ1(x), . . . , ξnξ
(x)]T . Equiva-

lently, ξi(x) are quantities which remain constant along the solu-
tions of the system of characteristic ODEs ẋ = wj(x), j = 1, . . . ,
n − m, associated to (8).

The properties of the distribution spanned by the column vector
fields of W T (x) are essential for the number of characteristic coor-
dinates, which in IDA-PBC are available for shaping the closed-loop
energy by Φ(·). The number of independent characteristic coordi-
nates nξ follows from the application of Frobenius’ Theorem.

Proposition 3. For a vector-valued PDE (6) there exist nξ = n − d
characteristic coordinates, where d is the dimension of the involutive
closure inv∆ according to (7).

Proof. Denote w1,...,n−m the vector fields of ∆0 := ∆ according to
(7) and wn−m+1,...,d the Lie brackets which are added one after an-
other to construct the distributions ∆1,...,d−(n−m) where ∆d−(n−m)

= inv∆. According to Frobenius’ Theorem, see e.g. Isidori (1995),
the annihilator of the involutive d-dimensional distribution inv∆ is
spanned by exactly n−d differentials, i.e. there exist n−d functions
ξi, i = 1, . . . , n − d, such that

∂ξi(x)
∂x

wj(x) = 0, j = 1, . . . , d.

The functions ξi remain constant along solutions of the character-
istic ODEs ẋ = wj(x), j = 1, . . . , n − m, and hence are character-
istic coordinates. If there were more, i.e. n − d + k characteristic
coordinates, Frobenius’ Theorem would require ∆d−(n−m)−k to be
involutive, which contradicts the fact that inv∆ = ∆d−(n−m). �

Consequently, if the distribution (7) is involutive and the PDE (6)
is solvable according to Theorem 1, the solution can be shaped
with the maximum number of m characteristic coordinates. This
maximum shapeability is favorable in the energy shaping step of
IDA-PBC.

3.2. Transformation of the matching PDE

To allocate the effect of energy shaping by the homogeneous
solution Φ(·) to a subset of coordinates, a transformation of the
(matching) PDE of type (6) is useful.

Proposition 4. Given the vector-valued PDE (6), with W (x) of full
rank n − m. Assume the vector fields wj(x), j = 1, . . . , n − m, span
an involutive distribution. Then (6) can be transformed into
0 W̄η(χ)


∇H̄d(χ) = s̄(χ) (9)

by a diffeomorphism χ = τ(x) with χ = [ξ T ηT
]
T , ξ ∈ Rm,

η ∈ Rn−m. The matrix W̄η(χ) ∈ R(n−m)×(n−m) is nonsingular and
s̄(χ) = s ◦ τ−1(χ). The solution of (9) takes the form

H̄d(ξ , η) = Ψ̄ (ξ , η) + Φ̄(ξ),

with a particular solution Ψ̄ (ξ , η) and a solution Φ̄(ξ) of the
homogeneous PDE. The requirement ∇H̄d(χ)


χ∗ = 0 can be achieved

if s(x∗) = 0.

Proof. The condition to transform the (transposed) row vector
fields of the principal part in (6) is


0m×(n−m)

w̄η,j(χ)


=

∂ξ(x)
∂x

∂η(x)
∂x

wj ◦ τ−1(χ), j = 1, . . . , n − m, (10)

with w̄η,j(χ) the column vectors of W̄ T
η (χ). Under the involutiv-

ity assumption, there exist m independent functions ξi(x), i = 1,
. . . ,m, such that the first row of (10) holds with ∂ξ(x)

∂x of maxi-
mum rank m. The functions ηi(x), i = 1, . . . , n − m, can be de-
fined arbitrarily such that ∂τ(x)

∂x is nonsingular and consequently
W̄η(χ) is of full rank. From the Inverse Function Theorem (Isidori,
1995) it follows that τ(x) locally is a diffeomorphism. The sole de-
pendency of Φ̄(·) on ξ follows from the structure of the homoge-
neous PDE (replace s̄(χ) by 0 in (9)). With s(x∗) = s̄(χ∗) = 0 also
∇ηH̄d(χ)


χ∗ = 0 holds, and ∇ξ H̄d(χ)


