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Decentralized control architecture
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The model we consider here ...

Main assumptions: Ideal communication infrastructures, no disturbance
Inputs, no state delays and systems in discrete-time
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The model we consider here ...

X Plant P; described by the nonlinear discrete-time system
P. [
1 X;
- | it +1) = fila(6), x;(©), - ug (1))
b xi(t)eR"i,xj(t)e[R"f,ui(t)eUi
where:
u = x;(t) is the internal state

3 xj(t) is an external measurable input (corresponding to
the internal state of P;)
= u;(t) is the control input where set U; is finite
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The model we consider here ...

X Controller C; described by the automaton

| x z(t + 1) = gi(z:(®)

|4—'— Ci:3 wy(t) ehy(z;(k))

zi(t)eZ;, zi(t)eZipZi, ui(t) eU;

where:
= z,(t)eZ; is the internal state and Z; is a finite set
i = u;(t)eU; is the output and set U; is a finite set

Features of C;:
= finite

= dynamic

C. = open-loop
= state deterministic, but

= output nondeterministic
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Control Problem Formulation

Given

» the network of control systems P;

= aregular language specification Lq
defined over a finite subset Y, of R™

= adesired accuracy 6 >0

Find

= aset of initial states X, € R"

= a collection of decentralized controllers C;

such that the controlled network, denoted P¢,

satisfies the specification Ly up to the

accuracy 0, i.e.

for any trajectory x(.) of P¢ with x(0)eX,,

there exists a word qoq; -..q;, Of the

specification L such that

| x(t) - q; | <6, for all te[0; t¢]

N
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The main idea ...

From networks of nonlinear control systems ...

XL > XZ . XN-].*.
Py [ x, P, L X3 x| Py

... to networks of symbolic models T; each one approximating P;

S > S >---i1->-
Tl &2 TZ < ag g E.’N | TN
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Transition systems’ representation of the network

Given

p. {xi@ +1) = £(e (0, x5 (0, 1 ()
"I ox;(t)eR™, x;, (t) e R™r, u; (t) e U

define

p. {x(t +1) = f(x(®), u(®)
' x(t)eR™ Y, u(t)eU

where

x(t) = (x1(t);x2 (t), .o, Xy (t))
u(t) = (u1 (), uy(t), ..., uy (t))

fx@©,u®) = (LG @®), ..., uy (©), ..

fuGen (@), .o uy (1))

T(P) = (X,Xo, U, =, X, Y, H)

where:

s X=X,=X,=R"
» U= UyxU,x..xUy
: xix’ifx’zf(x,u)
= Y=R"

= H(x) =x
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Networks of symbolic models

Given a quantization vector n = (n(1),n(2), ...,n(N)) we first approximate

p. {xi@ +1) = £ (0, x5 (0, g (D)
"I ox;(0)eR™, x;, (t) e R™r, u; (t) e U

by
T(P) = (X, Xy, W, 'xU;,—, X))

0,1’ m,i’

n M
Y\, H, )
where:

" X' =Xy =Xy, =n@ L

= W' = X} xX; x ...where indices i; are those of P, that affect dynamics
of P;

- il l)z g it &'y = [fiCuwiu)lnw
- Yn R"
. Hln &) =¢&;

Features of TTI(P;): deterministic, countable and alive

Wi,
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Networks of symbolic models

Define the network of symbolic models

T({T"(P)}ieq1.n1)

as the transition system obtained by interconnecting T"(P;), i.e.

T({T"(PD}ierrny) = X", X3, U,——n, X1, YT, H™)

where:

X" =X =X, =X xX)x .. x Xy

U= U1XU2X

Un

(SRS @N)(ulluzmul\,zn (&'1,8, ..
w; = (&,,8i, )

Y1 =Y xY,'x
H" (8,85, ...,

n
o X YN

En) = (H' (&), H) (&), ...,

l

B i g

Hy(En))

u;i)
; &'s where
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Networks of symbolic models

Proposition
Suppose that P admits a locally Lipshitz 5-GAS Lyapunov function VV
satisfying

V(x,y) =V(x,2)| <o(ly — z|)

for some K, function o.
Then, for any desired accuracy u € R* and for any quantization vector n €
R}, satisfying the following inequality

