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Modeling logic specifications
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 Consider a finite collection 𝑌𝑄 of vectors of ℝ𝑛

 Logic specification defined as a regular language

𝐿𝑄 ⊆ 𝑌𝑄
∗

Definition above of specification is rather general and comprise many

specifications of interest when controlling CPSoS

In the next slides we illustrate some examples of:

 Safety specifications

 Reachability specifications

 Reach and stay with obstacle avoidance specifications

 Synchronization specifications



Safety specifications
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Specification: Given a subset of good states 𝐺 of ℝ𝑛, stay all 

the time inside 𝐺

 Let 𝜂 be the accuracy of the specification approximation 

 Suppose that 𝐺 has interior and is given as the union of a finite 

collection of hyperrectangles

 Consider the collection of vectors 𝑔𝑗 in

𝐺𝜂 = 𝐺 ∩ 𝜂ℤ𝑛 ⊆ 𝐺

 There exists Ƹ𝜂 > 0 s.t. 𝐺𝜂 ≠ ∅ for any 𝜂 < Ƹ𝜂

Regular expression: words with symbols 𝑔𝑗, i.e.

෍

𝑔𝑗∈𝐺𝜂

𝑔𝑗 ෍

𝑔𝑗∈𝐺𝜂

𝑔𝑗

∗
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Specification: Starting from a set of initial states 𝐼 ⊆ ℝ𝑛 reach a 

target set 𝑇 ⊆ ℝ𝑛 in finite time

 Let 𝜂 be the accuracy of the specification approximation 

 Let 𝐷 ⊆ ℝ𝑛 be the domain of interest and containing 𝐼 and 𝑇
 Suppose that 𝐼, 𝑇 and 𝐷 have interior and are given as the union of a 

finite collection of hyperrectangles

 Consider the collections of vectors 

- 𝑖𝑗 in 𝐼𝜂 where 𝐼𝜂 is the collection of vectors in 𝜂ℤ𝑛 far away from 𝐼 no 

more than 𝜂 (with infinity norm metric)

- 𝑡𝑗 in 𝑇𝜂 = 𝑇 ∩ 𝜂ℤ𝑛 ⊆ 𝑇

- 𝑑𝑗 in 𝐷𝜂 = 𝐷 ∩ 𝜂ℤ𝑛 ⊆ 𝐷

 For any 𝜂 > 0, 𝐼𝜂 ≠ ∅ and there exists Ƹ𝜂 > 0 s.t. 𝑇𝜂 ≠ ∅ and 𝐷𝜂 ≠ ∅ for

any 𝜂 < Ƹ𝜂

Regular expression: words starting with 𝑖𝑗 and ending with 𝑡𝑗, i.e.

෍

𝑖𝑗∈𝐼𝜂

𝑖𝑗 ෍

𝑑𝑗∈𝐷𝜂

𝑑𝑗

∗

෍

𝑡𝑗∈𝑇𝜂

𝑡𝑗

Reachability specifications
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Specification: Starting from a set of initial states 𝐼 ⊆ ℝ𝑛 reach a target 

set 𝑇 ⊆ ℝ𝑛 in finite time, while avoiding a set of obstacles 𝑂 ⊆ ℝ𝑛 and 

then remain definitely in 𝑇

 We suppose 𝐼 ∩ 𝑂 ∩ 𝑇 = ∅
 Let 𝜂 be the accuracy of the specification approximation 

 Let 𝐷 ⊆ ℝ𝑛 be the domain of interest and containing 𝐼, 𝑇 and 𝑂
 Suppose that 𝐼, 𝑇, 𝑂 and 𝐷 have interior and are given as the union of a 

finite collection of hyperrectangles

 Consider the collections of vectors 

- 𝑖𝑗 in 𝐼𝜂 where 𝐼𝜂 is the collection of vectors in 𝜂ℤ𝑛 far away from 𝐼 no more 

than 𝜂 (with infinity norm metric)

- 𝑜𝑗 in 𝑂𝜂 where 𝑂𝜂 is the collection of vectors in 𝜂ℤ𝑛 far away from 𝑂 no 

more than 𝜂 (with infinity norm metric)

