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outline
• classical and new goals for robots

• soft robotics: a new solution for a new problem

• the optimal approach for planning and control of soft robots
– Minimum Time Trajectory Planning
– The Safe Brachistochrone
– Max speed
– Optimal brake
– Robust Interaction
– Max Efficiency in Cyclic Tasks

• what’s next?
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TASKS
• mainly positioning operations in structured environment

GOALS
• Minimize Cost 

• Cycle Time
• Positioning Errors

SOLUTION
• Robots Designed and Controlled according to “the stiffer the 

better” paradigm
• Bulky and Heavy Machines
• High Gain Position Control
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the limits of traditional rigid grasping systems. Their care-
fully designed mechanical transmissions for safe interaction,
high resilience and intrinsic adaptivity, yield gentle but
firm grasp of objects with very different shape, even when
the environment is partially constrained or not completely
known. Literature proposes a wide range of soft end-effectors
ranging from continuously deformable grippers ([5], [6],
[7]) up to articulated soft systems ([8], [9], [10]). During
top-down grasps human beings tend to completely envelop
with the fingers the object to be grasped [11], [12]. This
movement, also known as caging primitive, is the same
performed by conventional robotic grippers. Another mean-
ingful observation is that human beings, during the top-down
approaching phase, tend to have high interactions with the
environment, e.g. with the planar surface where the object is
placed, in order to realize better grasps. Inspired by these
observations, here we develop an articulated soft gripper
based on the Pisa/IIT SoftHand [13] technology. This device
has a simple design, which is particularly suited for top-down
pick-and-place tasks performed e.g. with a delta manipulator.
Furthermore, the gripper preserves a low level of complexity
thanks to the presence of only one motor, and a high level
of robustness.

Thanks to the combination of soft actuation and soft end-
effector it is possible to realize a system able to perform
complex picking tasks in several scenario of use. In this
work we show how the proposed solution can be exploited
in order to obtain good performance in terms of grasped
objects, coupled to reduced effects of impact forces on the
objects and on the robot actuation structure. Furthermore,
after the presentation of the robotic system, a comparison
between the manipulator and its rigid counterpart is carried
out, showing the better performance of the proposed solution
with both real and simulated objects.

The paper is organized as follow: in section II we discuss
about issues related to traditional rigid robots, taking some
examples of industrial scenarios. In section III we describe
the design of the developed device. In section IV we show
some experimental results, comparing the developed device
with its rigid counterpart and exploiting its characteristics to
grasp real fragile objects. Finally, in section V we draw the
conclusions.

II. PROBLEM DEFINITION

In order to define the outlines of the problem, we start
by reviewing some relevant examples of unsolved industrial
pick-and-place tasks, and we discuss the main challenges to
be addressed.

In bin picking (Fig. 2(a)) objects are homogeneous but
often present complex geometrical shapes and are placed
with random orientations. Furthermore, the presence of bin
walls and other fixtures may hinder robot motion or cause
undesired collisions.

In grocery handling for packaging (Fig. 2(b)), a very
common example in the recent practice of dark storing, the
goods are well organized, but they come in a wide variety

(a) Bin picking. (b) Grocery handling.

(c) Raw food handling. (d) Waste sorting.

Fig. 2. Examples of industrial pick-and-place tasks that can benefit
from the use of soft robots. Handling heterogeneous, unordered or
fragile objects is a challenge yet to be accomplished by traditional
rigid robots.

of shapes, textures, weights and sizes, they are often delicate
and can be easily damaged by improper manipulation.

In raw food handling after harvesting (Fig. 2(c)), as
in grocery handling, the shape, weight, size, orientation
and stiffness of the objects differ extensively. Furthermore,
raw food is usually placed into crates without a particular
organization.

Finally, waste sorting (Fig. 2(d)) is an example where
irregularity and randomness of the objects are extreme, as
are the physical properties (density, weight, shape, stiffness
etc.) of items such as cardboard, packaging materials, glass
fragments, hard pieces of scrap metal or wood.

Moreover, all these cases share the possible issue of
inaccuracy in the detection of the object pose. This may
cause a grasp to fail, or in some cases, can generate high
interaction forces that can damage the robot or the object.

In recent years, these tasks are getting more and more
attention by the robotic community. Soft Robotics Inc.1
develops soft grippers for bin picking and raw food handling,
while Ocado2 proposes solutions for raw food and grocery
handling. Amazon Robotics3 sets challenges for improving
technologies for grocery handling. ZenRobotics Ltd.4 de-
signs waste sorting systems. Pick-it N.V.5 develops vision
system for bin picking tasks.

In this work, we will especially focus on raw food han-
dling, applying the proposed system to this scenario. In the
state of the art there are several works related to this topic
[14], [15], [16]. In [16] a robotic system for the manipulation

1https://www.softroboticsinc.com/
2https://www.ocadotechnology.com/
3https://www.amazonrobotics.com/
4https://zenrobotics.com/
5https://www.pickit3d.com/
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TASKS
• Physical Interaction in unstructured environments

GOALS
• Minimize Cost (exploiting soft dynamics)

• Cycle time
• Positioning error
• Energy Consumption
• …

• Subject to 
• limits on interaction forces (safety, robot resiliency, …)

NEW PROBLEM -> NEW SOLUTION
• Robots Designed and Controlled according to “the stiffer the 

better” paradigm does not work any more!
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The potential of Soft Robotics 
and the many open questions about it

Features Soft Robot

Peak Performance a specific design can over-perform a 
conventional system of the some power

Energy Efficiency can be optimized in the execution of 
cyclic tasks

Robustness Peak stress on the weaker parts can
be reduced

How to manage the additional degrees of
freedom of Soft Robots to fully exploit them?



The optimal approach
Optimal Control provides an absolute performance 
reference that factorizes the control design out, and 
allows for drawing conclusions on the intrinsic worth of 
the physical system.

min
x(t),u(t),p

Z T

0
L(x(t), u(t))dt

subject to g(x, ẋ, u, p) = 0
h(x, u, p)  0

subject to g(x, ẋ, u, p) = 0
h(x, u, p)  0



The optimal approach
Optimal Control provides an absolute performance 
reference that factorizes the control design out, and 
allows for drawing conclusions on the intrinsic worth of 
the physical system.

Analytical Solutions
• template models
• find “rules” and understand “principles”

Numerical Solutions
• realistic models
• global guarantees (and often run-time execution) for convex 

problems



A (short) list of problems for soft robots that 
can be tackled via OC

• Minimum Time Trajectory Planning

• The Safe Brachistochrone

• Max speed

• Optimal brake

• Max Efficiency in Cyclic Tasks

• Robust Interaction

• …
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Optimal
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Flexible Joint Robots

• Dynamics of a robot with flexible joints included to 
reformulate the constraints

Optimal
Trajectory
Planning

Link-Side
bounds on 

Dynamic model of a robot with flexible 
joints presented by Spong [1]

[1] - Mark W Spong - !"#$%&'( )'#*+"',-"%*".*$%)/,&+
0"&',*-"1",/2 3 4"5-')%*".*#6')7&+ /6/,$7/8*
7$)/5-$7$',8*)'#*+"',-"%8 9:;<=>?@9:33@9A8*9;AB2 Motor-Side bounds



Problem Formulation

Nonlinear change of 
variables

Bilinear/Quadratic 
Constraints



Problem Formulation

• Non-convex optimization
problem with bilinear and 
quadratic constriants.

• Efficient convex relaxation for 
these constraints using
McCormick Envelopes.

• Numerical solution using
direct transcription.

Bilinear/Quadratic 
Constraints
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Full Robot Model



Planner Output

Rigid

Integrator Chain

Full Robot Model

Not Feasible

Feasible but highly sub-optimal

Optimal!



Minimize Task 
Time under 
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Optimal control policies
Variable Stiffnes Actuators

u
Compliant
CoveringRotor

Inertia
Link

Inertia

Minimum Time Optimal Control
in a point-to-point task

with constraints on Safety
the safety index adopted as bound is the

HIC (Head Injury Criterion)

Fast & Soft, 
Stiff & Slow 

Bicchi and Tonietti, IEEE RAM 2004

Safe
Brachistochrone



Maximize
Peak Speed



EXAMPLE: HAMMERING A NAIL



The MaxSpeed Problem 
(The VSA Hammer)

Initial conditions
Dynamics

Index

Terminal const.
Hamiltonian



PROBLEM STATEMENT- SEA

STATE

CONTROL
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DYNAMICS

CONTROL LIMIT

POSITION CONTROL (P)

UNCONSTRAINED TERMINAL TIME

ONE SWITCHING
MAXIMUM FINAL SPEED



PROBLEM SOLUTION - SEA
POSITION CONTROL (P)

BANG-BANG CONTROL

ONE SWITCHING
MAXIMUM FINAL SPEED



PROBLEM STATEMENT- SEA

STATE

CONTROL

INITIAL/TERMINAL CONDITIONS

INDEX: TERMINAL SPEED

NATURAL FREQUENCY

LINK DYNAMIC

CONTROL LIMIT

SPEED CONTROL (S)

ONE SWITCHING
MAXIMUM FINAL SPEED



ACCELERATIONCONTROL (A)

PROBLEM STATEMENT- SEA

STATE

CONTROL

INITIAL/TERMINAL CONDITIONS

INDEX: TERMINAL SPEED

NATURAL FREQUENCY

LINK DYNAMIC

CONTROL LIMIT

ONE SWITCHING
MAXIMUM FINAL SPEED



PROBLEM SOLUTION - SEA

THE STIFFER THE BETTER(P)

(S)

(A)

STIFFNESS INDEPENDENT

THE SOFTER THE BETTER

TERMINAL LINK SPEED

where

ONE SWITCHING
MAXIMUM FINAL SPEED



PROBLEM STATEMENT- SEA

STATE

INDEX: TERMINAL SPEED

LINK DYNAMIC

CONTROL LIMIT

INITIAL/TERMINAL CONDITIONS

REALISTIC MODEL (A)+(S)+(P)

STATE CONSTRAINTS

ONE POSITION SWITCHING
MAXIMUM FINAL SPEED



SEA - Analytical and Numerical Results

There exist an optimal stiffness that depends on link inertia and motor constraints!