χ∗ = 0 can be achieved by

the first order parameters of the free function Φ̄(ξ). �

3.3. Simplified solvability test

Using the above transformation, solvability of (6) is easy to
verifywith respect to the elements of a constant matrixW (Kotyczka
& Lohmann, 2009):

Proposition 5. The PDE (6) with W = const. admits a solution if
and only if for all i, j = 1, . . . , n − m

Lwisj(x) − Lwjsi(x) = 0, (11)
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where Lwisj(x) denotes the Lie derivative of sj(x) along the constant
vector field wi.
Proof. The statement can be proven either by application of The-
orem 1 or by Poincaré’s Lemma, see e.g. Lévine (2009). First, trans-
form (6) with W = const . into ∇ηH̄d(ξ , η) = s̄(χ) by the regular
linear coordinate change x = [∗ W T

]χ . Solvability now is equiv-
alent to the question whether the 1-form ω =

n−m
j=1 s̄j(ξ , η)dηj

is exact on the considered subset of Rn−m (ξ here only plays the
role of a parameter). A necessary and sufficient condition on a star-
shaped region is

∂ s̄j(ξ , η)

∂ηi
−

∂ s̄i(ξ , η)

∂ηj
= 0, i, j = 1, . . . , n − m,

which corresponds to the interchangeability of the second order
partial derivatives of the solution. The backtransformation yields
(11). �

4. Problem structure and assumptions

In order to obtain a systematic procedure for the parameter
choice in IDA-PBC, only input-affine systems with a special struc-
ture are considered. Correspondingly, the target dynamics is re-
stricted to a structured representation. In this section, furthermore,
the assignability of local linear dynamics is briefly discussed, before
the assumptions for the main result are formulated.

4.1. Class of systems

In the considered class of systems, ‘‘actuated’’ coordinates are
distinguished from ‘‘unactuated’’ states:

Definition 6. In input-affine systems of the form
ẋα

ẋν


=


fα(x)
fν(x)


+


Gα(x)
0


u, (12)

where Gα(x) ∈ Rm×m is a nonsingular square matrix on X, the up-
per part xα ∈ Rm of the state vector x ∈ X ⊆ Rn contains the
actuated coordinates, while xν ∈ Rn−m denotes the unactuated co-
ordinates.

The IDA-PBC matching equation now turns into
fα(x)
fν(x)


+


Gα(x)
0


u !

=


Fα(x)
Fν(x)


∇Hd(x), (13)

where the design matrix Fd(x) has been partitioned into Fα(x) ∈

Rm×n and Fν(x) ∈ R(n−m)×n. The submatrices

Fα(x) =

αT
1 (x)
...

αT
m(x)

 , Fν(x) =

 νT
1 (x)
...

νT
n−m(x)


are composed of the row vectors
αT
i (x) =


αi1(x) . . . αin(x)


, i = 1, . . . ,m,

νT
j (x) =


νj1(x) . . . νjn(x)


, j = 1, . . . , n − m,

containing the scalar design parameters. The simplest possible left
hand annihilator

G⊥
=

0(n−m)×m In−m


(14)

is used such that the second row of (13)
fν(x) = Fν(x)∇Hd(x) (15)
directly represents a matching PDE, which only depends on the
elements of the lower submatrix Fν(x).When (3) has been achieved
with Rd(x) ≥ 0, the stabilizing control law follows from the first
row of (13):
u = G−1

α (x)[Fα(x)∇Hd(x) − fα(x)].
4.2. Assignable local linear dynamics

The linearization of (12) at an admissible equilibrium (x∗, u∗)
has the form

∆ẋα

∆ẋν


=


Aα

Aν

 
∆xα

∆xν


+


Bα

0


∆u, (16)

with Aα ∈ Rm×n, Aν ∈ R(n−m)×n, and the nonsingular matrix
Bα ∈ Rm×m. The ∆-quantities are the deviations of state and input
from the equilibrium. If (16) is controllable, there exists a linear
state feedback∆u = K∆x such that desired closed-loop linearized
dynamics

∆ẋ = Ad∆x ⇔


∆ẋα

∆ẋν


=


Ad,α
Aν

 
∆xα

∆xν


, (17)

can be achieved with arbitrary eigenvalues of the Hurwitz matrix
Ad = A+BK . The linear eigenvalue assignment problemwill be an
intermediate step to determine the design parameters for nonlin-
ear IDA-PBC.

