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Preface

Books which try to digest, coordinate, get rid of the duplication, get rid of the less fruitful methods and
present the underlying ideas clearly of what we know now, will be the things the future generations will
value. (Richard Hamming 1986)

Topics These lecture notes provide a mathematical introduction to multi-agent dynamical systems, including
their analysis via algebraic graph theory and their application to engineering design problems. The focus is on
fundamental dynamical phenomena over interconnected network systems, including consensus and disagreement
in averaging systems, stable equilibria in compartmental flow networks, and synchronization in coupled oscillators
and networked control systems. The theoretical results are complemented by numerous examples arising from the
analysis of physical and natural systems and from the design of network estimation, control, and optimization
systems.

The book is organized in three parts: Linear Systems, Topics in Averaging Systems, and Nonlinear Systems.
The Linear Systems part, together with part on the Topics in Averaging Systems, includes

(i) several key motivating examples systems drawn from social, sensor, and compartmental networks, as well
as additional ones from robotics,

(ii) basic concepts and results in matrix and graph theory, with an emphasis on Perron-Frobenius theory,
algebraic graph theory and linear dynamical systems,

(iii) averaging systems in discrete and continuous time, described by static, time-varying and random matrices,
and

(iv) positive and compartmental systems, described by Metzler matrices, with examples from ecology, epidemiol-
ogy and chemical kinetics.

The Nonlinear Systems part includes

(v) networks of phase oscillator systems with an emphasis on the Kuramoto model and models of power
networks, and

(vi) population dynamic models, describing mutualism, competition and cooperation in multi-species systems.

Teaching instructions This book is intended for first-year graduate students in science, technology, engineering,
and mathematics programs. For the first part on Linear Systems, the required background includes competency in
linear algebra and only very basic notions of dynamical systems. For the third part on Nonlinear Systems, the



vi

required background includes a calculus course. The treatment is self-contained and does not require a nonlinear
systems course.

These lecture notes are meant to be taught over a quarter-long or semester-long course with a total 35 to 40
hours of contact time. On average, each chapter should require approximately 2 hours of lecture time or more.
Indeed, these lecture notes are an outgrowth of an introductory graduate course that I taught at UC Santa Barbara
over the last several years.

Part I is the core of the course. The order of Parts II and III is exchangeable. For example, it is possible to teach
Lyapunov stability theory in Chapter 15 before the analysis of time-varying averaging systems in Chapter 12.

Book versions These lecture notes are provided in multiple formats:
« a printed paperback version, published by Kindle Direct Publishing (former Amazon CreateSpace) (7inx 10in,
gray-scale), ISBN 978-1-986425-64-3,
« a tablet PDF version, optimized for viewing on tablets (3 x 4 aspect ratio, color), freely downloadable from
the book website,
« three documents meant for instructors and classroom teaching:

(i) a slides PDF version, that is an abbreviated version suited for displaying on a classroom projector,
(ii) a classroom markup PDF version, that is, an abbreviated version of these notes (letter size, with large

sans-serif fonts, small margins), meant as markup copy for classroom teaching (i.e., print, mark, teach,

discard), and
(iii) a solution manual, available upon request by instructors at accredited institutions.

The book website is:

http://motion.me.ucsb.edu/book-1ns

Self-publishing print-on-demand books There are several reasons why I decided to self-publish this book
via the print-on-demand book publishing service by Kindle Direct Publishing (former Amazon CreateSpace). I
appreciate being able to

(i) retain the full copyrights of all the material,
(ii) make the document freely available online in multiple versions (see above),

(iii) retain direct anytime control over the paperback publication costs, retain a majority of the royalties after
low fix costs, and set a low price,

(iv) update the book revision at any time (simply re-upload the PDF file, minimal turn-around time, no need for
any permission, and never out-of-print), and

(v) make available a high-quality paperback book through a broad distribution network.

Similar arguments are presented in the write-up Why I Self-Publish My Mathematics Texts With Amazon by Robert
Ghrist, the self-publishing author of (Ghrist, 2014).