SEA - Experimental Results



the qb hammer



Stiff Soft

2DoF hitting



PROBLEM STATEMENT- VSA

STATE
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INITIAL/TERMINAL CONDITIONS

INDEX: TERMINAL SPEED
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PROBLEM SOLUTION - VSA
POSITION AND STIFFNESS CONTROL 

BANG-BANG CONTROL

ONE POSITION SWITCHING
MAXIMUM FINAL SPEED



VSA – THEORETICAL RESULTS
POSITION AND STIFFNESS CONTROL 

THE OPTIMAL CONTROL POLICY CAN  BE SUMMARIZED 

SPEED UP AND STIFF, SLOW DOWN AND SOFT

ONE POSITION SWITCHING
MAXIMUM FINAL SPEED



VSA – THEORETICAL RESULTS
POSITION AND STIFFNESS CONTROL 
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MAXIMUM FINAL SPEED



VSA – Experimental Tests

ONE POSITION SWITCHING
MAXIMUM FINAL SPEED

For a proper inertia improvement of 30% 



MAXIMUM FINAL SPEED
ONE POSITION SWITCHING

Fixed Terminal Time

EXAMPLE: First Time Kick



SEA - Analytical and Numerical Results

There exist an optimal stiffness that depends on: 
• link inertia
• terminal time (opt. stiffness increases if T decreases)
• motor constraints

Purple lines represent 
iso-terminal time curves

Analytical solution for 
(P), (S), and (A) cases

Numerical solution for 
(P) + (S) + (A) case

Position Control Max Speed



SEA - Experimental Results

Experimental results for a SEA prototype with different stiffness at same terminal time



VSA – Theoretical Results

Fixed terminal time – Position and Stiffness control

Free terminal time switching intervals

Fixed terminal time switching intervals

How does the optimal control policy change w.r.t. the free terminal time case?

Terminal time threshold below 
which VSA is not convenient



MaxSpeed problem for compliant 
Variable Damping Actuators

  

  

Abstract— The CompActTM actuator features a clutch 
mechanism placed in parallel with its passive series elastic 
transmission element and can therefore benefit from the 
advantages of both series elastic actuators (SEA) and rigid 
actuators. The actuator is capable of effectively managing the 
storage and release of the potential energy of the compliant 
element by the appropriate control of the clutch subsystem. 
Controlling the timing of the energy storage/release in the elastic 
element is exploited for improving motion control in this 
research.  This paper analyses how this class of actuation 
systems can be used to maximize the link velocity of the joint. 
The dynamic model of the joint is derived and an optimal 
control strategy is proposed to identify optimal input reference 
profiles for the actuator (motor position/velocity and clutch 
activation timing) which permit the link velocity maximization.  
The effect of compliance of the joint on the performance of the 
system is studied and the optimal stiffness is analyzed. 

I. INTRODUCTION 

Traditional applications of robotic manipulators require 
high accuracy, speed and repeatability. This is usually 
achieved through the use of stiff actuators that minimize the 
static tracking errors and dynamic deflections. This class of 
“stiff” robots usually operates within defined workspaces to 
avoid collision with other robots or humans which can threat 
the safety of both. To permit the growth of robotic systems 
into new domains e.g. rehabilitation robots, wearable robots 
(exoskeleton) and domestic/service robots, robots that can 
safely interact with humans and the environment are required. 
To ensure the safety of both human and robots, designers have 
started to introduce series elasticity concepts in traditional stiff 
actuators creating Series Elastic Actuators (SEA). 

The passive compliance of SEA is beneficial for impedance 
control [1-3], energy storage and human-friendly 
manipulation, and numerous works have discussed the 
performance and capabilities of these actuators [4-9]. 
However, elastic transmission also induces dynamic 
oscillations which decrease the stability margin and the 
tracking accuracy achieved by the control system. Further if 
the stiffness of the elastic module is not appropriately 
designed, the system might result even more dangerous (e.g. 
in proximity of resonance) due to the ability of the elastic 
elements of storing and releasing energy. To solve the issues 
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Email: manolo.garabini@gmail.com 

 

mentioned previously, works in [10-12] introduced a variable 
physical damping actuator (VPDA) embedded in parallel with 
the series elasticity, Fig. 1, while the introduced benefits have 
been proven in [13]. This system employs a set of piezo 
actuators to control the braking torque of a friction based 
clutch which is placed in parallel to the elastic transmission. In 
previous works, this clutch was typically controlled to regulate 
the viscous damping level of the transmission system [10-12], 
nevertheless, the VPDA can also be  controlled to operate as a 
clutch as in [14]. 

  

(a)                                 (b)  
Figure 1.  (a) concept scheme of a SEA provided with transmission clutch 

and (b) prototype of the principle in the CompAct TM actuator 

Several works have reported on the advantages of SEA in 
storing and releasing energy which can subsequently be 
exploited for execution of explosive motions, such as 
throwing and kicking [13, 15, 16]. In these papers the problem 
of maximizing the peak speed for a single degree of freedom 
(DOF) joint powered by a fixed or variable compliance 
actuator has been extensively studied. In [17-19] the problem 
has been translated into an optimal control problem for 
maximizing the terminal speed at specified and unspecified 
terminal time periods and with or without terminal position 
constraint. In those works the model of the actuator starts from 
very simple position based or speed based models that allow to 
find analytical solutions and develops into fully constrained 
model in which the motor has been treated as acceleration or 
torque source needing numerical solutions. One of the results 
reported in [16, 18] is that given the motor, the link inertia and 
the terminal time there is an optimal stiffness constant for the 
elastic transmission that maximizes the terminal link speed 
(100% of enhancement experimentally presented, a 
similar result was shown in [20]). Yet the performance of the 
actuator is critically dependent on the stiffness: the 
performance decays rapidly once the set stiffness is varied 
from the optimal computed value. 

In this work we analyze how a clutch placed in parallel 
with the elastic element of the SEA can be exploited to assist 
in generating explosive motions. One of the features offered 

Optimal Control for Maximizing Velocity of the CompActTM 
Compliant Actuator  

Lisha Chen, Manolo Garabini, Matteo Laffranchi, Navvab Kashiri, Nikos G. Tsagarakis,  

Antonio Bicchi and Darwin G. Caldwell 

M. Laffranchi, N. Tsagarakis, and 
D. G. Caldwell, "A compact 
compliant actuator (CompActTM) 
with variable physical damping,” 
ICRA, 2011 



The model
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energy of the compliant element by the appropriate activation 
timing of the clutch subsystem. The theoretical research of 
optimization problem of switching structures is analyzed in  
[17]. Controlling the timing of the energy storage/release in the 
elastic element can have certain advantages with respect to a 
pure SEA joint where the energy exchange is unmanaged and 
only dependent on the system dynamics. This can be 
advantageous for motion trajectories in which the elastic 
energy should be stored or released at a specific point on the 
trajectory to improve a specific aspect of the motion e.g. 
energy efficiency or velocity peak. This work explores this 
functionality provided by the clutch for the purpose of link 
velocity maximization.  An optimal control method is applied 
to maximize the link velocity, subject to motor velocity and 
torque constraints. Furthermore, the control approach is also 
implemented on a SEA and a rigid joint and the performances 
are compared with that achieved by the joint. The sensitivity of 
the performance of this joint, in terms of highest achievable 
velocity with respect to the stiffness of the compliant element 
is also investigated to specify the optimum value of the spring 
constant. 

The paper is organized as follows: in Section II the dynamic 
model of a SEA provided with a clutch transmission system is 
derived. In Section III the optimal control strategy is 
elaborated including the control of motor position/velocity and 
clutch that of clutch normal force. Simulation results are 
analyzed in Section IV and finally in Section V the conclusions 
are presented. 

II. DYNAMIC MODELING 
This section introduces the model of the actuator. In this 

work a model of a SEA provided with clutch transmission 
system is considered. A conceptual schematic is shown in     
Fig. 2. 

tK

tD

cτ

mτ

mD
θθ ɺ, qq ɺ,

lD

eτ

 
Figure 2.   One DOF model of a compliant joint with damping clutch 

The dynamic equations of this system in Fig. 2 can be 
described as in (1). Differently from the models previously 
presented in [8] [9], it is formulated taking explicitly into 
account the transmission coulomb friction torque . 

 
( ) ( )
( ) ( )

l t t c e

m t t c m

Mq D q D q K q
B D D q K q

θ θ τ τ

θ θ θ θ τ τ

 + + − + − + =


+ − − − − − =

ɺɺɺ ɺ ɺ
ɺɺ ɺ ɺɺ

 (1) 

where ,   and ,   are the position and velocity states of the 
motor and link side respectively. The transmission is described 
by the stiffness    and damping    while  is the clutch 
torque.   and  are the viscous damping of link and motor 
respectively while    is the external torque and    is the 
motor torque generated by the motor. Finally B and M 
indicates the motor and link inertia.  

Conceptual schematics of the clutch lock and unlock 
conditions of the actuation system studied in this paper are 
shown in Fig. 3. The friction torque is generated by the 
frictional forces of two contact surfaces which are shown in red 
and green. Four piezoelectric stack actuators are connected in 
parallel to produce the normal force  acting directly on the 
actuated contact surface (shown in red). 

nF
 

Figure 3.   One DOF damping clutch unit in (a) unlock (b) lock condition 

When there is a relative movement between contact surfaces 
(rotor and link), provided that q θ≠ ɺɺ , the clutch torque  is 
identified as dynamic friction torque  given by  

 ( )c fd d nRF sign qτ τ µ θ= = − ɺɺ  (2) 

where  is the dynamic friction coefficient,  R is a constant 
factor depending on the geometry of rings. 

When there is no relative movement between rotor and link, 
i.e. = , =q qθ θɺ ɺɺɺ ɺɺ , the clutch torque   is identified as static 
friction torque  obtained by 

( ) ( )
( )

m em l
c fs

B
MD BD Mq K q

B M M B M

τ τ
τ τ θ

−−
= = − − −

+ +
ɺ

           
(3) 

If >s n fsRFµ τ , where   is the static friction coefficient, 
the clutch is in locked condition and  there is no motion 
between surfaces, thereby the friction torque is calculated by 
(3). Otherwise the friction torque is determined by (2).  

It implies that the system acts in locked condition and 
operate as a rigid actuator (Fig. 3 (b) ) when the piezo-force is 
above a certain threshold,  

, which is a function of system 
parameters, otherwise it will work similar to a SEA as shown 
in Fig. 3 (a).  

Based on (1), without considering external torque/force, 
and by defining the state variables 

1 2 3 4 [ ]T x x x x q qθ θ= =  x ɺɺ  and control input 

[ ]1 2
T

m nu u Fτ= =   u , the model of the actuator in state 
space form can be derived as 
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III. CONTROL STRATEGY 

In the section a new optimal control strategy is introduced to 
derive suitable input references for the actuator subsystems 
(motor position/velocity and clutch activation timing) in order 
to enhance the actuator performance in terms of maximum link 
velocity.   

A. Optimal Control Principle 
For deriving the control strategy we first formulate an a 

constrained optimal control problem in which the clutch 
operates as a variable viscous damping actuator 

 ( ) ( )fMax J q t=u ɺ  (5) 

subject to (4) and with the following boundary conditions 

 ( ) , ( )f f f fq t q tθ θ= =  (6) 

 min max≤ ≤u u u  (7) 

where   and ,f fq θ denote the terminal time and final 
conditions and ,  denote the lower and upper bounds 
of the control input.. 

