National School SIDRA 2017:
Formal Methods for the Control of
Large-scale Networked Nonlinear Systems with
Logic Specifications

Lecture L7a: Control design with
logic specifications*

Abstract. In this lecture we use the symbolic models presented in the
previous lecture to address control design of nonlinear systems with logic
specifications. This lecture is based on [5].

* These lecture notes were prepared specifically for the PhD students attending the
SIDRA School by Giordano Pola, and must not be reproduced without consent of
the author.



1 Notation

Symbol A denotes the logical conjunction. Given a set A, the symbol 24 denotes
the power set of A, that is the collection of all subsets of A. For a pair of sets A
and B we abuse notation by writing A x B = A when B = @. Given two sets
X and Y and relation R C X x Y, symbol R~ denotes the inverse relation of
R, ie, R7t = {(y,z) € Y x X|(x,y) € R}. Given X' C X and Y/ C Y, we
denote R(X') = {y € Y|3z € X’ s.t. (z,y) € R} and R™}(Y') = {z € X|Fy €
Y’ s.t. (z,y) € R}. Symbols N, Z, R, RT and R denote the set of non-negative
integer, integer, real, positive real, and non—negative real numbers, respectively.
Given n € N and n > 0, symbol [1;n] denotes {1, 2, ...,n}. Given z € R", symbol
x(4) denotes the i—th element of x and |z| the infinity norm of z. Given a € R
and X C R”, symbol aX denotes the set {y € R"|3z € X s.t. y = ax}. Given
a,b € R we set [a,b[= {z € Rla < x < b}. Given § € R" and z € R", we
define Byg(z) = {y € R"|y(i) € [x(i) — 0, 2(i) + 0,7 € [1;n]}. Note that for any
6 € RT, {Bjg(z) }2c20 2 is a partition of R”. Given z € R", symbol [z]j denotes
the unique vector in § Z" such that z € Bjg/o([2]¢). Given functions f: X — Y
and g : Y — Z we denote by g o f the composition of functions f and g that
is the function (go f) : X — Z defined by (g o f)(z) = g(f(z)) for all z € X.
A continuous function p : RS’ — RS‘ is said to belong to class K if it is strictly
increasing and p(0) = 0; function p is said to belong to class K if p € K and
p(r) = oo as 7 — oo.

2 Control problem formulation

We consider a plant described by the following nonlinear control system:

o(t) = f(x(t), u(t)),
Y:{z(t) e X=R", (1)
u(t) e UCR™ t e Ry,

where z(t) is the state and u(t) is the input at time ¢ € R{". Control inputs u
are assumed to belong to the class U of piecewise continuous functions from Rg
to U. For simplicity we assume that function f is such that X' admits a unique
solution for any initial state 2(0) € X and for any control input function u € U
and it is forward complete, i.e. starting from any initial state x(0) € X and
for any control input function v € U, the solution x(-,zg,u) to the differential
equation X exists for any time ¢ € Rsr . We also assume here that state variables
are available for control purposes. We also assume that the set U is finite as it
is often the case in concrete applications.

We now formalize the class of specifications we focus on in this lecture. Let Yy
be a finite subset of the state space R™ of Y. The specification is expressed as a
regular language

Lo C Y5, (2)
where Y(j is the Kleene closure of Yg,. This class of specifications is rather rich
as also discussed in lecture L4. For later purposes we recall from L4, how to
formalize reachability specifications via regular expressions.



Ezample 1. Reachability specification: Starting from a set of initial states
I C R™, my specification requires to reach in finite time a target set 7' C R™.
Suppose that I and T have interior and are given as the unions of finite col-
lections of hyperrectangles. Let D C R"™ be a set representing the domain of
interest and assume it has interior, is given as the union of a finite collection of
hyperrectangles, and contains sets I and T'. Consider the set I, of points 7; in
the lattice nZ™ that are far away from I no more than 7, where n € RT repre-
sents the accuracy of the specification approximation, i.e. for any i; € I,, there
exists z; € I such that |i; —z;| < n. Note that I,, # @ for any n € R*. Consider
the collection of points ¢; in the set T,, = T'N (nZ™). Consider the collection of
points d; in the set D, = D N (nZ™). Under the assumptions placed on 7" and
D, there exists 7 € Rt such that T, # @ and D,, # & for any n < 7, see[6]. The
regular expression modeling the reachability specification corresponds to all and
only words starting with symbols in I,, and with last symbols in 75, i.e.