Inl<min{(c™" o p o) (W), (03" © oy ) (W)}
Relation R, specified by

(x,$)eR, & V(x &) <a(W
is a p-approximate bisimulation between T(P) and T({T"(P)}ie[1.n1)-

Consequently, transition systems T(P) and T({T"(P;)};ej1,n1) @re p-bisimilar

How to find V ? Use e.g. small gain theorem
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Decentralized supervisory control

Example

" {Networl}< of two control systems P;: x;(t + 1) = 0.5x;(t) + u;(t) with U; =
—-1,0,1
= Specification L, collection of words (0,0)(1,1) and (0,0)(—1, —1)

Case 1: C; do not agree in advance on which word to enforce
= Starting from 0, C; picks u;(0) =1

= Starting from 0, C, picks u,(0) = —1

= From (0,0) to (1,-1) = Specification violated!

Case 2: (; do agree in advance on which word to enforce:

= |f they want to enforce word (0,0)(1,1) both C; pick u;(0) =1

= |f they want to enforce word (0,0)(—1, —1) both C; pick u;(0) = —1
= Specification satisfied!
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Decentralized supervisory control: solution

Recap from Lecture L7:

= Given L, define the transition system S’, such that its input marked
language coincides with Ly, i.e., L%Q(S’Qg = Ly

= Construct the dual transition system S, of S’,, where states of S, are
transitions of S’ and vice versa; we get

Lm(So) = Lin(S'q) = Lo and LV (Sg) = L* (S'g)

EXAMPLE
= L, = all words starting with a and ending with b over Y, = {a, b}
= Regqular expression a(a + b)*b

a,b

Transition system S,

Transition system S,
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Decentralized supervisory control: solution

Let 5o=(Xo: Xo.0 Uor—5> Xom R™, Ho)

Let Hy ; be the natural projection of H, onto R™, i.e.
Hoi(x) = q'if Ho(xq) = (a%, 4% ... q")
= Define operator I;: (7) x Ry, — {True, False} such that

(Wl

I; (xQ7x’Q,n) = True, If Ju; S.t. [HQ'i(xQ)]n(z) [HQ l(x Q)]ﬂ(l)
I; (xQTx’Q’n) = False, otherwise

= Define operator I: (7) x Ry — {True, False} by

I(xq7 xX'0,M) = /\ Ii(xq7 x'0,M)
i€[1;N]
13/20
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Decentralized supervisory control: solution

Let Sy, be the sub-transition system of S, containing all and only transitions
xQ7x '00f S for which
I(xQTx’Q,n) = True

Remarks

1. Sy, represents the part of the specification that can be matched by
usmg the decentralized control architecture we consider

2. Sy Is blocking in general
In order to overcome 2 compute Trim(S; )

Remark

Trim(S, ,) contains all information needed to solve our control problem, i.e.
to deflne the set of initial states and to design local controllers C;
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Decentralized supervisory control: solution

Consider any g word marked by Trim(S, ;) and let
Sq:(Xq, Xq,00 Ugs e {xgm}h R", Hq)

be a transition system marking q

Remark

= Remember that C; need to agree offline on which word to enforce!
= §4 can be chosen wlog to be symbolic, accessible and nonblocking
Let H,; be the natural projection of H, onto R™

Define

Xo = Rt | | [Hai a0l
=1

15/20



Decentralized supervisory control: solution

Define entities of local controllers C;

zi(t +1) = gi(z(t))
C;: u;(t) eh;(z;(k))
zi(t)eZ;, z;(t) eZ; o2, u;(t) €U;

as follows:

" Zio = {xg,0}
. Zi = Xq
= gi(z) =27 ifz P zZ';
(wi,u;)

= hi(zi(D) = {uiEUi | 9:(z;) = z'; and [HQ,i(Zi)]n(i) —; [HQ,i(Z,i)]n(i)}
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Decentralized supervisory control: solution

Quantization parameters design and formal correctness

Theorem

Suppose that P admits a locally Lipshitz 3-GAS Lyapunov function V
satisfying

V(x,y) —V(x,z)| <o(ly — z[)
for some Ky function . For any desired accuracy 0eR* select peR* and

neRy satisfying

Inl<min{(c™t o p o oy)(W), (az" o 0g) (W)}
u+nl<o

Then set X, and local controllers C; solve the decentralized supervisory
control problem
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Decentralized supervisory control: solution