Remark 7. It is well known that stabilizability of the linearization
is only sufficient for stabilizability of (12), see Bacciotti (1988) and
Nijmeijer and van der Schaft (1990) for details. To concentrate on
the core question of transparent dynamics assignment in the non-
linear IDA-PBC design process, the critical cases (e.g. uncontrollable
eigenvalues of A on the imaginary axis) are excluded here.

4.3. Assumptions

Before stating themain result of the paper, the assumptions are
summarized:

Assumption 8. The state equations of the considered system have
the form (12) with sufficiently smooth vector fields on the right
hand side and the linearization (16) in the desired equilibrium
(x∗, u∗) is controllable.

Note that every input-affine system with input matrix of full rank
m, whose column vector fields span an involutive distribution, can
be transformed into the above representation. The smoothness
assumption guarantees that the solution of the matching PDE (4),
if it exists, is smooth, and hence the HessianmatrixQd according to
(5) is defined. This allows us to employ the linearization arguments
in the derivation of the main result.

Assumption 9. The matching PDE (15) is solvable with a full rank
matrix Fν(x), whose smooth (row) vector fields νT

j (x), j = 1, . . . ,
n − m, span an involutive distribution.

This assumption ensures that a full rank matrix Ad can be assigned
for the linearized closed-loop system and there exists the maxi-
mum number of m characteristic coordinates for the energy shap-
ing step of IDA-PBC. The row vectors of every constant matrix Fν

span involutive distributions and solvability of the PDE is easily
tested by condition (11) in this case. To construct a state-dependent
matrix Fν(x) such that Assumption 9 holds, is complicated in
general. However, it can be shown that the row vector fields of
matrices Fν(x), as constructed in Section 5.5, span involutive dis-
tributions.

5. Main result

The procedure described in this section provides values of the
IDA-PBC design parameters such that
• desired dynamics of the linearization is achieved while
• the energy Hd(x) serves as a Lyapunov function to prove

stability and determine an estimate for the domain of attraction
of the closed-loop equilibrium x∗.
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5.1. Matching of local linear dynamics

The basic idea is to match the linearization of the closed-loop
system with a desired matrix Ad according to (17):

∆ẋ =
∂

∂x
(Fd(x)∇Hd(x))


x∗

!
= Ad∆x. (18)

Under Assumption 9, the row vector fields of Fν(x) span an involu-
tive distribution. Proposition 4 then states that ∇Hd(x)|x∗ = 0 can
be achieved (by the first order parameters of the homogeneous so-
lution) if fν(x∗) = 0, i.e. x∗ is an admissible equilibrium. Hence (18)
leads to

Fd(x∗)Qd∆x !
= Ad∆x with (19)

Qd :=
∂2

∂x2
Hd(x)


x=x∗

=
∂2

∂∆x2
∆Hd(∆x)


∆x=0

the Hessian of the closed-loop energy in the desired equilibrium.
∆Hd(∆x) := Hd(x∗) +

1
2∆xTQd∆x denotes the quadratic approx-

imation of Hd(x) at x∗. If (19) can be solved for the free IDA-PBC
parameters ‘‘hidden’’ in Fd(x∗) and Qd, clearly regularity of both
matrices follows if Ad is Hurwitz.

Proposition 10. If (19)with Ad a Hurwitz matrix is solved such that

Rd(x∗) = −
1
2
(Fd(x∗) + F T

d (x∗)) ≥ 0, (20)

then Qd is positive definite.

Proof. The solution of (19) implies rank(Qd) = n. Solving (19) for
Fd(x∗) and substituting in (20), one gets

AdQ−1
d + Q−1

d AT
d = −2Rd(x∗),

a Lyapunov equationwith at least a solutionQ−1
d ≥ 0 if Rd(x∗) ≥ 0,

see Boyd (2005). Regularity of Qd implies regularity of Q−1
d . Hence

Q−1
d > 0 and finally Qd > 0. �

When assigning a Hurwitz matrix Ad, it is sufficient to check
Rd(x∗) ≥ 0 to deduce positive definiteness of Hd(x). The argumen-
tation is related to Proposition 1 in Prajna, van der Schaft, and
Meinsma (2002) that for any (asymptotically) stable linear system
a PH representation can be derived.