Acknowledgments I am extremely grateful to Florian Dérfler for his extensive contributions to Chapter 17
“Networks of Coupled Oscillators,” Sections 5.5, 6.4, 9.4 and 11.3, and a large number of exercises. I am extremely
grateful to Jorge Cortés and Sonia Martinez for their fundamental contribution to my understanding and our joint
work on distributed algorithms and robotic networks; their scientific contribution is most obviously present in
Chapter 1 “Motivating Problems and Systems,” and Chapter 3 “Elements of Graph Theory.”

I am extremely grateful to Noah Friedkin, Alessandro Giua, Roberto Tempo, and Sandro Zampieri for numerous
detailed comments and insightful suggestions; their inputs helped shape the numerous chapters, especially the
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Preciado, and Tao Yang for adopting an early version of these notes and providing me with detailed feedback. I
wish to thank Jason Marden and Lucy Pao for their invitation to visit the University of Colorado at Boulder and
deliver an early version of these lecture notes.

A special thank you goes to all scientists who read these lecture notes and sent me feedback, including Alex
Olshevsky, Ali Karimpour, Anahita Mirtabatabaei, Armin Mohammadie Zand, Ashish Cherukuri, Bala Kameshwar
Poolla, Basilio Gentile, Catalin Arghir, Deepti Kannapan, Fabio Pasqualetti, Francesca Parise, Hancheng Min,
Hideaki Ishii, John W. Simpson-Porco, Luca Furieri, Marcello Colombino, Paolo Frasca, Pedro Cisneros-Velarde,
Peng Jia, Saber Jafarpour, Samuel Coogan, Shadi Mohagheghi, Tyler Summers, Dominic Grof3, Vaibhav Srivastava,
Wenjun Mei, Xiaobo Tan, and Xiaoming Duan.

I also would like to acknowledge the generous support received from funding agencies. This book is based on
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Comments on revision 1.2 Since the first edition on May 1, 2018, I have corrected several typos and incon-
sistencies, redrawn a few figures, added assumptions missing in a few theorems, corrected an incomplete proof,
added a few new exercises, removed an inaccurate exercise, and polished a few old exercises.

Jan 1, 2019, Santa Barbara, California, USA Francesco Bullo

Comments on revision 1.3  For this revision,  have added a new Chapter 8 on diffusively-coupled linear systems
and polished various sections in Chapters 2, 5, and 7. The book is now published by Kindle Direct Publishing.
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Comments on revision 1.4 This revision includes several changes. The examples in Chapter 1 have been
re-organized and extended to include flocking dynamics and dynamical flow systems in discrete and continuous
time. The discussion on spectral graph theory in Section 4.5 includes sharper bounds and monotonicity properties.
The treatment of semisimplicity of row-stochastic and Laplacian matrices in Chapters 5 and 6 is more complete. So
is the treatment of matrix exponential and convergence to consensus for Laplacian matrices in Chapter 7. Chapter 8
features a sharper synchronization theorem, the instructive state-feedback case, and improved proofs. Parts of
Chapters 9 and 10 have been reorganized and rewritten.
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Part 1

Linear Systems






1.1

CHAPTER 1

Motivating Problems and Systems

In this chapter, we introduce some example problems and systems from multiple disciplines to motivate our
treatment of linear network systems in the following chapters. We look at the following examples:

(i) In the context of social influence networks, we discuss a classic model on how opinions evolve and possibly
reach a consensus opinion in groups of individuals.

(ii) In the context of wireless sensor networks, we discuss a simple distributed averaging algorithms and, in the
appendix, two advanced design problems for parameter estimation and hypothesis testing.

(iii) In the context of animal behavior, we present a flocking model involving a simple alignment rule.

(iv) In the context of dynamical flow systems, we discuss flows of commodities among compartments in both
discrete-time and continuous-time, with classic examples including Markov chains and affine dynamics for
water flows in desert ecosystems.

In all cases we are interested in presenting the basic models and motivating interest in understanding their dynamic
behaviors, such as the existence and attractivity of equilibria.