*

> > d; ot (3)

ijEIn djED,I t; €Ty
The corresponding regular language is given by:

1,(Dy)" Ty

The class of controllers we consider is specified by:

ze(s+1) € fe(ze(s)),

v(s) € he(ze(s)) € U, (4)
z.(0) € X0 C X,

CL’C(S) S chs S Nﬂ

where:

— X, is the set of states of C;

— X0 is the set of initial states of C;

— f.: X. — 2%¢ is the state transition map of C;
— U is the set of outputs of C;

— he : X. — 2Y is the output map of C;

— x.(s) is the state of C at step s;

— v(s) is the output of C at step s.

We assume that set X, is finite. Controller C' is symbolic in the sense that sets
X, and U are finite. Moreover, it is non—deterministic, open—loop and dynamic.
We will see that this class of controllers is general enough to enforce regular
language specifications.

We denote by X¢ the control system obtained by coupling Eqns. (1), (4) and a
Zero order Holder (ZoH) block associating to the sequence {v(s) }sen, the control
input u € U defined for any s € N by:

u(t) = v(s), vt € [s7, (s + 1)7].
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Fig. 1. Control scheme.

The control scheme we consider is depicted in Fig. 1.
We can now state the control problem we focus on:

Problem 1. Given the plant X, the specification Ly in (2), a sampling time
7 € RT and a desired accuracy § € R, find the set Xo C R™ of initial states of
the plant X and the controller C' in (4) such that for any trajectory z(-) of X¢
with 2(0) € Xy, there exist an integer sy € N and a word qoq1...qs;, € Lg such
that

[2(s7) — a,] <0, (5)

for all s € [0; s/].

The control problem above can be viewed as an approximating version of the
classical supervisory control problem for discrete—event—systems.

3 Solution

We first recall from L6 the construction of symbolic models in the stable case.

Definition 1. Given X, a sampling time 7 € R and a state space quantization
n € RY, define

TTJZ(E) = ( 75 X0,7,m5 Uz, Tn’ ’Xmﬂ':”]’YTJZ?HTJZ)?

where

= Xom =Xorm = Xnyry = [X]:;,

U, is the set of constant input functions u : [0, 7[— U;

— & i = x(rn gl

~ Y, =R" and
— H:p(x) =z forallz € X, ,,.

Theorem 1. Consider control system X and suppose it admits a 6—GAS Lya-
punov function V' and hence, satisfying conditions of Definition 5 in lecture L6,
for some k € RT and Ko, functions a1 and aa and the following inequality

Vo,y,z € RY, [V(z,y) = Vi(z, 2)| < (|y - 2))- (6)



for some Koo function . Then, for any desired accuracy p € RT and any sam-
pling time T € RT, select quantization parameter n € RY satisfying:

n < min {771 (1 —e™"Mai(w)), (ay ' o ar)(p)} - (7)
Then, relation R, C X, x X, , specified by
(z,8) € Ry = V(2,§) < on(p) (8)

is a p-approzimate bisimulation relation between T,(X) and T;,(X). Conse-
quently, T-(X) and Ty, (X) are approzimately bisimilar with accuracy p.

We now represent the specification as a metric transition system (remember
lecture L4). Since Ly is a regular language there exists a symbolic transition
system

Sty = (Xtgs X.9:Yar —57 » Xbgum Yo, Hp),

such that its input marked language coincides with the language specification,
ie., £}, (S5) = Lg. Without loss of generality, Sg, can be chosen as determinis-
tic, accessible and nonblocking, see e.g. [1]. Construction of Si, can be done by
resorting to standard algorithms available in the literature, see e.g. [4], translat-
ing regular expressions to finite state automata. Automatic tools for constructing
Sg are also well known, see e.g. [2].