5.2. Local linear coordinate transformation

The linear transformation of the deviation coordinates

∆x = F T
d (x∗)∆z (21)

turns the local linear matching equation (19) into

Fd(x∗)QdF T
d (x∗)  

=:Q̃d

∆z = AdF T
d (x∗)∆z, (22)

where Q̃d describes the quadratic approximation of the closed-loop
energy in new local deviation coordinates: ∆H̃d(∆z) := Hd(x∗) +
1
2∆zT Q̃d∆z. By partitioning Ad and Fd(x∗) into their actuated and
unactuated parts, one obtains
Q̃αα Q̃αν

Q̃να Q̃νν


=


Ad,αF T

α (x∗) Ad,αF T
ν (x∗)

AνF T
α (x∗) AνF T

ν (x∗)


, (23)

since (22) has to hold for any ∆z. The submatrices

Q̃ij :=
∂2∆H̃d(∆z)

∂∆zi∆zj
, i, j ∈ {α, ν},

denote the second order partial derivatives of the closed-loop
energy in the directions of the subvectors of

∆z =

∆zTα ∆zTν

T
, ∆zα ∈ Rm, ∆zν ∈ Rn−m,
required to fulfill (22). Now it will be clarified how the subset ∆zα
of local coordinates is related to the characteristic coordinates of
the PDE (15). The solution of (15) using computer algebra provides
a set of characteristic coordinates ξ(x) ∈ Rm. Additional coordi-
nate functions η(x) ∈ Rn−m can be defined to complete a diffeo-
morphism χ = τ(x). To assign local linear dynamics, a matrix Q̃d
which satisfies (22) must be realized by shaping the homogeneous
solutionΦ(ξ). The following proposition relates the submatrix Q̃αα

(defined with respect to ∆zα) to Φ(ξ).

Proposition 11. Given a set of characteristic coordinates ξ ∈ Rm.
Then an arbitrary matrix

Q̃αα =
∂2∆H̃d(∆z)

∂∆z2α
(24)

can be achieved by appropriate choice of the homogeneous solution
Φ(ξ) of (15).

Proof. First, it is shown that the deviation coordinates ∆ξ ,
expressed through ∆z, only depend on ∆zα . The characteristic
coordinates ξ(x) satisfy ∂ξ(x)

∂x F T
ν (x) = 0. The local approximation

of ξ(x) is ∆ξ =
∂ξ(x)
∂x


x∗

∆x, thus ∂∆ξ

∂∆x F
T
ν (x∗) = 0 holds. With

Fν(x) = [0 I]Fd(x) and (21) it follows that

0 =
∂∆ξ

∂∆x
∂∆x
∂∆zν

=
∂∆ξ

∂∆zν
.

In a similar way, it is shown that ∂∆zα
∂∆η

= 0, i.e. a one-to-one corre-

spondence Q̄ξξ = CT Q̃ααC, C ∈ Rm×m, can be established between
(24) and

Q̄ξξ :=
∂2∆H̄d(∆ξ, ∆η)

∂∆ξ 2
,

which can be assigned arbitrarily by Φ(ξ). �

In the case ∂ξ(x)
∂x


x∗

=
∂∆zα
∂∆x , the identity Q̃αα = Q̄ξξ holds.

Otherwise, the matrix C has to be determined.
Now the effect of Φ(ξ) is exclusively allocated to the submatrix

Q̃αα . Note that Q̃αα is the sum of the Hessian matrices with respect
to∆zα of the particular solutionΨ (·) (fixed) and the homogeneous
part Φ(·) (assignable):

Q̃αα = Q̃Ψ
αα + Q̃Φ

αα.

If Hd(x) is indeed a solution of the matching PDE, the second order
partial derivatives interchange. This symmetry requirement on Q̃d
according to (23) provides necessary conditions for the values of
Fd(x) in x∗.

5.3. System of linear equations

Putting the above considerations together, themain theorem of
the paper can be formulated:

Proposition 12. Given the IDA-PBC problem in (13), with the sim-
plest left hand annihilator (14) to extract the matching PDE (15). Let
the linearization be controllable in the desired equilibrium (x∗, u∗)

(Assumption 8). Assume the matching PDE to be solvable with Fν(x) of
full rank n − m and its row vectors νT

j (x), j = 1, . . . , n − m, to span
an involutive distribution (Assumption 9).

