National School SIDRA 2017:
Formal Methods for the Control of
Large-scale Networked Nonlinear Systems with
Logic Specifications

Lecture L6a: Symbolic models for
stable nonlinear systems*

Abstract. In this lecture we present some results for the construction of
symbolic models for nonlinear systems. We will show that if the system
is incrementally globally-asymptotically stable and the set of states and
the set of inputs are bounded then it is possible to construct a symbolic
model that approximates the original system in the sense of approximate
bisimulation for any desired accuracy. This lecture is based on [4], see
also [2, 6].

* These lecture notes were prepared specifically for the PhD students attending the
SIDRA School by Giordano Pola, and must not be reproduced without consent of
the author.



1 Notation

The symbols N, Z, R, Rt and Rar denote the set of nonnegative integer, integer,
real, positive real, and nonnegative real numbers, respectively. Given a,b € Z, we
denote [a;b] = [a, b)NZ. Given a pair of sets X and Y and a relation R C X xY,
the symbol R~1 denotes the inverse relation of R, i.e. R™! = {(y,z) €Y x X :
(x,y) € R}. Given X’ C X and Y’ C Y, we denote R(X') = {y € Y|3z €
X' st. (v,y) € R} and R7YY') = {z € X|3y € Y's.t. (z,y) € R}. Given
a function f : X — Y and X’ C X the symbol f(X’) denotes the image of
X'’ through f, ie. f(X') = {y € Y|Fz € X' s.t. y = f(x)}. Given functions
f:X =Y and g:Y — Z we denote by g o f the composition of functions f
and ¢ that is the function (go f) : X — Z defined by (g o f)(z) = g(f(x)) for
all z € X. A continuous function v : Rf — R, is said to belong to class K if
it is strictly increasing and (0) = 0; v is said to belong to class Ko, if v € K
and y(r) — 0o as r — 0o. A continuous function 8 : Rj x R — R{ is said to
belong to class L if for each fixed s, the map S(r, s) belongs to class K, with
respect to r and, for each fixed r, the map B(r, s) is decreasing with respect to
s and B(r,s) — 0 as s — 0o. Given a vector € R™ we denote by x(7) the i—th
element of x and by |z| the infinity norm of z. Given ¢ € R and X C R", the
symbol aX denotes the set {y € R"|3z € X s.t. y = ax}.

2 Symbolic models for nonlinear systems

Consider the following nonlinear control system:

&(t) = f(z(t),u(?)),
Y:q x(t) e X =R",
u(t) € UCR™ t e Ry,

where x(t) is the state and u(t) is the input at time ¢ € R{. Control inputs u
are assumed to belong to the class U of piecewise continuous functions from Ry
to U. For simplicity we assume that function f is such that Y admits a unique
solution for any initial state (0) € X and for any control input function v € U
and it is forward complete, i.e. starting from any initial state 2(0) € X and
for any control input function u € U, the solution x(-,zg,u) to the differential
equation X exists for any time ¢ € R}. We also assume here that state variables
are available for control purposes. We also assume that the use U is finite as it
is often the case in concrete applications.

We have already represented X' as the transition system

T(E) = (Xa XO7U7 —— 7X’m7Y7 H)7

where
- X =X
— Xo = Xo;



U is the collection of restrictions of functions in ¢/ to intervals [0, 7], for some
TRt

- ho.ry ' if o’ = x(7,z,u);

- Xm =X

- Y=Y and

— H(z) =h(x) for all z € X.

Transition system above is metric when we regard X C R™ as equipped with
a metric. In the sequel we use as metric, the infinite norm, i.e.

d(z,2') = |z — 2'|,Vz,2’ € X.

The basic idea in deriving symbolic models for X is to first proceed with a
time discretization of the original system and then with a state space quantiza-
tion.

We start with the time discretization of Y.

Definition 1. Given X and a sampling time T € RT, define
T‘F(E) = (XTvXO,TvUTv > 7Xm,T7YTaHT)7

where

- XT = XO,T = Xm,T = X;.
U, is the set of constant input functions u : [0, 7[— U;

- —:» o if @ =x(r,z,u);
— Y, =R" and
— H.(x)==x forallz € X,.

What are connections between T'(X) and T (X)?

T(X) and T-(X) have an infinite number of states;
T(X) and T (X) are deterministic;

T(X) and T, (X) are alive;

— T, (X) is a subsystem of T'(X);

— T(X) and T,(X) are metric.