Opinion dynamics in social influence networks

We consider a group of n individuals who must act together as a team.
Each individual has his own subjective probability density function
(pdf) p; for the unknown value of some parameter (or more simply an
estimate of the parameter). We assume now that individual 7 is appraised
of the pdf p; of each other member j # ¢ of the group. Then the model
by (French Jr., 1956; Harary, 1959), see also the later (DeGroot, 1974),
predicts that the individual will revise its pdf to be:

n
P =>aip;, (1.1)
j=1 Figure 1.1: Interactions in a social influ-

. T . .. ence network
where a;; denotes the weight that individual ¢ assigns to the pdf of indi-

vidual j when carrying out this revision. More precisely, the coefficient
a;; describes the attachment of individual ¢ to its own opinion and a;;,
J # 1, is an interpersonal influence weight that individual ¢ accords to individual j.
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4 Chapter 1. Motivating Problems and Systems

We will refer to equation (1.1) as to the French-Harary-DeGroot model of opinion dynamics. In this model, the
coefficients a;; satisfy the following constraints: they are non-negative, that is, a;; > 0, and, for each individual,
the sum of self-weight and accorded weights equals 1, that is, 2?21 ai; = 1 for all 7. In mathematical terms, the
matrix

ail] ... Qin
A— . .

apl ... Q0pn

has non-negative entries and each of its rows has unit sum. Such matrices are said to be row-stochastic.
Scientific questions of interest include:

(i) Is this model of human opinion dynamics believable? Is there empirical evidence in its support?
(ii) How does one measure the coefficients a;;?

(iii) Under what conditions do the pdfs converge to the same pdf? In other words, when do the agents achieve
consensus? And to what final pdf?

(iv) What are more realistic, empirically-motivated models, possibly including stubborn individuals or antagonis-
tic interactions?

Averaging algorithms in wireless sensor networks

l:l sensor node
IDI gateway node

Figure 1.2: A wireless sensor network composed of a collection of spatially-distributed sensors in a field and a
gateway node to carry information to an operator. The nodes are meant to measure environmental variables, such
as temperature, sound, pressure, and cooperatively filter and transmit the information to an operator.

A wireless sensor network is a collection of spatially-distributed devices capable of measuring physical and
environmental variables (e.g., temperature, vibrations, sound, light, etc), performing local computations, and
transmitting information to neighboring devices and, in turn, throughout the network (including, possibly, an
external operator).

Suppose that each node in a wireless sensor network has measured a scalar environmental quantity, say
x;. Consider the following simple distributed algorithm, based on the concepts of linear averaging: each node
repeatedly executes
+.

z;" := average (z;, {z;, for all neighbor nodes j}), (1.2)

where z! denotes the new value of z;.  For example, for the graph in Figure 1.3, one can

Lectures on Network Systems, F. Bullo, edition 1.6 — Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.



1.3. Flocking dynamics in animal behavior 5

easily write 1 := (z1 + 22)/2, 2§ := (21 + 22 + 23 + 24) /4, and so forth.
In summary, the algorithm’s behavior is described by

1/2 1/2 0 0
|4 14 14 14
Tl 13 1/3 1/3

0 1/3 1/3 1/3

€r = Awsnxv

Figure 1.3: Example graph

where the matrix Ay, in equation is again row-stochastic.

Motivated by these examples from social influence networks and wireless
sensor networks, we define the averaging system to be the dynamical system

z(k +1) = Az(k), (1.3)

where A has non-negative entries and unit row sums. Here, £ is the discrete-time variable.
Scientific questions of interest for the averaging model include:

(i) Does each node converge to a value? Is this value the same for all nodes?

(ii) Is this value equal to the average of the initial conditions? In other words, when do the agents achieve
average consensus?

(iii) What properties do the graph and the corresponding matrix need to have in order for the algorithm to
converge?

(iv) How quick is the convergence?

1.3 Flocking dynamics in animal behavior

Next, we draw inspiration from biology and we consider swarming and flocking behavior that many animal species
exhibit, e.g., see Figure 1.4. To model this behavior as arising from decentralized interactions, we consider a

2

(a) A flock of snow geese (Chen caerulescens). Public domain image  (b) A swarm of pacific threadfins (Polydactylus sexfilis). Public do-
from the U.S. Fish and Wildlife Service. main image from the U.S. National Oceanic and Atmospheric Ad-
ministration.