Ezxample 1. (Continued.) Suppose for simplicity that sets I,,, D, and T, are
singleton and define:

Iy =A{a}, Dy={b}, T,;={c}.
Regular expression in (3) becomes:
ab*c. ()
The corresponding regular language becomes:
{a}{b}*{c}.
Let Yo = {a,b, ¢} and a specification Lg be given by (9). A symbolic transition

system Sg, such that L} (S;) = Lq is reported in Fig. 2. Note that Sg is
deterministic, accessible and nonblocking.

It is useful to define the dual symbolic transition system Sg of transition sys-
tem S, where states of S¢ are transitions of S&Q and vice versa. More formally:

Definition 2. Given transition system Sb, define the dual transition system

Sq = (XQaXQ,()vUQv T aXQ,vaanQ) (10)

where:
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Fig. 2. Symbolic transition system Sg of Example 1.

Fig. 3. Dual transition system Sg of Example 1.

o ) iy ;.
Xg coincides with the set s of transitions of Sg;
— Xq,0 is the collection of states wg % a:g; in Xq with g € X( o5

— Ug = {ug}, where ug is a dummy input;
- 5 is the collection of transitions

1 2 uQ 3 UQ 4
<xQ Q xQ) Q <xQ Q xQ)

with x?Q = zSQ;

— X@,m is the collection of states g, % 1:2’;' in Xq with :172;' € XGoms
ug + ug +
— Hg(zg o x’Q ) = ug for any state xg, o x/Q in Xq.

The construction above, when specialized from transition systems to Finite
State Automata (FSA), coincides with the construction of dual FSA proposed
in [3]. From the definitions above, it is readily seen that

LY(Sq) = L*(Sq),  L1.(Sq) = L.(5) = Lq-

Moreover, Sg is symbolic, accessible and nonblocking. In the sequel and for ease

of notation, we denote a state xg %» zpt of Xg by zo and a transition



zQ Lg» ng of Sg by zq =" xg

Ezample 1. (Continued.) The dual transition system Sg of transition system
Ség in Fig. 2 is reported in Fig. 3. It is easy to see that Sg is symbolic, accessible
and nonblocking.

Consider
T:( < ) x RY x RT — {True,False}.

For any transition xq = xg of transition system S¢ set
I(zq < xg,r, n) = True, (11)
if there exists u € U such that

(Ha(wq)ly —r [Ho(xh)l, (12)

and Z(zq - xg, T,1) = False, otherwise. Hence, Z(z¢ - :CZS, 7,1m) is True,

if the transition zq = xg of Sg can be matched by transition system T’ ,,(X)

and False, otherwise.
Define the subsystem

0,
So.n = (X6, X5, UG, T XQm.e: Y5, H), (13)
of Sg, where S - M contains all and only transitions zg " xg of

Sq satistying (11). Transition system 5§, 1s blocking in general. For this reason

we define
Trim(Sg27n) - (XTaXT,OaUT7 4T> aXT,maYT7HT) (14)

that is by definition of Trim, accessible and co—accessible and hence, nonblocking.
In the sequel we make the following

Assumption 1 Transition system Trim(Sme) 18 not empty.
Define the following set:
Xo =R, ([Hr(X1,0)7})- (15)

Entities defining controller C' in (4) are then specified by:

X0 = Xr,
XC = XTa
fC(xT) = {x¥ € XTEwT T x’Jrr}v (16)

u € Uzt € fo(z7) st
o) = { (Hr(wn)ly o Hr@h)l } '

The following result holds.



Theorem 2. Consider control system X and suppose it admits a 6—-GAS Lya-
punov function V' and hence, satisfying conditions of Definition 5 in lecture L6,
for some k € RT and Ko functions oy and oz and the inequality (6) for some
Koo function . For any desired accuracy 6 € R and sampling time 7 € RT
select p € RY and n € RY satisfying (7) and

ptn/2<0. (17)

Suppose that Assumption 1 holds. Then, set Xo in (15) and controller C' in (4)
specified by (16) solve Problem 1.

The proof of the result above can be found, for discrete-time nonlinear sys-
tems in [5].

Remark 1. (The completeness property) We point out that Assumption 1 is not
limiting in the sense that if

Trim(S5 ,,) = 2,

then, the notion of approximate bisimulation we consider guarantees that the
so-called ”completeness property” in the control, in an approximating sense: if
a solution exists to our control problem, then such a solution can be found by
using our approach, within some accuracy.
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