We now proceed with the state space quantization of T;(X).
Given # € RT and x € R", we denote

Bl g(x) = {y € R"|y(i) € [0 + (i), 0 + z(i)[,7 € [1;n]} .

A graphical representation of the set B, 0[(1‘) in R? is given in Fig. 1.
Note that for any # € R™, the collection of sets Bl 4 o/(z) with z ranging in
207" is a partition of R™. We now define the quantization function.

Definition 2. Given a quantization parameter § € RT, the quantizer in R™ with
accuracy 0 is a function
[-]f : R™ — 207",

associating to any x € R™ the unique vector [x]y € 202" such that x € B[ o ([]5)-



Fig. 1. Graphical representation of the set B" 4 o((z) in RZ.

Definition of [ -]} naturally extends to sets £2 C R™ when [£2]} is interpreted as
the image of {2 through function [-]j.
We can now give the following

Definition 3. Given X, a sampling time 7 € R™ and a state space quantization
n € RY, define

Tr,n(z) = (Xr,m XO,T,7]7 UT,’I]? Tn’ 7Xm,7',777 YT,m HT,n)7
where
- X’T,’I’[ = XO,T,n = Xm,'r,n = [X]:F,l:
— Uy, is the set of constant input functions u : [0, 7[— U;
£ — & ife = [x(r.&u)y;
- Y., =R" and
— H,p(x) =2 for allz € X, ,.

The intuition behind this definition is to replace any state of T,(X) by
its quantization. Transition system T ,(X) is countable and becomes symbolic
when the set X is bounded. In Fig. 2 we show a graphical representation of the
construction of transition system T’ ,,(X).

What are relationships between 77 (X) and T ,(X)?

— T;(X) has an infinite number of states while T’ ,(X') has a countable number
of states;

T, (X) and T, ,(X) are deterministic;

T (X) and T, ,(X) are alive;

— T>,(X) is not a subsystem of T (X).

The results presented in this lecture will assume certain stability assumptions
introduced in lecture L2 and briefly recalled hereafter.

Definition 4. [1] A control system X is incrementally globally asymptotically
stable (6—-GAS) if it is forward complete and there exist a KL function 8 such
that for any t € R(J{, any z,y € R™ and any u € U the following condition is
satisfied:

x(t, z,u) = x(t,y,u)| < Bl —yl,1). (1)
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Fig. 2. Graphical representation of the transition system 7 ,(X).

Definition above can be thought of as an incremental version of the classical
notion of global asymptotic stability (GAS) [3]. In general, inequality (1) is
difficult to check directly. Fortunately 0—GAS can be characterized by dissipation
inequalities.

Definition 5. Consider a control system X and a smooth function
V:R" x R" — RY.

Function V is called a §-GAS Lyapunov function for X, if there exist k € RT
and Koo functions a; and as such that:

(i) for any x,y € R™

ar(lz —yl) < V(z,y) < as(lz —yl);

(ii) for any x,y € R™ and any u € U

ov
% (Z‘,U) + Fyf(yau) < _K’V('/E7y)'
Remark 1. In the classical formulation of 6—GAS Lyapunov functions, condition
(ii) in the definition above is replaced by:
(i") for any z,y € R™ and any u € U

o 0
G F) + G Fla ) < —aa(fe — ),



for some K function as. However, it has been shown in [5] that there is no loss
of generality in replacing (ii’) by (ii).

The following result holds.

Theorem 1. [1] Control system X is 0—-GAS if it admits a §-GAS Lyapunov
function.

We also assume existence of a K, function v such that
Va,y,z € R", [V(z,y) = V(z,2)| <(ly — z]). (2)

Note that -y is not a function of the variable . This assumption is not restrictive
provided that we are interested in the dynamics of X on a compact subset of
the state space R”.

We can now give the following result.

Theorem 2. Consider control system X and suppose it admits a 6—GAS Lya-
punov function V and hence, satisfying conditions of Definition 5, for some
k € RT and Ko functions oy and as and (2) for some Koo function ~v. Then,
for any desired accuracy p € RY and any sampling time 7 € R, select quanti-
zation parameter n € R™ satisfying:

n < min {7~ (1 — e )as (), (03" 0 a1) (1)} (3)
Then, relation R, C X, x X, , specified by
(z,8) € Ry & V(,8) < an(p) (4)

is a p-approximate bisimulation relation between T.(X) and T, ,(X). Conse-
quently, T-(X) and T, (X) are approzimately bisimilar with accuracy p.