Choose the free design parameters Q̃Φ
αα , which can be arbitrarily

assigned by the homogeneous solution Φ(ξ) of (15), and the values
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of the elements of Fd(x∗) from the solution of the linear system of
equations

0 = Ad,αF T
α (x∗) − Fα(x∗)AT

d,α (25a)

0 = Ad,αF T
ν (x∗) − Fα(x∗)AT

ν (25b)

Q̃Φ
αα = Ad,αF T

α (x∗) − Q̃Ψ
αα (25c)

for a given Hurwitz matrix Ad such that (20) holds. In addition, ensure
∇Hd(x)|x∗ = 0 by the choice of first order parameters of Φ(ξ).

The result is a parameterization of IDA-PBC such that the linear
approximation of the asymptotically stable closed-loop PH dynamics
is (17), and the energy function Hd(x) has a minimum in the desired
equilibrium x∗.
Proof. The involutivity assumption ensures the existence of ex-
actly m characteristic coordinates. Consequently, Q̃Φ

αα as required
by (25c), which is part of the northwestern subequation of (23),
can be realized by second order parameters in Φ(ξ). Eqs. (25a),
and (25b) express the symmetry requirement of the northwestern
and off-diagonal submatrices of Q̃d. Symmetry of the southeastern
submatrix is automatically given when the matching PDE is solv-
able. In the SISO case, Eq. (25a) is trivially true. The solution of the
system of Eqs. (25) is equivalent to solving the matching equation
for local linear dynamics (19) such that Qd is symmetric. Applying
Proposition 10 completes the proof. �

The proposition provides amethod how to determine the values of
the elements αik(x), νjk(x) of the design matrix in the equilibrium
x∗, as well as the first and second order parameters of the
homogeneous solution Φ(ξ). The question how these functions
have to be like to ensure solvability of thematching PDE,maximum
shapeability of the energy function etc. is, however, not addressed.
The simplest case, which is a reasonable starting point, is to take
Fd = const . Then (a) solvability of the matching PDE (15) is easy
to check via condition (11), (b) the distribution spanned by the
constant vector fields νj, j = 1, . . . , n − m, is always involutive,
and (c) if (25) is solved such that Rd ≥ 0, then this property
holds globally. Note that it depends on the coordinate choice
if interconnection and dissipation structures are represented by
constant matrices or not (Höffner, 2011).

Thematrix equations (25) representm·n scalar linear equations,
which is the number of free elements in Ad,α . On the other hand,
there are (m2

+ m)/2 free parameters in Q̃αα and n2 entries in
Fd(x∗) (under the constraint Rd(x∗) ≥ 0). Although the design
freedom is reduced by the solvability condition for the matching
PDE, the system of equations is usually underdetermined, which
allows us to use the remaining design freedom e.g. to maximize
the estimated domain of attraction of x∗, see Kotyczka, Volf et al.
(2010).

5.4. Design procedure with constant design matrices

The design steps to apply local linear dynamics assignmentwith
constant design matrices are described below.
Step 1 Define the desired dynamics of the closed-loop linearization
(17).
Step 2 (1st preconditioning of Fd) Establish algebraic relations
between the elements of Fν such that solvability of the matching
PDE is ensured by condition (11).
Step 3 (2nd preconditioning of Fd) Establish relations between
the elements of Fd such that Rd ≥ 0 is possible. This includes
inequalities, but also setting those off-diagonal elements of Rd
to zero which correspond to zeros on the diagonal. Furthermore,
certain choices of elements may simplify the definiteness check
of Rd.
Step 4Represent the solution of thematching PDE (15)with respect
to the free parameters.
Fig. 1. Sketch of the Ball on Wheel system.

Step 5 Ensure∇Hd(x)|x∗ = 0 by the choice of first order parameters
in Φ(ξ).
Step 6 Solve the system of linear equations (25) for the free
parameters. Determine the second order parameters of Φ(ξ) from
Q̃Φ

αα .
Step 7 Fix the remaining free parameters, e.g. to optimize the shape
of the resulting closed-loop energy Hd(x).