To specify the control inputs results in optimal solution of 
system, the Pontryagin maximum principle is exploited [18]. 
Hence, the Hamiltonian is expressed as follows 
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where , 1,2,3,4n nλ = are the co-states.  
By applying the optimality necessary condition, / 0H∂ ∂ =u , 

the optimal control law is generated. When the system is 
unlocked, the optimal piezo-force is presented by 
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Since the performance of the system is not dependent on the 
amount of piezo-force when it is greater than a specific value, 
Fn

*, that make the system locked, it can be considered almost 
equal to this value at locked mode. Also, due to the fact that the 
maximum piezo force that can keep the system in unlocked 
mode is just below the Fn

*, the maximum piezo force in 
unlocked mode also can be considered near to this value. 
Accordingly, the optimum control law suggests that the 
piezo-force is equal to Fn

* or zero. It simply indicates that this 
input follows a bang-bang control action.  

Fig. 4 shows the sketch how the system switches between 
the two conditions: lock and unlock. According to this concept 
the piezos exert a force  Fn

* when the system is locked and zero 
force when is unlocked. 

It can be seen from Fig. 4 that the system switches between 
two operating conditions, with different dynamics. When the 
system works in unlocking condition (this condition is defined 
as ) the system operates as a SEA while it would switch to 
the dynamics of rigid joint when the clutch is fully engaged 
with a value of normal force that passes the critical value Fn

* 
(this condition is defined as ).  

*
n nF F=
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tK
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mτ

mD
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Figure 4.   System dynamics of two conditions 

In view of this, our problem is to optimize the input motor 
torque between   and  as well as find an optimal sequence 
for the clutch ON-OFF switching based on  for maximizing 
the link velocity. 

B. Optimal Control Formulation 
In the previous theoretical analysis of the variable clutch 

compliant actuator, the system performs piecewise linear 
behavior according to (1) and Fig. 4. We assume the 
relationship between  and  is simply determined as: in  
 is 0,    is 0 as well while in   is 

,   keeps on a 
constant value to lock the system. 

Therefore the dynamic equation in (1) can be analyzed 
separately for  and  as in the following equations 
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q q
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ɺɺ ɺ
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When  =0Nm, i.e. the clutch disengaged, therefore (10) is 
obtained for  . In  the motor and link are rigidly connected, 
resulting in (11).   

Based on (10) and (11), let consider the state variables as 
[ ]T q qθ θ=x ɺɺ , the motor torque as the input mu τ= , 

subsequently the general state space equations are derived as 

 u= +1 1x A x Bɺ  (12) 

 u= +2 2x A x Bɺ  (13) 

The state equations (12) and (13) correspond to the 
condition in (10) and (11) respectively. Both (12) and (13) 
describe linear systems. However in our task scenario and 

From
Maximum Pontryagin Principle

f: switching function 
depending on state and 

co-state

Two dynamic systems 
have to be considered in 
the following with one 
control input: the motor 
torque



Problem Solution: Second Step
MaxSpeed for the CompactTM Actuator 

VIACTORS

L. Chen, M. Garabini, M. Laffranchi, N. Kashiri, N. Tsagarakis, A. Bicchi, and D. 
Caldwell. Optimal Control for Maximizing Velocity of the CompAct Compliant 
Actuator. In International Conference of Robotics and Automation - ICRA 2013

The optimal control problem can be translated in several convex optimization problems

Given a maximum 
number of switchings
we derive all possible 

the SEA / RIGID 
sequences

Possible sequences of the 
clutch force for a 
maximum number of 
switching of 3

  

nF
*

nF 12S 21S12S 21S 12S 21S

 
Figure 5.   The values of Fn against different switching motions 

The value of normal force is piecewise constant, assuming 
values of 0N or Fn* as discussed in section III, see also Fig.  4. 
Hence the control of   presents a bang-bang like control 
action. The switching time  is determined by the terminal 
time and the number of switching  in (28)  

 ( )/ 1 , 1,2, ,S f S ST nT N n N= + = ⋯  (28) 

The number of different switching of  during   depends 
on permutation and combination of S and S which can be 
calculated as 12 SNP += . 

The transitions S  or S  caused by the application of 
bang-bang normal forces are recorded. In order to make the 
expression uniform, S is used to indicate the condition when 
no switching happening. The sequences of operating 
conditions for   2 are listed in Table I. 

The corresponding control of   for the eight switching 
groups in Table I are presented in Fig. 6. 

It can be noticed that switching groups 1 and 8 in Table I 
which contain the same type of switching S  S  indicates 
SEA and rigid actuator in fact.  
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TABLE I.  PERMUTATION OF WORKING CONDITIONS OF   2 

                    Condition &        
Switching                 Time 
    Group 

Operating Conditions 

0 < t < Tf/3 Tf/3 < t<2Tf/3 2Tf/3 < t < Tf 

(1) S0-S0 C1 C1 C1 

(2) S0-S12 C1 C1 C2 

(3) S0-S21 C1 C2 C1 

(4) S12-S0 C1 C2 C2 

(5) S21-S0 C2 C1 C1 

(6) S21-S12 C2 C1 C2 

(7) S0-S21 C2 C2 C1 

(8) S0-S0 C2 C2 C2 

 

IV. SIMULATION RESULTS 
In this section simulations of the proposed optimal control 

strategy are carried out to evaluate the advantages introduced 
by exploiting the clutch. In order to demonstrate this, the 
performance of SEA and rigid actuator were compared with 
the joint. To evaluate the effectiveness of the final link position 
to the results, the simulations are performed with both free 
final link position and the desired   of 45 degree and 60 
degree respectively.  

The parameters of the dynamic model in (1) used in the 
simulation are given in the Table II which are similar to the 
values of the real actuator prototype obtained by parameter 
identification [8] [9]. The maximum input motor torque in (8) 
is 37 Nm. The limitation of motor velocity is 7 rad/s. The 
deflection angle is constrained as 0.17 0.17rad q radθ− < − < . 
In this simulation study we increased the number of switching 
to 9 to improve the switching timing resolution. 

TABLE II.  SIMULATION PARAMETERS 

Parameters Value 

Moment of inertia of the rotor - B 0.15 kg.m2 
Moment of inertia of the link - M 1.0  kg.m2 

Viscous damping of the compliant joint –  0.1 Nms.rad-1 
Viscous damping at the motor –  0.2 Nms.rad-1 

Viscous damping at the link –  0 Nms.rad-1 

Stiffness of the joint –  50-400 Nm.rad-1 

The numerical results obtained in this paper are all 
generated with CVX [19] which is an open source software 
package used to solve the optimization problems. 

A. Analysis of Influence of Final Position Constraint 
In this simulation we implement the different constrained 

terminal time with the value from 0.1 second to 0.9 second 
which can present the performances of different speed motion. 
The value of stiffness is selected as 100 Nm/rad.  

The comparison of optimal terminal link velocity of variable 
clutch compliant actuator, SEA and rigid actuator for a free 
terminal position is shown in Fig. 7. 
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objective and due to the switching from SEA to rigid actuator 
and vice-versa the combined system is not linear any more. To 
cope with this problem a new control strategy is presented in 
this section. In order to describe the switching direction,   
is defined as the transition from SEA to rigid actuator (from 
  to  ) while    means the opposite transition.  This 
strategy is not only used to adjust motor torque but also to 
determine the policy of   and   which is an ON-OFF 
control strategy of clutch torque  which depends on . 

Therefore, for this actuator with switching conditions 
represented in Fig.5, this problem can be formulated using (5).   

Besides subject to (10), (11), (6) and (7), we have additional 
inequality constrains related to maximum motor speed and 
compliant transmission deflection angle: 

 min maxθ θ θ≤ ≤ɺ ɺ ɺ  (14) 

 min maxq θΔ ≤ − ≤ Δ  (15) 

In some optimal control problems  is set free to maximize 
the link velocity in a certain time however in other cases there 
also exist final constrains as the robotic system is required to 
execute some specified tasks by the optimized index such as 
throwing or hammering. Therefore the case of applying a final 
link position constraint will be studied in this optimization.  

In order to cope with the nonlinearity of this system the 
discretization of the system will be carried out by numerical 
method. The actuator behaves like a linear system when the 
clutch is on or off during a period of time. The total steps N are 
determined by dividing the interval 0,   by sample time 

1 / , 1, 2, ,n n ft t t t N n N−Δ = − = = ⋯ .  
Assuming the initial states are 

[ ]0 0 0 0(0) [ ] 0 0 0 0T T q qθ θ= = =0x x ɺɺ , the 
derivative of the states in (12) and (13) can be written as 

 ( 1) ( ) ( 1)n t n n− ⋅Δ = − −x x xɺ  (16) 

( ) ( )( ) ( 1) , 1, 2, ,n t B n t u n n N= + Δ ⋅ − + Δ ⋅ ⋅ =x I x B ⋯  (17) 

Using the defined initial configuration, gives 

 ( ) ( )
1

( ) (0) ( )
n

n n i

i

n t t t u n−

=

= + Δ ⋅ + + Δ ⋅ Δ ⋅ ⋅∑x I A x I A B  (18) 

 Considering the switching between C  and C , one 
transformation matrix Q is designed to establish links between 
,   and ,  . Exploiting the momentum conservation 
principle, states at the switching sample time is specified using 
the states at previous sample time. Therefore, based on the 
terminal velocity of C1, the initial velocity of C2 is 

  ( ) ( ) ( ) ( )1 1Mq n B n
q n n

M B
θ

θ
− + −

= =
+

ɺɺɺɺ  (19) 

The detailed expression of (18) is  

 ( )( ) ( 1) ( )n t n t u n= + Δ ⋅ ⋅ ⋅ − + Δ ⋅ ⋅x I A Q x B  (20) 

where Q, A, B  are determined by the following configurations 
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The terminal states can be expressed as functions of initial 
conditions, input variables and the sampling time 

 ( )( ) ( ) ( )( )( ) 0 , , , 0 , , 1N f u t u u u N= Δ = −x x ⋯  (22) 

For every single state the expression of final condition is 
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 (23) 

The problem in (5) is translated into the convex optimization 
problem (24) of which the minimizer is the vector of optimal 
motor torque for one switching sequence between SEA and 
Rigid configuration. In this work this problem is solved for 
several switching sequences and switching time, by comparing 
the terminal speeds we find as a result also the optimal 
(SEA-RIGID) sequence and the optimal switching times. 

 ( )( )3 0 , , ( )J f u t q N= Δ =x ɺ  (24) 

subject to 

 ( ) , ( )f fq N q Nθ θ= =  (25) 

 min max min max( ) , ( ) ,t t tn nθ θ θ θ θ θ≤ ≤ ∈  ɺ ɺ ɺ  (26) 

 ( ) ,max ,max, , 1, ,m mu n n Nτ τ ∈ − =  ⋯  (27) 

Likewise, if there is no desired final position constrain the 
 and  will be free. 