Figure 1.4: Examples of animal flocking behaviors

simple “alignment rule” for each animal to steer towards the average heading of its neighbors; see Figure 1.5. This

Lectures on Network Systems, F. Bullo, edition 1.6 — Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.
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ﬁﬁ&p?

Figure 1.5: Alignment rule: the center fish rotates clockwise to align itself with the average heading of its neighbors.

alignment rule amounts to a “spring-like” attractive force, described as follows:

(05 —0;), if ith animal has one neighbor
0; = 305, —0;) + 1(0;, — 6)), if ith animal has two neighbors
L0, —0:)+ -+ (05, — 6:), if ith animal has m neighbors
= average({Hj, for all neighbors ]}) —0;, (1.4)

where we are assuming that each animal is a node with edges sensing the heading of other animals. We can now
proceed as before and define an averaging matrix A exactly as in the wireless sensor network example. Before
proceeding, it is now customary to define a new matrix, called the Laplacian matrix, by

L = diag(A1,) — A. (1.5)

The interaction law (1.4) can be written the continuous-time averaging system:

6= (A-1,)0 = —Lo. (1.6)

This dynamical system is usually referred to as Laplacian flow.

Note: this incomplete model does not concern itself with positions. In other words, we do not discuss collision
avoidance and formation/cohesion maintenance. Moreover, the interaction pairs should be really state dependent.
For example, we may assume that two animals see each other and interact if and only if their pairwise Euclidean
distance is below a certain threshold. Finally, note that it is mathematically ill-posed to compute averages on a
circle. For now, we will not worry about these matters.

Scientific questions of interest for this continuous-time averaging system are similar to those in the last two
sections:

(i) how valid is this model in understanding and reproducing animal behavior?

(ii) what are equilibrium headings and when are they attractive?

(iii) what properties does the graph need to have to ensure a proper flocking behavior?

Dynamical flow systems in ecosystems

Dynamical flow systems, also called compartmental systems, model dynamical processes characterized by conserva-
tion laws and by the flow of material and commodities between units known as compartments. Dynamical flow
systems are widespread in engineering applications; commodity flows among compartments include power, energy
and water/gas networks, data routing and communication networks, traffic networks, and logistic networks.

In this section we introduce dynamical flow systems evolving in discrete and continuous time. We consider
a low-dimensional schematic example from the study of ecosystems, where living and non-living components

Lectures on Network Systems, F. Bullo, edition 1.6 — Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.



1.4. Dynamical flow systems in ecosystems 7

interact through nutrient cycles (water, nitrates, phosphates, etc) and energy flows. Specifically, we consider the
widely-cited water flow model for a desert ecosystem (Noy-Meir, 1973), depicted in Figure 1.6. As illustrated in
figure, each node of a dynamical flow network is a called a compartment and functions as a storage element for
the commodity (i.e., water in this case). Each edge describes a flow of the commodity, including edges describing
inflows from the environment and edges describing outflows into the environment.

precipitation ] evaporation, drainage, runoff Figure 1.6: The Noy-Meir water flow model
_________ ~ for a desert ecosystem. The black dashed

| - line denotes an inflow from the outside en-
transpiration . )
uptake——=| plants vironment. Each compartment functions as
| storage unit. The light-gray dashed lines de-
drinking herbivory note outflows into the outside environment.
. evaporation
> animals

1.4.1 Discrete-time model

Given n interconnected compartments, e.g., as depicted in Figure 1.6, let

« ¢;(k) denote the quantity of commodity at compartment i at the discrete time k£ € N,

* ajj, called routing fractions (or split ratios in traffic networks), denote the fraction of commodity at compart-
ment ¢ flowing to compartment j during one time-step, and

« u; > 0 denote a non-negative supply to compartment i.