The presented approach in a sense reverses the order of design
steps in the ‘‘classical’’ application of IDA-PBC, where energy
shaping is followed by damping injection to adjust the dynamic
behavior, whereas here, closed-loop (linearized) dynamics is
predefined and the shape of the energy is adjusted at the end of
the design process.

5.5. Construction of state-dependent design matrices

A constant design matrix may be insufficient to successfully
design an IDA-PBC controller, cf. the last example in Kotyczka
and Lohmann (2009), where the solvability condition restricts the
design parameters in such a way that it is not possible to achieve
Rd ≥ 0 and Qd > 0 at the same time. A state-dependent matrix
Fν(x) may be more suitable for the problem. Such a matrix can be
systematically constructed as follows.

Take the matching PDE (15) and multiply with a nonsingular
matrix D(x) ∈ R(n−m)×(n−m). This corresponds to the use of a
modified left hand annihilator G⊥(x) = [0 D(x)]. The equivalent
matching PDE is

D(x)fν(x)  
f̂ν (x)

= D(x)Fν(x)  
F̂ν

∇Hd(x). (26)

Parameterize Fν(x) by Fν(x) = D−1(x)F̂ν with F̂ν = const . and
choose D(x) such that f̂ν(x) becomes a less restrictive forcing term
with respect to the (simplified) solvability condition. It can be eas-
ily checked that using this construction, the involutivity Assump-
tion 9 is satisfied. The first preconditioning in Step 2 is carried out
for the elements of F̂ν in the equivalent PDE (26). Consequently, the
solution of thematching PDE depends only on the constant param-
eters ν̂jk. The second preconditioning in Step 3 and the solution of
the system of equations in Step 6 are based on the state-dependent
matrix Fd(x) of the original problem, evaluated in x∗.

6. Example: Ball on Wheel

To illustrate the design procedure, the Ball on Wheel system is
considered (Fig. 1). The goal is to balance a ball (hollow spherewith
radius rb andmassmb) on top of a wheel (radius rw andmoment of
inertia Jw) by actuating a motor (torque u) in the hub of the wheel.
q1 denotes the angle between the rotation axes of wheel and ball,
and q2 is the absolute rotation angle of thewheel. The system could
bemodeled as a 2 DOFmechanical system in a Hamiltonian formu-
lation and controlled by the IDA-PBC approach for underactuated
mechanical systems (Acosta et al., 2005) to stabilize the desired
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equilibrium q∗
= q̇∗

= 0. However, disregarding the wheel angle
q2 and defining x1 = q̇1, x2 = q1, and x3 = −

7
2
rw+rb
rw

q̇1+ q̇2, results
in the input-affine state space representation

ẋ =


fα(x)
fν(x)


+


gα

0


u =

 a sin x2
x1

−b sin x2


+

c
0
0


u,

with a = (5Jw + 2mbr2w)g/d, b = 5g/(2rw), c = 2rw/d, d =

(rw + rb)(7Jw + 2mbr2w), and g the gravitational acceleration. The
first ansatz for the closed-loop Port-Hamiltonian dynamics is

ẋ =


Fα

Fν


∇Hd(x) =


α11 α12 α13
ν11 ν12 ν13
ν21 ν22 ν23


∇Hd(x),

with a constant design matrix Fd and the energy Hd(x) to be deter-
mined such that it takes a minimum in x∗

= 0.
Step 1 A linear state feedback ulin = Kx is designed for the lin-
earized system, assigning three closed-loop eigenvalues in −10.
The matrix Ad takes the form

Ad =

ad,11 ad,12 ad,13
1 0 0
0 −b 0


.

Step 2 The first preconditioning of the design matrix with respect
to the solvability of the matching PDE fν(x) = Fν∇Hd(x) yields

b cos x2ν12 + ν21 = 0 ⇒ ν12 = ν21 = 0.

The parameterized dissipation matrix at this stage is

Rd =


−α11 −

1
2
(α12 + ν11) −

1
2
α13

−
1
2
(α12 + ν11) 0 −

1
2
(ν13 + ν22)

−
1
2
α13 −

1
2
(ν13 + ν22) −ν23

 .