C. Switching Policy Algorithm 
The matrices A and B in (17) will be switched from ,  

to ,   when the transition S  occurs whereas , will 
be changed to ,  in S. The corresponding  outputs are 
reported in Fig. 5. 

  

objective and due to the switching from SEA to rigid actuator 
and vice-versa the combined system is not linear any more. To 
cope with this problem a new control strategy is presented in 
this section. In order to describe the switching direction,   
is defined as the transition from SEA to rigid actuator (from 
  to  ) while    means the opposite transition.  This 
strategy is not only used to adjust motor torque but also to 
determine the policy of   and   which is an ON-OFF 
control strategy of clutch torque  which depends on . 

Therefore, for this actuator with switching conditions 
represented in Fig.5, this problem can be formulated using (5).   

Besides subject to (10), (11), (6) and (7), we have additional 
inequality constrains related to maximum motor speed and 
compliant transmission deflection angle: 

 min maxθ θ θ≤ ≤ɺ ɺ ɺ  (14) 

 min maxq θΔ ≤ − ≤ Δ  (15) 

In some optimal control problems  is set free to maximize 
the link velocity in a certain time however in other cases there 
also exist final constrains as the robotic system is required to 
execute some specified tasks by the optimized index such as 
throwing or hammering. Therefore the case of applying a final 
link position constraint will be studied in this optimization.  

In order to cope with the nonlinearity of this system the 
discretization of the system will be carried out by numerical 
method. The actuator behaves like a linear system when the 
clutch is on or off during a period of time. The total steps N are 
determined by dividing the interval 0,   by sample time 

1 / , 1, 2, ,n n ft t t t N n N−Δ = − = = ⋯ .  
Assuming the initial states are 

[ ]0 0 0 0(0) [ ] 0 0 0 0T T q qθ θ= = =0x x ɺɺ , the 
derivative of the states in (12) and (13) can be written as 

 ( 1) ( ) ( 1)n t n n− ⋅Δ = − −x x xɺ  (16) 

( ) ( )( ) ( 1) , 1, 2, ,n t B n t u n n N= + Δ ⋅ − + Δ ⋅ ⋅ =x I x B ⋯  (17) 

Using the defined initial configuration, gives 

 ( ) ( )
1

( ) (0) ( )
n

n n i

i

n t t t u n−

=

= + Δ ⋅ + + Δ ⋅ Δ ⋅ ⋅∑x I A x I A B  (18) 

 Considering the switching between C  and C , one 
transformation matrix Q is designed to establish links between 
,   and ,  . Exploiting the momentum conservation 
principle, states at the switching sample time is specified using 
the states at previous sample time. Therefore, based on the 
terminal velocity of C1, the initial velocity of C2 is 

  ( ) ( ) ( ) ( )1 1Mq n B n
q n n

M B
θ

θ
− + −

= =
+

ɺɺɺɺ  (19) 

The detailed expression of (18) is  

 ( )( ) ( 1) ( )n t n t u n= + Δ ⋅ ⋅ ⋅ − + Δ ⋅ ⋅x I A Q x B  (20) 

where Q, A, B  are determined by the following configurations 

 

1 2

1 1 2 1

2 2

1 0 0 0
0 1 0 0

: 0 0

0 0

:
:

M BC C Q
M B M B

M B
M B M B

C C andC C
C C

 
 
 
 → = = = 

+ + 
 
 + + 

→ → = = =

→ = = =

2 2

1 1

2 2

A A B B

Q I A A B B
Q I A A B B

(21) 

The terminal states can be expressed as functions of initial 
conditions, input variables and the sampling time 

 ( )( ) ( ) ( )( )( ) 0 , , , 0 , , 1N f u t u u u N= Δ = −x x ⋯  (22) 

For every single state the expression of final condition is 
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 (23) 

The problem in (5) is translated into the convex optimization 
problem (24) of which the minimizer is the vector of optimal 
motor torque for one switching sequence between SEA and 
Rigid configuration. In this work this problem is solved for 
several switching sequences and switching time, by comparing 
the terminal speeds we find as a result also the optimal 
(SEA-RIGID) sequence and the optimal switching times. 

 ( )( )3 0 , , ( )J f u t q N= Δ =x ɺ  (24) 

subject to 

 ( ) , ( )f fq N q Nθ θ= =  (25) 

 min max min max( ) , ( ) ,t t tn nθ θ θ θ θ θ≤ ≤ ∈  ɺ ɺ ɺ  (26) 

 ( ) ,max ,max, , 1, ,m mu n n Nτ τ ∈ − =  ⋯  (27) 

Likewise, if there is no desired final position constrain the 
 and  will be free. 

C. Switching Policy Algorithm 
The matrices A and B in (17) will be switched from ,  

to ,   when the transition S  occurs whereas , will 
be changed to ,  in S. The corresponding  outputs are 
reported in Fig. 5. 

  

III. CONTROL STRATEGY 

In the section a new optimal control strategy is introduced to 
derive suitable input references for the actuator subsystems 
(motor position/velocity and clutch activation timing) in order 
to enhance the actuator performance in terms of maximum link 
velocity.   

A. Optimal Control Principle 
For deriving the control strategy we first formulate an a 

constrained optimal control problem in which the clutch 
operates as a variable viscous damping actuator 

 ( ) ( )fMax J q t=u ɺ  (5) 

subject to (4) and with the following boundary conditions 

 ( ) , ( )f f f fq t q tθ θ= =  (6) 

 min max≤ ≤u u u  (7) 

where   and ,f fq θ denote the terminal time and final 
conditions and ,  denote the lower and upper bounds 
of the control input.. 

To specify the control inputs results in optimal solution of 
system, the Pontryagin maximum principle is exploited [18]. 
Hence, the Hamiltonian is expressed as follows 
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 (8) 

where , 1,2,3,4n nλ = are the co-states.  
By applying the optimality necessary condition, / 0H∂ ∂ =u , 

the optimal control law is generated. When the system is 
unlocked, the optimal piezo-force is presented by 
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B M
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  
= 

  − − <   

 (9) 

Since the performance of the system is not dependent on the 
amount of piezo-force when it is greater than a specific value, 
Fn

*, that make the system locked, it can be considered almost 
equal to this value at locked mode. Also, due to the fact that the 
maximum piezo force that can keep the system in unlocked 
mode is just below the Fn

*, the maximum piezo force in 
unlocked mode also can be considered near to this value. 
Accordingly, the optimum control law suggests that the 
piezo-force is equal to Fn

* or zero. It simply indicates that this 
input follows a bang-bang control action.  

Fig. 4 shows the sketch how the system switches between 
the two conditions: lock and unlock. According to this concept 
the piezos exert a force  Fn

* when the system is locked and zero 
force when is unlocked. 

It can be seen from Fig. 4 that the system switches between 
two operating conditions, with different dynamics. When the 
system works in unlocking condition (this condition is defined 
as ) the system operates as a SEA while it would switch to 
the dynamics of rigid joint when the clutch is fully engaged 
with a value of normal force that passes the critical value Fn

* 
(this condition is defined as ).  

*
n nF F=

0nF =

tK

tD

mτ

mD
θθ ɺ, qq ɺ,

lD

eτ

θθ ɺ, qq ɺ,

mτ eτ

mD lD
 

Figure 4.   System dynamics of two conditions 

In view of this, our problem is to optimize the input motor 
torque between   and  as well as find an optimal sequence 
for the clutch ON-OFF switching based on  for maximizing 
the link velocity. 

B. Optimal Control Formulation 
In the previous theoretical analysis of the variable clutch 

compliant actuator, the system performs piecewise linear 
behavior according to (1) and Fig. 4. We assume the 
relationship between  and  is simply determined as: in  
 is 0,    is 0 as well while in   is 

,   keeps on a 
constant value to lock the system. 

Therefore the dynamic equation in (1) can be analyzed 
separately for  and  as in the following equations 

 
( ) ( ) 0
( ) ( )

l t t

m t t m

Mq D q D q K q
B D D q K q

θ θ

θ θ θ θ τ

 + + − + − =
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 (10) 
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q q
τ

θ θ

+ + + =


= =

ɺɺ ɺ
ɺɺ ɺɺɺ ɺ

 (11) 

When  =0Nm, i.e. the clutch disengaged, therefore (10) is 
obtained for  . In  the motor and link are rigidly connected, 
resulting in (11).   

Based on (10) and (11), let consider the state variables as 
[ ]T q qθ θ=x ɺɺ , the motor torque as the input mu τ= , 

subsequently the general state space equations are derived as 

 u= +1 1x A x Bɺ  (12) 

 u= +2 2x A x Bɺ  (13) 

The state equations (12) and (13) correspond to the 
condition in (10) and (11) respectively. Both (12) and (13) 
describe linear systems. However in our task scenario and 

For each sequence we can derive the system dynamic for the whole task 
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The optimal control problem can be translated in several convex optimization problems

  

objective and due to the switching from SEA to rigid actuator 
and vice-versa the combined system is not linear any more. To 
cope with this problem a new control strategy is presented in 
this section. In order to describe the switching direction,   
is defined as the transition from SEA to rigid actuator (from 
  to  ) while    means the opposite transition.  This 
strategy is not only used to adjust motor torque but also to 
determine the policy of   and   which is an ON-OFF 
control strategy of clutch torque  which depends on . 

Therefore, for this actuator with switching conditions 
represented in Fig.5, this problem can be formulated using (5).   

Besides subject to (10), (11), (6) and (7), we have additional 
inequality constrains related to maximum motor speed and 
compliant transmission deflection angle: 

 min maxθ θ θ≤ ≤ɺ ɺ ɺ  (14) 

 min maxq θΔ ≤ − ≤ Δ  (15) 

In some optimal control problems  is set free to maximize 
the link velocity in a certain time however in other cases there 
also exist final constrains as the robotic system is required to 
execute some specified tasks by the optimized index such as 
throwing or hammering. Therefore the case of applying a final 
link position constraint will be studied in this optimization.  