It is convenient to collect the routing fractions a;; > 0 into a so-called routing matrix A € RL§". With these
definitions, we note the total commodity flowing at time k from i to j is a;;g;(k). Writing the discrete-time mass
balance equation for each compartment, we obtain the discrete-time dynamical flow system:

gk +1)=> ajgi(k) +u < qk+1)=ATq(k)+u. (1.7)
j=1

Because the mass ¢; (k) either remains in the system or outflows into the environment at time k + 1, we know
that g;(k) is equal to 3 7, a;;q;(k) plus a zero or positive outflow. Therefore, the ith row-sum of A satisfies:

n
Z i < 1 ifand only if compartment i has an outflow into the environment,
j:

Z:Zl a;; =1 ifand only if compartment i has no outflows into the environment.
In summary, in general open systems with outflows, the routing matrix A is row-substochastic, that is, A is non-
negative and at least one of its rows has sum strictly less than 1. In closed systems without outflows, the routing
matrix A is row-stochastic, as in averaging models we reviewed earlier in the chapter.

For example, we report the routing matrix for the Noy-Meir water flow model in Figure 1.6. First, we let q1, g2, g3
denote the quantity of water in the soil compartment, the plants compartment and the animals compartment,
respectively. Second, we let Ge.d-r, Qtrnsps Gevaps Qdmks> Quptk> Gherb, denote the routing fractions for, respectively,
evaporation-drainage-runoff, transpiration, evaporation, drinking, uptake, and herbivory. This notation means
that, for example, the water ¢; (k) in the soil at time & is split four-ways at time k + 1: ae4-rq1 (k) evaporates,
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aupikq1 (k) is uptaken by plants, agrmkqi (k) is drank by animals, and the remainder remains in the soil. Simple
book-keeping leads to the routing matrix:

1 — Ge-dr — Quptk — Admk Quptk Adrnk
ANoy—Meir = 0 11— Qtrnsp — Oherb Qherb : (1.8)
0 0 1 — Gevap

Note that each diagonal term (ANOY_Meir),-,- is the fraction of water in compartment ¢ that remains in compartment
i after one time-step. As predicted, Anoy-Meir is row-substochastic in general and row-stochastic precisely when

Qe-d-r = Qtrnsp — Uevap — 0.

Continuous-time models

We now present the continuous-time version of the notions in the previous section. Given n interconnected
compartments, e.g., as depicted in Figure 1.6, let

« ¢i(t) denote the quantity of commodity at compartment ¢ at the continuous time ¢ € R>,
+ fij denote the flow rates of commodity at compartment 7 flowing to compartment j, and

+ u; > 0 denote a non-negative supply to compartment s.
In other words, we assume that
the flow of commodity from i to j at time ¢t € R>o = f;;¢;(). (1.9)

for a positive constant flow rate f;;. As before, by writing the mass balance equation at each compartment, the
continuous-time dynamical flow system is

G(t) = Y (fiig;(t) = fijai(t) = foiqi(t) +us, (1.10)

=1,

where we let fy; denote the outflow rate at compartment ¢ into the environment.

It is convenient to collect the flow rates f;; into a so-called flow rate matrix F' € RZ§", with zero diagonal entries
by convention. Then, as in the flocking example in Section 1.3, we define the Laplacian matrix L = diag(F1,) — F
and we claim that 30, ., (fjiq; — fij@) = (—LTq);; see Exercise E1.2. In turn, the continuous-time dynamical

flow system (1.10) can be written as
i(t) = Ca(t) + u. (111)

where the compartmental matrix C is defined by C = —LT — diag(fo) and where diag( fy) is a diagonal matrix
with diagonal entries equal to the outflow rates. The matrix C' has non-negative off-diagonal entries and it is
therefore a so-called Metzler matrix. Moreover, C' has non-positive column sums, which will play an important
role in understanding its properties.