Remarks

= Comparison with centralized control architectures : achievable behavior in

centralized and decentralized control architecture is the same

= Efficient on-the-fly control algorithms allowing also parallel computing

architectures to further speed up computations

3

4

E=R--E | )

1 input:
'SQ = {XQ'!XQ,U'! I)TQ T -XQm-Rn-HQJ;

, foreach z, e zg, do

foreach i € [1; V| do
set Z;(zq o T n) := False;
compute the set h.;(zg) of all u; € U
satistying (20);

if h.;(zg) # @ then

‘ set Z;(z¢ " :r(‘?,?;) := True;
end

end
set

I(zq _Q" T-Qﬂﬂ = Az’r'[l;i\r]Iz(xQ _Q" 93(;;):7?)1
11 end

12 compute Sg , in (23);

13 compute Trim(Sg ,):

14 output: Trim(Sq ) and h.;. i€ [1;N|:

Algorithm 1: Decentralized local controllers design.
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Decentralized supervisory control: solution

Remarks

= Comparison with centralized control architectures : achievable behavior in
centralized and decentralized control architecture is the same

= Efficient on-the-fly control algorithms allowing also parallel computing
architectures to further speed up computations

= Computational complexity analysis :
Decentralized approach : linear growth with the number N of subsystems P,
Centralized approach : exponential growth with N
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Example

Temperature regulation of a circular building with N rooms r;

Ti(t + 1) — Tl(t) + OC(Ti+1(t) + Ti—l(t) — ZTl(t)) +
+B(Te — Ti(®)) + (T — Ti(®)w; (D)

ui(t)eUi = 0.25Zn [0,1]

0= 0.5
specification :

t mod(1Z) Tyt T(t), i e |3:"rr|
] 19 15

| 19 18.5
2 19 19

3 19 19.5
4 19 20

5 19 20

b 19 20

1 19 19.5
] 19 19

9 19 18.5
10 19 18.25
11 19 18

&
@
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Example

Temperature regulation of a circular building with N rooms r;
Ti(t + 1) — Ti(t) + (1(Ti+1(t) + Ti—l(t) - ZTI(t)) + r rq

+B(Te — Ti(0) + v(Th — Ti(®)u; () %
ui(t)eUi = 0.25Zn [0,1]

0= 05 %@g

specification : controller : validation :
tmod(12) T (t) Ti(t), ie[2;N] t mod(12y O Ca=Cn Cjie|3N-1] tmodi12)  Tyif) Talt) = Tr(t)] Tylt),ie|dhN-—1]
] 10 1% ] [065F {043 T0.6] 0 105000 18.5000 17.5000
] 10 185 i 104757 {053 T0.625] 1 180788  1R.8462 18.0125
2 19 0 z [035F  {063] T0.63] 2 I87329  19.2453 18,5368
3 10 10.5 3 [0.03F  {0.75] 10,657 3 86406  19.6773 T9.0709
1 [ER— ] [0] {0525} {035 1 18.6012 201282 PITEEIEy
5 0 C 20 5 [0} {0525} {0.35 5 185002 20.1021 (o5922)
b 19 7 10} 10.175) [0.025] 6 IR6058 J0.0838 __— 190078
7 19 EEEERAN 8 [0.15] 101} 10} 7 186176  195#% 19.1325
8 19 19 AN 9] [0325F {0} 10} 5 185380 10.0497 TR.6207
9 19 183 N\ & 04757 [0.075] T0.157 0 86440 185357 TB.1385
10 19 18.25 10 [0.55} {0.025}F {0,157 18.6448 18.2824 17.8990
11 19 18 \ 10.65} 10.15] 10,30} /{?' 18.6431  18.0186 17.9080
|20 — 19.5924| = 0.4076 < 0.5 =0
Computational complexity analysis ( ONLY for N=4):
= Decentralized architecture 0.1563s 163.6304_
= Centralized architecture  163.6304s Ga LA = 1046 |

Computations on a Lenovo IP YOGA 3 PRO 8GB 512SSD 19/20



Conclusions

We proposed decentralized control architectures enforcing regular
language specifications on incrementally stable networks of discrete-time
nonlinear control systems
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