In order to cope with the nonlinearity of this system the 
discretization of the system will be carried out by numerical 
method. The actuator behaves like a linear system when the 
clutch is on or off during a period of time. The total steps N are 
determined by dividing the interval 0,   by sample time 

1 / , 1, 2, ,n n ft t t t N n N−Δ = − = = ⋯ .  
Assuming the initial states are 

[ ]0 0 0 0(0) [ ] 0 0 0 0T T q qθ θ= = =0x x ɺɺ , the 
derivative of the states in (12) and (13) can be written as 

 ( 1) ( ) ( 1)n t n n− ⋅Δ = − −x x xɺ  (16) 

( ) ( )( ) ( 1) , 1, 2, ,n t B n t u n n N= + Δ ⋅ − + Δ ⋅ ⋅ =x I x B ⋯  (17) 

Using the defined initial configuration, gives 

 ( ) ( )
1

( ) (0) ( )
n

n n i

i

n t t t u n−

=

= + Δ ⋅ + + Δ ⋅ Δ ⋅ ⋅∑x I A x I A B  (18) 

 Considering the switching between C  and C , one 
transformation matrix Q is designed to establish links between 
,   and ,  . Exploiting the momentum conservation 
principle, states at the switching sample time is specified using 
the states at previous sample time. Therefore, based on the 
terminal velocity of C1, the initial velocity of C2 is 

  ( ) ( ) ( ) ( )1 1Mq n B n
q n n

M B
θ

θ
− + −

= =
+

ɺɺɺɺ  (19) 

The detailed expression of (18) is  

 ( )( ) ( 1) ( )n t n t u n= + Δ ⋅ ⋅ ⋅ − + Δ ⋅ ⋅x I A Q x B  (20) 

where Q, A, B  are determined by the following configurations 
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The terminal states can be expressed as functions of initial 
conditions, input variables and the sampling time 

 ( )( ) ( ) ( )( )( ) 0 , , , 0 , , 1N f u t u u u N= Δ = −x x ⋯  (22) 

For every single state the expression of final condition is 
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 (23) 

The problem in (5) is translated into the convex optimization 
problem (24) of which the minimizer is the vector of optimal 
motor torque for one switching sequence between SEA and 
Rigid configuration. In this work this problem is solved for 
several switching sequences and switching time, by comparing 
the terminal speeds we find as a result also the optimal 
(SEA-RIGID) sequence and the optimal switching times. 

 ( )( )3 0 , , ( )J f u t q N= Δ =x ɺ  (24) 

subject to 

 ( ) , ( )f fq N q Nθ θ= =  (25) 

 min max min max( ) , ( ) ,t t tn nθ θ θ θ θ θ≤ ≤ ∈  ɺ ɺ ɺ  (26) 

 ( ) ,max ,max, , 1, ,m mu n n Nτ τ ∈ − =  ⋯  (27) 

Likewise, if there is no desired final position constrain the 
 and  will be free. 

C. Switching Policy Algorithm 
The matrices A and B in (17) will be switched from ,  

to ,   when the transition S  occurs whereas , will 
be changed to ,  in S. The corresponding  outputs are 
reported in Fig. 5. 

Since the dynamic is linear and constraints are convex the Optimal Control 
Problem (for each switching sequence) can be converted into a 

Convex Optimization Problem

Motor speed lmits

Motor torque 
lmits

Terminal Constraints
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The maximum link speed obtainable with the CompactTM (VCCA) is 
larger or equal than the speed obtainable with both rigid and SEA 

  

 
Figure 7.  Free terminal position problem: maximum velocity obtained for 

a fixed stiffness value and several terminal times 

It can be seen from Fig. 7 that the rigid actuator has 
advantages for motions which require sudden acceleration 
peaks. This clutch based joint has a comparable behavior to 
rigid actuator when the terminal time is shorter than 0.25 
second. However the proposed control strategy shows a higher 
terminal velocity than SEA and rigid actuator in average. Due 
to the constraint of deflection angle between motor and link, 
compliant joints achieve the same performance after 0.7 
second. 

In Fig. 8 (a) and (b) the optimal terminal velocity results are 
shown for constrained terminal position of 45 degree and 60 
degree.  

 
(a) 

 
(b) 

Figure 8.  Constrained terminal position problem: maximum velocity 
obtained for a fixed stiffness value and several terminal times 

Interesting to notice, due to the constraint of the terminal 
link position for these cases, it is not feasible to solve the 
problem in a terminal time shorter than 0.3 second for all the 
type. The proposed joint can reach link velocities of 8 rad/s 
which is higher than both SEA and rigid actuator.  

B. Stiffness adjustment  
To obtain the optimal value of the stiffness of variable 

clutch joint that improves the performance of the system, the 
sensitivity of maximum link velocity to passive stiffness 
(50<  <400 Nm/rad) for different terminal time is 
investigated. The results for variable terminal time and desired 
final link position of 60 degree are shown in Fig. 9. 

 
Figure 9.  Maximum velocity obtained for stiffness value from 50 to 400 

Nm/rad and several terminal times 

Fig. 9 showed the profiles for seven   from 0.3 to 0.9 
second. Fig. 9 also illustrates the variation in this performance 
against the level of the joint stiffness. It is clear that the system 
can achieve a better performance with the stiffness value 
around 200 or 250 Nm/ rad due to  . The results represent that 
although in some extend stiffening the joint up to a certain 
level can increase the terminal velocity, further increment from 
this level can reduce it. The graph also demonstrates that the 
duration of motion affect the optimum value of joint stiffness 
and the slower motion requires softer spring. 

C. Trajectory Evaluation 
In this section, the trajectories of optimal control policy of 

the variable clutch compliant actuator are analyzed. This 
simulation was carried out to evaluate the performance of the 
solutions obtained by the presented study.   

The trajectories of motor and clutch normal force control 
obtained by the optimal solutions with 0.7s terminal time and 
stiffness value of 200 Nm/rad for a 60 degree terminal 
position constrain are shown in Fig. 10. 

 
Figure 10.  The trajectories of control in the optimal solutions  

Fig. 10 shows that the deflection is kept constant when the 
clutch was engaged.  The corresponding control of Fn is 
shown together that verified this result. 

Fig. 11 shows the trajectories of the position and velocity of 
motor and link side.  

Short terminal times
Compact as good 
as the rigid actuator

Large terminal times Compact as 
good as the SEAIntermediate terminal times Compact 

better than rigid and SEA
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Dynamic Models: PEA and SEA

PEA

Figure: PEA: it consists of two masses connected by a spring that has an
actuator in parallel.

SEA

Figure: SEA: it consists of three masses of which the two upper masses are
connected by a spring and an actuator is interposed between the two lower
masses.

The dynamic equations of the two systems are:

⇢
m1ÿ1 + k (y1 � y2) = R� U �m1g

m2ÿ2 + k (y2 � y1) = U �m2g

8
<

:

m1 ¨̃y1 = R� U �m1g

m2 ¨̃y2 + k (ỹ2 � ỹ3) = U �m2g

m3 ¨̃y3 + k (ỹ3 � ỹ2) = �m3g
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Dynamic Models: PEA and SEA

Figure: A 3D view of the PEA and the SEA jumping robots under development.
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Parallel Elastic 
Actuation (PEA)

Series Elastic 
Actuation (SEA)

• Optimal control as a mean for comparing two different soft actuator designs when 
performing the jumping task



It can be translated into the MaxSpeed problem
Maximize Jumping Height 

Problem Definition

Target

We want to maximize the highest reachable point of the center of gravity of the robot

max hG,max

Our optimization variable is the force exerted by the motor U .
Using the conservation of mechanical energy principle, we derive an estimation of hG,max

depending on the state of the robot soon after the take-o↵ instant T

hG,max = hG(T+) +
VG(T+)2

2g

where hG(T+) and VG(T+) are the height and the speed, respectively, of the center of gravity of
the robot soon after the take-o↵ instant.

We can assume that the variation of hG(t) during the stance phase is negligible if compared to
the variation of VG(t)2/(2g):

max hG,max ⇡ max VG(T+) =

8
<

:

m2
m1+m2

z2(T�) (PEA)

m3
m1+m2+m3

z̃4(T�) (SEA)
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Problem Statement
Maximize Jumping Height 

Mathematical formulation

PEA SEA

maximize z2(T ) maximize ez4(T ) (a)

subject to subject to

ż(t) = Az(t) +Bu(t) ėz(t) = eAez(t) + eBu(t) (b)

�kz1(t) + U(t) +m1g > 0 U(t) +m1g > 0 (c)

�kz1(T ) + U(T ) +m1g = 0 U(T ) +m1g = 0 (d)

Umin  U(t)  Umax Umin  U(t)  Umax (e)

Vmin  z2(t)  Vmax Vmin  ez3(t)  Vmax (f)

Vmin �
Vmax

Umax
U(t)  z2(t) Vmin �

Vmax

Umax
U(t)  ez3(t) (g)

z2(t)  Vmax �
Vmax

Umax
U(t) ez3(t)  Vmax �

Vmax

Umax
U(t) (h)

�min  z1(t)  �max �min  ez2(t)  �max (i)

�min  ez2(t)� ez1(t)  �max (l)

Table: Problem formulation for the PEA and the SEA: the performance index to maximize is (a) and all the constraints are ((b)-(l)).
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The robot has to jump 
at the time T
(contact constraints)

Bi-linear Torque-Speed 
motor characteristic

The upper mass must 
not touch the ground 
(spring deflection 
constraints)

More realistic models taking into account path state and control constraints

The input u is 
the motor torque



Results
Maximize Jumping Height 

Problem Definition

In addition to the normal force constraints, in order to obtain realistic results we take into
account also the following constraints:

the torque-speed motor characteristic, so the force and the velocity that can be generated
are coupled and bounded, V (t) 2 [Vmin, Vmax] and U(t) 2 [Umin, Umax]

the minimum between the stroke allowed by the robot and the maximum spring deformation,
� 2 [�min, �max]

the spring deflection (only for the SEA), �(t) 2 [�min,�max]
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Figure: The motor’s constraints (blue) and the motor’s work points (gray dotted) for one simulation: the points of the motor’s work become darker and
darker with the increase of time. All the constraints are satisfied.
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Since the dynamic is linear and constraints are convex the Optimal Control Problem can be 
converted into a Convex Optimization Problem

A typical evolution of 
the working point of the 
motor subject to the 
considered
Torque-Speed 
constraint

Also in a more realistic context there exists an optimal stiffness value (for both PEA and SEA) 
that maximize the peak speed and it depends on the task and robot parameters:

• Terminal time
• Inertia
• Motor Characteristics (Max Torque, Max Speed, Gear Ratio) 
• Deflection Constraints



Terminal Time T

The performance index increased according to the terminal time until a threshold value, after
which the performance index reached an upper bound.

0 200 400 600 800
0.8

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

m
1
=0.35 (kg) and m

2
=600 (kg)

k (N/m)

z 2
 (

m
/s

)

 

 

0.13 s
0.14 s
0.15 s
0.16 s
0.17 s
0.18 s
0.19 s
0.2 s
0.25 s
0.3 s
0.35 s
0.4 s
0.5 s

0.1 0.2 0.3 0.4 0.5

1.8

2

2.2

2.4

2.6

T (s)

z 2
 (

m
/s

)

0.1 0.2 0.3 0.4 0.5
300

400

500

600

700

800

T (s)

k o
p

t (
N

/m
)

Figure: Trend of the speed of the upper mass of PEA w.r.t. variation on the
final time T .