Finally, we report the flow rate matrix F' and the compartmental matrix C' for the water flow model in
Figure 1.6. Corresponding to each edge in figure, we let fedr, funsp fevaps fdmk» fuptks fherb, denote the flow rates
for, respectively, evaporation-drainage-runoff, transpiration, evaporation, drinking, uptake, and herbivory. With
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1.5. Appendix: Markov chains 9

this notation, we can write

0 f uptk f drnk f uptk + f drnk _f uptk T f drnk
F Noy-Meir = 0 0 f hertb | » LN oy-Meir — 0 f herb _f herb | » and
0 0 0 0 0 0
fe—d—r _fe—d—r - fuptk - fdrnk 0 0
On oy-Meir — — Lgoy-Meir - diag f trnsp | = f uptk _f trnsp — f herb 0
f evap f drnk f herb _f evap

1.4.3 Summary

We conclude by summarizing the model presented. First, the discrete-time dynamical flow model is
qlk+1) = ATq(k) + u(k), (1.12)

where the routing matrix A is row-substochastic (or row-stochastic) and the supply vector u is typically non-
negative. Second, the continuous-time dynamical flow model is

G(t) = (= LT — diag(fo))a(t) + u(t), (1.13)

where L is a Laplacian matrix, the outflow vector fj is non-negative, and the supply vector u is non-negative. Note:
this section has focused on linear models. We remark that various nonlinearities arise in important engineering
applications; their modeling and analysis is postponed.

For both discrete and continuous-time flow systems, scientific questions of interest include:

(i) for constant inflows u, does the total mass in the system remain bounded?

(ii) for constant inflows wu, is there a single (or multiple) final mass distribution among the nodes? In other
words, does an equilibrium for the dynamics exist?

(iii) if an equilibrium exists, do all solutions converge to it?

(iv) does the mass at some nodes vanish asymptotically?

1.5 Appendix: Markov chains

In this section we provide a very basic review of (finite-dimensional) Markov chains and random walks over
graphs. We consider both discrete-time and continuous-time models and show that the dynamics of the location
probabilities for the random walk are special cases of dynamical flow systems.

Discrete-time Markov chains Consider a discrete-time random walk on a graph, i.e., a sequence of locations
on the graph selected in the following random fashion. At time %, we let

x;(k) = P[location(k) = 1i]. (1.14)
We assume the Markovian property for this stochastic process: transition probabilities are independent of history
and of time. Therefore, at each time k, transitions from node ¢ to other nodes are described by a constant probability

vector {a;;};. Specifically, we let a;; = P[transition event i — j] denote the probability of a transition from note 4
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15 Q=1 T Figure 1.7: An example random walk on a graph: a random walker
1) moves across the graph obeying a simple Markovian rule: the walker
remains at its current node with probability 50% and moves clockwise

1/\2’-;6 ; )V-11/2 with probability 50%.
1/2
OO 1

to note j. Using Bayes’ Theorem we obtain
x;(k + 1) = P[location(k + 1) = 4] (1.15)

n
= Z [location(k + 1) = i | location(k) = j] x P[location(k) = j] (1.16)

v

transition event j—

Z ajixi(k —=  a(k+1)=ATz(k). (1.17)

Accordingly, the matrix A is referred to as the transition matrix of the Markov chain. As for discrete-time flow
systems, A has row sums equal to 1, that is, 1T AT = 1T and this property immediately implies that the total mass
1)z (k) is constant.

Continuous-time Markov chains We next consider a continuous-time Markov chain model, where x;(t) =
P[location(t) = i], for t € R, instead of k& € N. Here, the non-negative edge-weight aj; denote the rate of transition
from node j to node i. Clearly, rates are non-negative, but the sum of transition rates out of a given node does
not necessarily sum to 1. In other words, if we let A denote the matrix containing transition rates (and set for
simplicity a;; = 0), then A is non-negative, but does not need to have unit row sums.

Next, we derive the dynamics of a continuous-time Markov chain. First, we explain the probability of a
transition over a short interval based on the transition rates:

a;T + O(7?), for i # 7,

L omt7d (1.18)
1 =3 kst +O(7%), fori=j.

P[location(t 4+ 7) = 4 | location(t) = j] = {

transition event j—¢ over duration 7

Using again the Markovian assumption, we compute

n
zi(t+71)= Z]P’[location(t + 7) =i | location(t) = j] x P[location(t) = j]
j=1

transition event j— over duration 7

n n
= (1 - Z QLT + O(T2)>xi(t) + Z a;iTxi(t) + 0(7'2),
k=1,k#i j=1,j#1i

and, in turn,

xi(t + 7'7)— — x;(t) +O(r) = _(zn: aik)xi(t) + zn: ajizi(t). (1.19)
j=1

k=1
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Finally, in the limit as the duration vanishes 7 — 0™, we obtain:
i(t) = (- diag(AT1,) + AT)x(t) :== —LT (1), where L = diag(A1,) — A. (1.20)

Here, the Laplacian matrix L is referred to as the transition rate matrix of the continuous-time Markov chain. As
for continuous-time dynamical flow systems, L has zero row sums, that is, LT LT = 0] and this property implies
that the total mass 1) z(#) is constant.