- 𝑡𝑗 in 𝑇𝜂 = 𝑇 ∩ 𝜂ℤ𝑛 ⊆ 𝑇

- 𝑑𝑗 in 𝐷𝜂 = 𝐷 ∩ 𝜂ℤ𝑛 ⊆ 𝐷

 For any 𝜂 > 0, 𝐼𝜂 ≠ ∅ and 𝑂𝜂 ≠ ∅ and there exists Ƹ𝜂 > 0 s.t. 𝑇𝜂 ≠ ∅ and 

𝐷𝜂 ≠ ∅ for any 𝜂 < Ƹ𝜂

Reach and stay with obstacle avoidance specifications (1/2)
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Specification: Starting from a set of initial states 𝐼 ⊆ ℝ𝑛 reach a target 

set 𝑇 ⊆ ℝ𝑛 in finite time, while avoiding a set of obstacles 𝑂 ⊆ ℝ𝑛 and 

then remain definitely in 𝑇

Regular expression: words starting with 𝑖𝑗, ending with 𝑡𝑗 and with no 

𝑜𝑗, i.e.

෍

𝑖𝑗∈𝐼𝜂

𝑖𝑗 ෍

𝑑𝑗∈𝐷𝜂∖𝑂𝜂

𝑑𝑗

∗

෍

𝑡𝑗∈𝑇𝜂

𝑡𝑗 ෍

𝑡𝑗∈𝑇𝜂

𝑡𝑗

∗

Reach and stay with obstacle avoidance specifications (2/2)



Specification: Starting from a set of initial states 𝐼 ⊆ ℝ𝑛 reach a set 

𝑅 ⊆ ℝ𝑛 in no more than 2s, stay there for at most 4s and then reach a 

target set 𝑇 ⊆ ℝ𝑛 in no less than 3s but in finite time

 We suppose 𝐼 ∩ 𝑅 ∩ 𝑇 = ∅
 Let 𝜂 be the accuracy of the specification approximation 

 Let 𝐷 ⊆ ℝ𝑛 be the domain of interest and containing 𝐼, R and 𝑇
 Suppose that 𝐼, 𝑇, 𝑂 and 𝐷 have interior and are given as the union of a 

finite collection of hyperrectangles

 Consider the collections of vectors 

- 𝑖𝑗 in 𝐼𝜂 where 𝐼𝜂 is the collection of vectors in 𝜂ℤ𝑛 far away from 𝐼 no 

more than 𝜂 (with infinity norm metric)

- 𝑟𝑗 in 𝑅𝜂 = 𝑅 ∩ 𝜂ℤ𝑛 ⊆ 𝑅

- 𝑡𝑗 in 𝑇𝜂 = 𝑇 ∩ 𝜂ℤ𝑛 ⊆ 𝑇

- 𝑑𝑗 in 𝐷𝜂 = 𝐷 ∩ 𝜂ℤ𝑛 ⊆ 𝐷

 For any 𝜂 > 0, 𝐼𝜂 ≠ ∅ and there exists Ƹ𝜂 > 0 s.t. 𝑇𝜂 ≠ ∅, 𝑅𝜂 ≠ ∅, and 𝐷𝜂 ≠

∅ for any 𝜂 < Ƹ𝜂

Synchronization specifications (1/2)
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Specification: Starting from a set of initial states 𝐼 ⊆ ℝ𝑛 reach a set 

𝑅 ⊆ ℝ𝑛 in no more than 2s, stay there for at most 4s and then reach a 

target set 𝑇 ⊆ ℝ𝑛 in no less than 3s but in finite time

 Set regular expressions

 Suppose internal clock of the digital controller with 𝜏 = 1𝑠

Regular expression:

𝑅′ = ෍

𝑟𝑗∈𝑅𝜂

𝑟𝑗 ,

Synchronization specifications (2/2)

𝐼′ 𝜀 + 𝐷′ 𝑅′ + 𝑅′𝑅′ + 𝑅′𝑅′𝑅′ + 𝑅′𝑅′𝑅′𝑅′ 𝐷′′𝐷′′ 𝐷′′ ∗ 𝑇′

𝐼′ = ෍

𝑖𝑗∈𝐼𝜂

𝑖𝑗 , 𝑇′ = ෍

𝑡𝑗∈𝑇𝜂

𝑡𝑗 , 𝐷′′ = ෍

𝑑𝑗∈𝐷𝜂∖𝑇𝜂

𝑑𝑗𝐷′ = ෍

𝑑𝑗∈𝐷𝜂∖𝑅𝜂

𝑑𝑗 ,
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