0 100 200 300 400 500 600
−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

3

3.5

m
1
=0.35 (kg) and m

3
=600 (kg)

k (N/m)

z 4
 (

m
/s

)

 

 

0.1 s
0.15 s
0.2 s
0.25 s
0.3
0.4
0.55
0.6 s
0.75 s
0.8 s
0.9 s
1 s

0.2 0.4 0.6 0.8 1

2

2.5

3

T (s)

z 4
 (

m
/s

)

0.2 0.4 0.6 0.8 1
100

200

300

400

500

T (s)

k o
p

t (
N

/m
)

Figure: Trend of the speed of the upper mass of SEA w.r.t. variation on the
final time T .

Observation

A final time T̄ exists at which the performance index does not change with an increase of
the time

The optimal sti↵ness decreases according to the increase of the terminal time
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Terminal Time T

The performance index increased according to the terminal time until a threshold value, after
which the performance index reached an upper bound.
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Optimal Stiffness and Terminal Time
Maximize Jumping Height 

the performance and the optimal stiffness depend on the terminal time T:
• The speed increases with T until a limit
• The optimal stiffness globally decreases with T

PEA SEA

The best performance:

• Max Speed SEA 
20% higher than 
PEA

• Max Speed SEA 
50% higher than rgid



Optimal Control For Soft Robots
Maximize peak speed for a multi-DoF soft robot

Rome, 27 September 2013 Meeting 68

§ PROBLEM
§ Maximize peak speed at a given terminal 

time and given terminal position of the 
end-effector of a multi-dof soft robot

§ SOLUTION METHOD KEY IDEAS
§ Exploiting Bang-Bang control solution 

coming from classical OC theory
§ 2-stage optimization of switching time

§ Off-line rough map between switching 
instants and terminal time and position

§ On-line local optimization of the 
switching instants for given terminal time 
and position

3

di controlli, data dalla funzione g(⇤), nell’intervallo temporale [(k � 1)T, kT ]. kj è la
profondità del nodo (o livello), definita come la somma del numero di archi dallo zero
node al nodo j.

Ogni nodo ha un padre (eccetto per il zero node) e 2l figli. Da notare che nel caso
l = 2, l’albero definito in questo modo è un Albero binario (Fig. 1).

  t
0
                t

1
               t

2

1

1

1

0

0

0

  time

x
0

= control

= state

           T                T

Figura 1: Albero Binario

Senza vincolare l’albero, il numero di nodi alla massima profondità dello stesso
risulta 2l

kmax Per frenare la crescita dell’albero, vengono fatte le seguenti ipotesi

• smax numero massimo di switch 8ui 2 Rm

• tmin
s numero di nodi consecutivi senza switch 8ui 2 Rm

Nella fase offline viene costruito l’Evolution Tree tenendo in considerazione smax

and tmin
s . Fatto questo viene esplorato interamente e memorizzato.

La fase offline si suddivide quindi in

1. Building : Scegliere la massima profondità dell’albero kmax, tempo finale
massimo tmax

f , massimo numero di switch per input smax, ed il tempo minimo
di permanenza del medesimo comando tsmin. La costruzione dell’albero con i
parametri descritti risulta univoca.

2. Exploring : Esploriamo l’intero Evolution Tree integrando la dinamica ẋ =
f(x(t), u(t), t) con un metodo di integrazione a scelta.

Fase Online

Nella fase Online, il sistema di controllo deve essere in grado di trovare una soluzione
al problema di controllo ottimo in un tempo considerato ragionevole per il problema



Numerical Tests on the “goodness” of the solution
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Optimal Control For Soft Robots

Rome, 10 November 2011 Kick-off meeting 70

Maximize peak speed for a multi-DoF soft robot

Link length: 10 cm
Target distance: 60 
cm
Target width: 10 cm

Terminal time errors
Max: 0.95 ms
Min: 0.26 ms
Mean: 0.62 ms

Target error
Max: 8.4 mm
Min: 0.1 mm
Mean: 3.2 mm



Real-Time Optimal Control for Soft Robots

§ Real-Time optimal control for a two-dof soft robotic arm is achieved by exploiting
Bang-Bang optimal control solution coming from the analysis of the system via
classical OC theory combined with a two stage optimization of the switching instants
(1-Stage off-line to obtain a rough map between switching instants and terminal
position and time. 2-Stage on-line local optimization).

Maximize Speed at give terminal time and position for a multi-DOF robot 

Toulouse, 5 Febraury 2014 Review Meeting 71
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Figura 10: Evoluzione controlli negli esperimenti
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Figura 11: Evoluzione indici di performance negli esperimenti

• massimo tempo finale del task dell’albero fissato tf

Il primo nonostante per molte applicazioni in robotica è abbastanza usuale avere
una posizione di home, nel caso in cui desiderassimo un braccio sempre in movimento,
il vincolo è sicuramente una restrizione non di poco conto. Vorremmo quindi poter
ricavare un albero con stato iniziale arbitrario e tempo finale arbitrario. Per
far questo, consideriamo l’Evolution Tree definito nella fase online, eliminando qualche
ipotesi e aggiungendone altre. Ipotesi eliminate:

• smax

• tmin
s

• tmax
f

• kmax

§ Experimental tests, conducted combining this 
approach with Nonlinear Model Predictive Control, 
show that the final velocity can be more than 
doubled w.r.t. the one of the rigid arm
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systems and hence obtaining the optimal (constant, linear)
stiffness value. In [16] an energy saving control method
was applied to a simulated biped walking model. The link
trajectories for a 4 DoF PEA robot are obtained via mini-
mization of a performance index based on the squared torque.
However, as in [15], the SEA case is not considered.

Moreover, minimization of mechanical energy losses and
the use of natural oscillations in a mechanism to minimize
actuator torques is discussed in [17]. With this purpose,
authors propose to use springs in parallel to search efficient
trajectories. Furthermore, the effects of changing the mass
distribution and the trunk posture on the energy loss due to
impacts of a planar 3-DoF walking robot is studied to find
the springs that minimize actuator torques. The cost function
used is based on the squared torque and the optimization
parameters are the spring parameters.

Simultaneous optimization of robot trajectory and force
profiles of nonlinear springs is considered in [18]. The
actuator torques of robots working on production lines are
minimized, by adding ”dynamic equilibrators” based on non-
linear, parallel springs. The cost function of the optimization
problem described is a quadratic function of the springs
design parameters, based on the squared torque. The initial
optimization problem is reduced to a trajectory optimization
problem, solved with a sequential quadratic programming
algorithm. In this work, the SEA case is not presented.

In this paper, we consider both fully actuated and un-
deractuated dynamical systems using elastic actuation with
either SEA or PEA providing an analytical methodology to
optimize the actuation parameters for given joint trajectories.
We show that the general problem in which both joint
trajectories and actuation parameters have to be simultane-
ously optimized, can be translated into a problem in which
the optimization would involve just the joint trajectories.
However, in this paper the optimal characterization of the
joint trajectories shape is not considered, showing only that,
in case of sinusoidal trajectories the amplitude and the
frequency play an important role in the reduction of the
energy spent.

To show the effectiveness of the results we apply our
method to a simple one-link robot manipulator tracking a
sinusoidal joint trajectory and to a two-link robot manipulator
performing a pick and place task. By several simulations, in
both cases we show that the use of soft actuation allows
to save energy w.r.t. the stiff actuation case. For the pick
and place task, optimized soft actuation allows to save up
to 62% of energy. Finally, a prototype of a hopping robot
with SEAs is presented (see Fig. 1) and by experimentation
we show that our method is applicable to existing systems
whose model is unknown.

II. PROBLEM DEFINITION

This paper considers soft-robotics actuation schemes
which may enhance performance of mechanical systems
in cyclic motions, i.e. reducing energy consumption, by
exploiting the use of springs suitably placed on the system.
For this reason, we study compliant mechanical systems
which can be both fully actuated or underactuated. In the
former case, there are as many actuators as DoFs, whereas in
the second one there are fewer control inputs than DoFs [19].

Depending on how and where springs are placed on the
system, the number of DoFs and the number of actuators,

(a) Example of
robot actuated by
PEA.

(b) Example of robot actuated
by SEA.

Fig. 2. Robot actuated by PEAs or SEAs.

the dynamics of a mechanical system can assume particular
forms as described in next subsections.

A. Fully Actuated Mechanical Systems
Let us first consider a fully actuated compliant mechanical

system actuated by PEAs, e.g. a spring between two links
for a serial manipulator (see Fig. 2(a)). For such a system,
the number of DoFs remains equal to the number of ac-
tuators. Indicating by q 2 <n the generalized coordinates
representing the configuration of the system and by ⌧ 2 <n

the generalized torque provided by actuators, the dynamics
can be written as 1

f(q̈, q̇, q, t) = K(qe � q) + ⌧ , (1)

where qe 2 <n is the spring pre-load and K 2 <n⇥n is
the stiffness matrix. The term f(q̈, q̇, q, t) includes inertia,
coriolis, and gravity terms.

B. Underactuated Mechanical Systems
Consider now the case in which the mechanical system is

actuated by SEAs (see Fig. 2(b)), i.e. the springs between the
actuator and the load (e.g. between the motor and the link
for serial manipulators). Indicating by ✓ 2 <n the motor
positions and by Jm the inertia matrix of the motors, the
dynamics can be written as 2

f(q̈, q̇, q, t) = �K(q � ✓) (2)
Jm✓̈ = K(q � ✓) + ⌧ , (3)

Notice that the use of SEAs instead of PEAs increases the
number of DoFs which become 2n.

For particular mechanical systems there may be further
DoFs which are not actuated, e.g. the position and orientation
of humanoids w.r.t. a fixed reference frame. Let x 2 <m be
those DoFs and assume the system is actuated by SEAs, the
dynamics in this case can be written as

fu(ẍ, ẋ, x, q̈, q̇, q, t) = 0 (4)
fa(ẍ, ẋ, x, q̈, q̇, q, t) = �K(q � ✓) (5)

Jm✓̈ = K(q � ✓) + ⌧, (6)

where (4) represents the non-actuated dynamics, whereas (5)
and (6) represent the underactuated dynamics.