Proof. We first show that R, is a p—simulation relation from T, (X) to T ,(X),
i.e. it satisfies the following conditions:

i) Vo € Xo,r 3¢ € Xo,-,, such that (z,£) € Ry;
il) Vo € X, r 3§ € Xy 7y such that (z,£) € Ry;
iii) V(z,&) € Ry,
d(l‘,f) = |H‘r(‘r) - H‘r,n(g)l = |3j - gl < 3
iv) V(z,§) e Ry if x —:» 2’ then there exists ¢ T“ﬁ» ¢’ such that (2/,¢') € R,.
Proof of i). For any = € X, pick £ = [z],, € X¢ 7. We first note that
[z =& <.

Moreover
Vi(z,8) < as(lz —¢|) < az(n) < ai(p),



where the last inequality holds by condition (3).
Proof of ii). Same reasoning as in the proof of i).
Proof of iii). Pick any (z,§) € R,,, i.e. such that V(z,&) < a1(p). Then

d(z,8) = |z — ¢ < oy ' (V(2,€)) < oy Haa(p) = .

Proof of iv). V(z,£) € R, consider any x —Z» x'. Set z = x(1,&,u), & = [2]u

and consider the transition & T“ﬁ» & in T, ,(X). We get:

V(' &) <V, z) +(lz =€)
< V(x(r,z,u), x(7, & u) +v(n)
< e "V(x,8) +v(n)
< e "Tag(p) +v(n)
< ai(p)

where the last inequality holds by condition (3).
We now show that R " is a p-simulation relation from T’ ,(X) to T-(X), i.e. it
satisfies the following conditions:

i") V¢ € Xo,rp 3z € Xo - such that (§,2) € R;l;
ii’) V€ € X vy 32 € X,y - such that (§,2) € R;l;
ii’) V(§,z) e R,

d(§,2) = [Hrp(§) — Hr(z)| = [§ — 2 < 3
iv') V(&) e R1if € TL;]» &' then there exists x —Z» 2’ such that (¢',z2") €
R,
Proof of i’). For any & € X ;,, pick = £ € X7, from which
Vi(z,§) < ax(le —¢[) =0 < p.

Proof of ii’). Same reasoning as in the proof of 1’).
Proof of iii’). Same reasoning as in the proof of iii).
Proof of iv’). Same reasoning as in the proof of iv).

The following counterexample shows that unstable control systems do not
admit, in general, approximately bisimilar countable symbolic models.

Ezxample 1. Consider the scalar autonomous linear system

L(t) =,
5:{ 2(t) e X =R,
teRy.

System X is unstable and hence not §~GAS. We now show that for any u € Ry,
any 7 € RT and any countable transition system T, transition systems T (X))
and T are not p—bisimilar. Consider any countable metric transition system

T= (XaX07Ua - 7X7XmaR7H)a



with H : X — R and the same metric d(z, z') = |z — 2’| of T-(X). Consider any
relation

RCX x X,
satisfying the conditions of p—approximate bisimulation. In particular, since
Xo,r = X, = X, by condition i) of Definition 5 of approximate simulation
in lecture L5, we get:

R(X,) =X, R YX)=X,. (5)

We now show that such relation R does not exist. By countability of T', there
exist £ € X and z,2’ € X, = R such that z # 2/, and (z,§), (z/,£) € R. Set

for any k € N. Since = # 2/, by selecting A € R* such that |z — 2| > A, we have:
|z — 2} = ™|z — 2| > e™* A, VE € N. (6)

Choose k' € N such that
A= > p (7)

By Definition 6 (approximate bisimulation) and condition

iv) V(z1,22) € Rif %» x) then there exists xs %» x4 such that (2], 25) €
R.

of Definition 5 (approximate simulation) of lecture L5, and by (5), there must
exist & € X such that, (zi, &), (2}, ) € R. Since (zp, &) € R,

|wrr — H(&)| < g (8)
By combining inequalities (6), (8) and (7), we obtain:

[H (&) = 2| = |ww = 2| = |owr — H(Ew)
>e™ N — > p 9)

Inequality (9) shows that the pair (z},,&r) € R does not satisfy condition
1117) V(xl,xg) € R, d(Hl(ZL’l),HQ(LL‘Q)) S M.
of Definition 5 (approximate simulation) of lecture L5. Hence, there does not

exist a p—approximate bisimulation relation between T, (X) and T and conse-
quently T, (X) and T are not p—bisimilar.
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