Step 3 To allow Rd to be positive semi-definite, ν22 = −ν13 and
ν11 = −α12 are indispensable. Setting for simplicity α13 = 0 re-
sults in Rd = diag{−α11, 0, −ν23}, which is positive semi-definite
when at least one of the inequalities α11 ≤ 0 and ν23 ≤ 0 holds
strictly.
Step 4 The matching PDE after this second preconditioning of Fd is

x1
−b sin x2


=


−α12 0 ν13
0 −ν13 ν23


∇Hd(x)

and has the particular solution

Ψ (x) = −
1

2α12
x21 −

b
ν13

cos x2.

The freely adjustable homogeneous solution is set up as

Φ(ξ) =
1
2
µ2ξ

2
+

1
4
µ4ξ

4,

with ξ = zα = eT1F
−T
d x the characteristic coordinate resulting from

the linear coordinate transformation (21), which holds globally in
the case of constant Fd.
Step 5 The given choice of Φ(ξ) ensures ∇Hd(x)|x∗ = 0.
Step 6 The system of Eqs. (25) becomes
0
0


=


−α12 0 ν13
0 −ν13 ν23

ad,11
ad,12
ad,13


−


1 0 0
0 −b 0

α11
α12
0


,

µ2 =
∂2Φ̃

∂z2α


z∗

= ad,11α11 + ad,12α12 −
∂2Ψ̃

∂z2α


z∗

,

Fig. 2. Sections of the contour surfaces of Hd(x) in x-coordinates for x1 = 0 and
x3 = 0.

where

∂2Ψ̃

∂z2α


z∗

= −
α2
11

α12
+ b

α2
12

ν13
,

and can be solved besides for µ2, e.g. for α12 and ν13. The parame-
ters α11, ν23, as well as µ4 remain free.
Step 7 The values α11 = ν23 = −1 are chosen arbitrarily and the
weighting µ4 = 4 is supposed to render the nonlinear IDA-PBC
control law

uIDA =
1
c


−

α11

α12
x1 −


a −

α12

ν13
b

sin x2

+ (µ2zα + µ4z3α) ◦ zα(x)


more aggressivewith respect to larger deviations from the equilib-
rium, compared to its purely linear counterpart ulin = Kx. In Fig. 2,
sections of the closed contour surfaces of the energy are displayed.
Fig. 3 shows transients of the simulated nonlinear system (with
plant parameters from Ho, Tu, and Lin (2009)) under both control
laws, as well as the normal force between ball and wheel, which
remains positive along the transients. For µ4 = 0 (not displayed)
the plots under uIDA and ulin virtually coincide. The choice µ4 = 4
does not alter local linear dynamics, but provides a stronger reac-
tion and faster transients.

Note that the free parameter values in the example, as well
as the function Φ(·) are chosen arbitrarily in order to illustrate
the design procedure in a compact manner. The optimization
according to Step 7 is omitted and the reader is referred to Kloiber
and Kotyczka (2012) for recent results on this topic.

7. Conclusions

The technique of local linear dynamics assignment for the
parameterization of IDA-PBC has been described. By solving a
linear system of equations for the design parameters, predefined
dynamic behavior of the closed-loop linearization can be achieved.
Furthermore, the definiteness check of the closed-loop energy
Hessian matrix can be omitted. Local linear dynamics assignment
is one way to reduce systematically the extensive freedom in the
choice of the IDA-PBC design parameters.

The method is applicable to set-point control (Kotyczka, Koch
et al., 2010) and also to design passivity based tracking controllers
(Kotyczka, Volf et al., 2010), where the peculiarities of time-
varying systems have to be accounted for. The idea can also
be transferred to the stabilization of underactuated mechanical
systems (Kotyczka, 2011). The results presented in this paper,
together with an optimization with respect to the domain of
attraction (Kloiber & Kotyczka, 2012), are first steps to enhance the
applicability of IDA-PBC and to use it e.g. for automated nonlinear
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Fig. 3. Transients of q1, q̇1, q̇2 and the normal force FN under both IDA-PBC (solid) and the linear control law (dashed).
controller design. This, however, remains a challenging task due to
the large number of available design quantities in IDA-PBC.

An interesting issue, which gives rise to future work in the
context of the presented approach, is dynamics assignment when
passivity based methods are applied to systems which have
been partially feedback linearized — this is especially relevant in
the control of underactuated mechanical systems. Furthermore,
it could be worthwhile examining how the idea to use the
linearization for dynamics assignment can be exploited for certain
classes of infinite-dimensional (discretized) systems.
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