1the actuator is considered rigid
2viscous friction term is not written to make analytical calculations

simpler. Adding the corresponding term does not change the procedure. In
the experiments presented in this paper, vicious friction is indeed considered.
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• massimo tempo finale del task dell’albero fissato tf

Il primo nonostante per molte applicazioni in robotica è abbastanza usuale avere
una posizione di home, nel caso in cui desiderassimo un braccio sempre in movimento,
il vincolo è sicuramente una restrizione non di poco conto. Vorremmo quindi poter
ricavare un albero con stato iniziale arbitrario e tempo finale arbitrario. Per
far questo, consideriamo l’Evolution Tree definito nella fase online, eliminando qualche
ipotesi e aggiungendone altre. Ipotesi eliminate:

• smax

• tmin
s

• tmax
f

• kmax
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Real-Time Optimal Control for Soft Robots
Maximize Speed at give terminal time and position for a multi-DOF robot 
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Variable Stiffness Control for 
Oscillation Damping

G. M. Gasparri†, M. Garabini†, L. Pallottino† , L. Malagia†,  
M. Catalano†‡, G. Grioli†‡ and  A.Bicchi†‡

† Research Center  “E. Piaggio”, University of Pisa, Italy
‡ Italian Institute of Technology, Genova, Italy



Problem Definition

t [sec]

E [J]

Tt0

Eo

ET

1 DoF Variable Stiffness Actuator 

!!q + w2 (q−θ ) = 0
w = k / m
u(t) = k

Objective

Mechanical Energy state 
without control

Mechanical Energy state 
with control



� (x (T )) =
x2
1(T )

2
+

x2
2(T )

2

minu(t) � (x (T ))
ẋ(t) = f(x, u)
x(0) = x0

0  kmin  u(t)  kmax

Optimal Control Problem

Fixed terminal time

x(t) = [x1, x2 ]T = [q−θ, !q]T

!x(t) =
−w2x1

"

#
$

%

&
'

x2

State

State Dynamic

T

φ(x(T ))
Terminal Mechanical Energy

Control input

u(t)



H = λT f (x,u) = λ1(t)x2 (t)− u(t)
m

λ2 (t)x1(t)

σ (t) = λ2 (t)x1(t) kmaxu(t) = kmin σ (t) > 0
σ (t) < 0

Hamiltonian function

Switching function

From Pontryagin Maximum Principle (PMP) necessary conditions on the 
optimal control u(t) can be derived by minimising the Hamiltionian.
It follows:

Bang-Bang Control

ts ∈ (0,T )
x1(ts ) = 0
λ2 (ts ) = 0

λ(t) = [λ1,λ2 ]T

!λ(t) =
w2λ2 (t)!

"
#

$

%
&

−λ1(t)

Costate

Costate Dynamic

{Switches conditions
when

when



The switching intervals do not 
depend from model parameter

From calculus can be showed 
that :

λ2 = h(x2,wx, wλ )

The new switching fucntion:

σ (t) = x1(t)x2 (t)p(wx, wy )
p(wx, wy ) > 0

Optimal Control law

kmax

kmin

x1(t)x2 (t) < 0

x1(t)x2 (t) > 0
u(t) ={

Model Free

Δt = π 2wλ

Δt = π 2wx



Simulation 1 Dof case with damping

Phase spaceStiffness profile and Error evolution



Results 2 DoF case:

Fig. 4 Link position and stiffness evolution (ideal 
case, no thresholds)

With thresholds
Fig. 5 Link position constant stiffness (Max, Min)
Fig. 6 Link position with optimal switching control

Results 2 DoF

Fig.4

Fig.6

Fig.5



Summing up

• Optimal Control gives insight in physical 
properties of embodied behaviors, by factorizing 
control and physical performance

• For safe&fast motion 
– STIFF should go with SLOW, and SOFT with FAST

• For max speed 
– STIFF goes with SPEED-UP, and SOFT with SLOW-

DOWN  
• For optimal brake 

– STIFF goes with SLOW-DOWN and SOFT with 
SPEED-UP



Minimize
Energy 

Consumption
in Cyclic Tasks



Minimize Energy Consumption

What role does soft actuation play in 
the reduction of energy cost for
mechanical systems that perform
cyclic motions?

q1

q2

q3
q4

q5
q6

(x,y,q0)

Joint with PEA

Joint with SEA



Actuation Parameter Optimization
Minimize Energy Consumption

• Hypothesis: K = diag[K1, …, Kn]

The problem can be decoupled
• Optimize actuation parameters

SEA: Stiffness (K)

• Then, optimize trajectory:



Analytical Results 
Minimize Energy Consumption

A, B, C, D, F, G, E, H, I, M, L are integrals that depend on the trajectories and on the 
mechanical model 



The SEA Pick and Place Example: Simulations
Minimize Energy Consumption

• 2 DoF Manipulator

• Sinusoidal joint trajectories 

• Given Pick and Place Points

J
1

SEA

J
2

SEA

J
2

PEA

J
1

PEA

J
1

Stiff

J
2

Stiff
X: −0.1571
Y: 0.1596

X: −0.1552
Y: 0.1236

X: −0.195
Y: 0.1225

X: 0.14
Y: 0.1525

X: 0.1799
Y: 0.1533

Fig. 4. Two-DoF robot manipulator for a pick and place task.

B. Underactuated Mechanical system: Hopping Robot with
PEAs

In order to demonstrate the effectiveness and application
of our method, we apply it to a prototype of

A two link hopper is then projected to evaluate the
algorithm exposed in the precedent sections. The model is
a 4 D.o.F. with the first two under actuated to implement
the floating base model and the last two actuated to
implement the jump. The system is composed by two
links presenting the first and second anatomic part of a leg
Femur and T ibia, a wheel for the contact point, two DC
motors ,two pulleys, two elastic tendons and a base support
to constraints the system. It is also present the necessary
electronics for the communication. The major parts of the
model are specifically designed and printed with a fast
prototyping 3d printer.

The floating base is implemented as a base support which
is composed by a vertical rolling cylindric structure jointed
to a horizontal tube, which connects the hopper to the base
implementing the second D.o.F. The base support constraints
the hopper to move in the sagittal plane. At the end of the
tube a motor is placed to implement the hip D.o.F. then the
first link is mounted on the shaft. On the top of the same
link is placed the motor to implement the knee D.o.F. which
transmits the movement to the respective joint considering
a transmission composed by pulleys and tendon obtaining
a SEA actuator. The second link is then connected to the
first by a rotoidal joint and a wheel is mounted at the end
to implement a point of contact. The axle of the wheel is
normal to the tube to allow .... in the radial direction of the

Fig. 5. The model of the Hopper

base support. An additional material is posed on the wheel’s
surface to improve the constant of friction in the contact
between the ground and the wheel. The Hopper is then
constrained to provide a steady jump constraining the tube
which connect the hopper to the base support. The complete
structure is presented in fig. ??.

1) Experimental setup:
a) Electronics and Interface: From the electrical point

of view, every actuated and no actuated joint presents an
encoder which is connected by bus to a SCHEDINA.... The
SCHEDINA handles the power supply of the motor and the

Energy Efficiency Maximisation in Cyclic Tasks

maximum stiffness considered and the corresponding costs for the pick
and place task expected from the simulations3.

Joint 1 Joint 2 TOTAL

q1(t) q2(t)

K̂ [Nm/rad] 0.2 0.09

J1 0.003 0.07 0.073

K∗ [Nm/rad] 0.22 0.1

J1 0.003 0.075 0.078

Kmin [Nm/rad] 0.05 0.05

J1 0.04 0.35 0.39

Kmax [Nm/rad] 0.82 0.82

J1 0.07 0.1 0.17

Stiff K → ∞ K → ∞

J1 0.09 0.1 0.19

Table 2.2: Expected results from simulations for the trial presented.
Notice that q1(t) = A1 cosωt+ B1 and q2(t) = A2 cosωt+ B2

In Figs. 2.2 and 2.3 it is clearly seen that for stiffness values softer
than the optimal, i.e. K̂1 = 0.2Nm/rad and K̂2 = 0.09Nm/rad the
cost J is greater than the corresponding cost when using stiff springs.
Therefore, these stiffness values and the corresponding costs obtained
in simulation are the expected results of the experiments that will be
presented. In the following sections we describe the platform used

3K̂ is the optimal stiffness value determined from the simulations. K∗ is the
nearest elastic constant available for the implementation.
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Parametric Trajectory Libraries for 
Online Motion Planning with Application 

to Soft Robots

Tobia Marcucci, Manolo Garabini, 
Gian Maria Gasparri, Alessio Artoni,
Marco Gabiccini, and Antonio Bicchi



GOAL: Efficient Pick and Place

Object positions 
are known at the 
very beginning of 

each task

Energy Efficiency IFF Planning is Real Time



The Problem

to combine optimality 
and short computation times



The Idea
Online Motion Planning via Parametric 

Trajectory Library

Offline 
Phase

Online 
Phase

- Parametric library of optimal trajectories via 
nonlinear programming

- Sensitivity analysis
- Preconditioned tangent Quadratic Program (QP)

- Search of the best candidate trajectory in the 
library 

- Trajectory refinement via online QP solution

Average Planning Time < 10 ms
Task time > 1 s





G. M. Gasparri, S. Manara, D. Caporale, G. Averta, M. 
Catalano, G. Grioli, M. Bianchi, A. Bicchi, and M. Garabini

Exploiting Joint Elasticity in Efficient Walking 
and Running via Numerical Optimization



[www.wprize.org/TheChallenge, updating The Energetic Cost of Moving About, Tucker 1975] 

The Energetic Cost of Moving About



Eliud Kipchoge run a
“Marathon” in 2:00:23

[A Three-Dimensional Passive-Dynamic Walking Robot with Two Legs and Knees, Collins et al. ]

Passive Walkers beat humans
- Carefully tuned dynamics
- Limited Flexibility



DURUS

Targeted CoT 1
Still 5 to 10 times larger 

than human CoT

[DURUS: SRI's Ultra-Efficient Walking Humanoid Robot, IEEE SPECTRUM]



Which are the main limitations of robots?

Prime 
Movers

Muscle Efficiency 

< 20% 

Robot Drive Efficiency

Motor Eff. X Gearbox Eff. 

> 40% 

Electric 
Motor

Gearbox

[Mechanical efficiency of pure positive and pure negative work with 
special reference to the work intensity, Aura and Komi 1986, Int. 
Journal of Sports Medicine]



Prime 
Movers

Muscle Efficiency 

< 20% 

Robot Drive Efficiency

Motor Eff. X Gearbox Eff. 

> 40% 

Electric 
Motor

Gearbox

[Mechanical efficiency of pure positive and pure negative work with 
special reference to the work intensity, Aura and Komi 1986, Int. 
Journal of Sports Medicine]

Robot drives efficiency is at least twice than muscle efficiency 

Which are the main limitations of robots?



Dynamic
Richness

PEASEA VSA

VDA

Actuators Robots

Robot joints and bodies

Musculo-skeletal system
• Redundancy
• Compliance, Damping…
• ..that are adjusted based on tasks
• Variable Recruiting Mechanisms

Which are the main limitations of robots?



Dynamic
Richness

new-gen robots are approaching the variety of biologic behaviors 
but they did not shown large efficiency improvements yet

PEASEA VSA

VDA

Actuators Robots

Robot joints and bodies

Musculo-skeletal system
• Redundancy
• Compliance, Damping…
• ..that are adjusted based on tasks
• Variable Recruiting Mechanisms

Which are the main limitations of robots?



Movement
Generation

Human Motor Control
• CPG [Sherrington]
• Synergies [Bizzi]
• Learning [Kawato]
• Peripheral & Central 

Loops [Grillner]
• Reflexes
• …

Robot Motion Control
• Motion generation
based on simple 
models (cart-table, IP, 
SLIP …) to guarantee 
online feasibility

Which are the main limitations of robots?



numerical optimization on the full dynamic 
model of the robot to determine robot trajectories 

(and possibly dynamic params) that 

minimize the Energetic Cost of locomotion

A possible solution:

Locomotion generation via classical models can not 
exploit the full robot dynamics to obtain efficient motions

The problem:



Locomotion via Numerical Optimization

min
x(t),u(t),p

Z T

0
L(x(t), u(t))dt

subject to g(x, ẋ, u, p) = 0
h(x, u, p)  0

subject to g(x, ẋ, u, p) = 0
h(x, u, p)  0

The optimal control problem



Locomotion via Numerical Optimization

min
x(t),u(t),p

Z T

0
L(x(t), u(t))dt

subject to g(x, ẋ, u, p) = 0
h(x, u, p)  0

Minimize the Cost of 
Transport

subject to g(x, ẋ, u, p) = 0
h(x, u, p)  0

The optimal control problem



Locomotion via Numerical Optimization

min
x(t),u(t),p

Z T

0
L(x(t), u(t))dt

subject to g(x, ẋ, u, p) = 0
h(x, u, p)  0

Robot dynamics
through different
contact phases

subject to g(x, ẋ, u, p) = 0
h(x, u, p)  0

• State/control bounds
• Discontinuities at phase
changes
• Periodicity
• Unilateral Contact

The optimal control problem



Locomotion via Numerical Optimization

min
x(t),u(t),p

Z T

0
L(x(t), u(t))dt

subject to g(x, ẋ, u, p) = 0
h(x, u, p)  0

subject to g(x, ẋ, u, p) = 0
h(x, u, p)  0

• States (x) 
• Controls (u) 
• Dynamic parameters (p)
(e.g. transmission stiffness)

The optimal control problem



Locomotion via Numerical Optimization

Solution Approach: first discretize then optimize
• Direct Collocation
• Algoritmic Differentiation
• Interior Point Method

min
x(t),u(t),p

Z T

0
L(x(t), u(t))dt

subject to g(x, ẋ, u, p) = 0
h(x, u, p)  0

subject to g(x, ẋ, u, p) = 0
h(x, u, p)  0

The optimal control problem



Case Study: a Planar 6DoF Soft Biped

Motor 
referenceDeflectionLink 

Position

Torque

Elastic
Element

Series Elastic Actuation

Constraints
• Link Position Limits
• Motor Torque and Speed Limits
• Swing Foot Height

Single Support DoubleSupport



Speed 0.2 m/s Speed 0.4 m/s

Walking



Speed 0.5 m/s

Running



Classical Locomotion Vs Optimized Locomotion

Optimization based locomotion has a Cost of Transport 5 
times lower than a ZMP based locomotion

ZMP-based (ZMP)
- Given gait params
- Cart-table model to
determine COM traj.
- determine joint traj.

Optimization-based (NO)
- Given gait params
- Numerical Optimization
to determine joint traj. 
That minimize CoT

One Step CoT Vs Forward Speed



Classical Locomotion Vs Optimized Locomotion

Forward Speed 0.1 m/s



Classical Locomotion Vs Optimized Locomotion

Forward Speed 0.1 m/s

SWING LEG
The two techniques show comparable values



Classical Locomotion Vs Optimized Locomotion

Forward Speed 0.1 m/s

STANCE LEG
• Optimized Locomotion
Torques ≈ 0 (except at the very beginning and the very end) 
• ZMP-based Locomotion
Hip, Knee (especially) and Ankle torques are substantial due 
to the non-straight leg configuration



Opt. Rigid Locomotion Vs Opt. Soft Locomotion



Opt. Rigid Locomotion Vs Opt. Soft Locomotion
If compared to the rigid 
case, joint elasticity: 

has a minor effect on slow 
walking



Opt. Rigid Locomotion Vs Opt. Soft Locomotion

substantially reduces the 
CoT at fast walking 

has a minor effect on slow 
walking

If compared to the rigid 
case, joint elasticity: 



Opt. Rigid Locomotion Vs Opt. Soft Locomotion

allows for remarkable 
energy savings in running

has a minor effect on slow 
walking

substantially reduces the 
CoT at fast walking 

If compared to the rigid 
case, joint elasticity: 



Opt. Rigid Locomotion Vs Opt. Soft Locomotion

reduces the walk-to-run
transition speed

has a substantial effect on 
fast walking 

allows for remarkable 
energy savings in running

has a minor effect on slow 
walking

If compared to the rigid 
case, joint elasticity: 



Opt. Rigid Locomotion Vs Opt. Soft Locomotion

reduces the walk2run 
transition speed

has a substantial effect on 
fast walking 

allows for remarkable 
energy savings in running

Increases the forward
speed values for which
running is feasible

has a minor effect on slow 
walking

If compared to the rigid 
case, joint elasticity: 



Experimental Setup: a planar 6 DoF Soft Biped

Structure to constraint 
the robot to evolve in 
the sagittal plane

Remotized
ankle pitch

Powered by VSA 
motor position controlled

4 3-A Force sensors
Total Mass 7.2 kg

Stiffness 60 Nm/rad



from simulations to experiments @ 0.1 m/s 



0.1 m/s

0.2 m/s

0.3 m/s



Speeding Up
from 0.04 to 0.1 m/s

Slowing Down
from 0.1 to 0.04 m/s



Is Numerical Optimization Viable?
Problem 

The optimizations can not be performed at run-time

A possible solution: the off-line/on-line approach 

1) off-line phase to evaluate and store a Library of Optimized Trajectories

2) on-line phase to search the Library for a Trajectory and execute it

Example: full humanoid robot

30 joints, 100 sample to describe the trajectories
10 task parameters (speeds, swing foot pose, ground params, …)
10 samples to span each parameter range

The Optimized Trajectory Library would need 10^2 Tb



Problem 

The Trajectory Library size 

for a realistic example is not 

manageable

A possible Solution 

Trajectory Library Encoding

1) PCA

3 principal components allow 

to explain the 99% of the 

variance of 500 tasks

2) Mapping Functions

second order polynomials to 

express the dependence of 

the principal component 

weights on the task params

3 Second Order Polynomial functions

encode 500 optimized trajectories



Close the Loop



Distance Regulation on Treadmill 
Start & Stop



Distance Regulation on Treadmill 
In 3 minutes treadmill speed goes from 0.3 km/h to 0.7 km/h and back



Opt. Rigid Locomotion Vs Opt. Soft Locomotion



(a) (b)

Fig. 12. Experimental robot behaviour during the speed transients: accelerating from 0.04m/s to 0.1m/s (a) and decelerating from 0.1m/s to 0.04m/s
(b). Top three plots show the desired (Des) and measured (Meas) values of the Link positions of Hip (H), Knee (K), Ankle (A). Bottom plot shows the
contact forces of the two feet.

(a)

(b) (c)

Fig. 13. Experimental results of the treadmill experiments. In (a) the robot Distance (in orange) is showed while the treadmill speed is modified T.Speed
(time line in black). Speed, in blue in figure, presents the commanded speed to the robot. On treadmill time line two intervals are colored in red and in
green respectively, which refer to the slowest and fastest experimental case, i.e. 0.3km/h in (b) and 0.7km/h in (c). Of these intervals, on the top of
the figure the motor positions (H,K,A for Hip, Knee and Ankle respectively) are showed while on the bottom contact forces (Left and Right foot) are
presented.

In the final experiment the biped is placed on a treadmill
(Home Track HT2000 min/max speed: [0.03, 16] km/h)
and an on-line control policy varies the biped speed in
order to maintain a desired position, while the treadmill
speed is being varied (see the attached video). An infrared
distance sensor, SHARP 2y0a21, is mounted on the biped
trunk and a target is placed in front of the robot. The external
structure, which constrains the robot motion, is adapted to
the treadmill. When the treadmill is activated the sensor
retrieves the current distance d

⇤ w.r.t. the target. The robot
reference speed v = C(d̃) is then provided as function of
the distance error d̃ = d̂�d

⇤ where d̂ = 0.4m is the desired
distance. CMs are then used to return the PC weight vector �
corresponding to v. Motor references ✓ are obtained by the
PC combination, interpolated and resampled at the motor
sample time Ts = 0.004 s. The external control loop of
the robot speed runs at a sample rate of 100Hz. Control
strategy, component mapping function, hardware and signals

management are implemented in C++/ROS and run on an
Intel Core i7 ThinkPad Notebook. The experimental setup
and control scheme are presented in Fig. 1. Fig.13 presents
the experiment results. In Fig.13(a) d

⇤ (Distance in figure)
stays always within a neighbour of d̂ = 0.4m throughout
all the experiment i.e. the control action successfully adapts
the robot gait in response to the variation of the treadmill
speed (mean distance 0.38m, min distance 0.26m, max
distance 0.48m). We also notice that the robot speed v

(Speed in figure) is larger than the treadmill speed (T.Speed
in figure). This is probably due to an underestimation of the
friction on the supporting structure and to the elasticity of
the treadmill belt. Two time intervals are colored in red and
in green respectively. These refer to the slowest and fastest
experimental conditions (excluding starting and stopping),
i.e. [0.3, 1 , 0.7] km/h. Fig. 13(b) shows the desired and
current motor position of the left leg joints and contact forces
for the slowest speed case. Fig. 13(c) presents analogous

Distance Regulation on Treadmill 
In 3 minutes treadmill speed goes from 0.3 km/h to 0.7 km/h and back



Franco Angelini, Guiyang Xin, Wouter J. Wolfslag, Carlo Tiseo, Michael Mistry, 
Manolo Garabini, Antonio Bicchi, and Sethu Vijayakumar

ONLINE OPTIMAL 
IMPEDANCE 
PLANNING FOR 
LEGGED ROBOTS



Gains Trade-Off: Issue

Wall

Force 
disturbance

Wall 
interaction

Low 
impedance

High 
impedance

Wall

Angelini et al “Online Optimal Impedance Planning 
for Legged Robots”



Results – Walking on Rough 
Terrain

Increasing task requirements: tracking error 
reduced

Damping

Tracking error



What’s next?
• the model is not perfect!

– exploit data as much as possible
• Iterative Learning Control

– combine model based and data driven techniques

• From articulated to continuous soft robots 
– modeling (fidelity/simplicity trade-off)
– planning and control

• the relative degree problem
– Pierallini et al.



What’s next?

2050
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What’s next?

2050



What’s next?

2050

To make the Robocup dream come true
robots will need soft bodies!
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