Appendix: Robotic networks in cyclic pursuit and balancing

In this section we consider two simple examples of coordination motion in robotic networks. The standing
assumption is that n robots, amicably referred to as “bugs,” are placed and restricted to move on a circle of unit
radius. Because of this bio-inspiration and because this language is common in the literature (Klamkin and Newman,
1971; Bruckstein et al., 1991), we refer to the following two problems as n-bugs systems.

On this unit circle the bugs’ positions are angles measured counterclockwise from the positive horizontal axis.
We let angles take value in [0, 27), that is, an arbitrary position 6 satisfies 0 < 6 < 27. The bugs are numbered
counterclockwise with identities ¢ € {1,...,n} and are at positions 01, . . ., 0,. It is convenient to identify n + 1
with 1. We assume the bugs move in discrete times k in a counterclockwise direction by a controllable amount u;
(i-e., a control signal), that is:

GZ(k: + 1) = mod(@l(kz) + uz(k), 271'),

where mod(¥, 27) is the remainder of the division of ¥ by 27 and its introduction is required to ensure that
0;(k + 1) remains inside [0, 27).
Objective: optimal patrolling of a perimeter. Approach: Cyclic pursuit

We now suppose that each bug feels an attraction and moves towards the closest counterclockwise neigh-
bor, as illustrated in Figure 1.8. Recall that the counterclockwise distance from 6; and 0,1, is the length of the
counterclockwise arc from 6; and ;1 and satisfies:

diStcc (02, 9i+1) = HlOd(l91'+1 — 91', 271‘),
In short, given a control gain k € [0, 1], we assume that the ith bug sets adopts the cyclic pursuit control law

Upursuit,i(k) = rdistec(0i(k), Oiy1(k)).

-7 = o RN
Vg > 0i
i1 011
| =
K dlStcc (0“ 0i+1) K diStcc (91, 9i+1) — K diStc (0,, 97;_1)
(a) Cyclic pursuit control law (b) Cyclic balancing control law

Figure 1.8: Cyclic pursuit and balancing are prototypical n-bug problems.

Scientific questions of interest include:
(i) Does this system have any equilibrium?
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(ii) Is a rotating equally-spaced configuration a solution? An equally-spaced angle configuration is one for
which mod(0;4+1 — 0;, 2m) = mod(0; — 6,1, 2m) foralli € {1,...,n}. Such configurations are sometimes
called splay states.

(iii) For which values of x do the bugs converge to an equally-spaced configuration and with what pairwise
distance?

Objective: optimal sensor placement. Approach: Cyclic balancing

Next, we suppose that each bug feels an attraction towards both the closest counterclockwise and the closest
clockwise neighbor, as illustrated in Figure 1.8. Given a “control gain” x € [0,1/2] and the natural notion of
clockwise distance, the ¢th bug adopts the cyclic balancing control law

Ubalancing,i(k) = RdiStcc(ei(k‘)v 01+1(k)) -k diStc(ei(k)a Gi—l(k'))a

where diStc (01 (]{2), 01‘,1 (k)) = diStcc (91‘,1 (k‘) s 01 (l{i))
Questions of interest are:
(i) Is a static equally-spaced configuration a solution?

(ii) For which values of x do the bugs converge to a static equally-spaced configuration?

(iii) Is it true that the bugs will approach an equally-spaced configuration and that each of them will converge to
a stationary position on the circle?

A preliminary analysis

It is unrealistic (among other aspects of this setup) to assume that the bugs know the absolute position of
themselves and of their neighbors. Therefore, it is interesting to rewrite the dynamical system in terms of pairwise
distances between nearby bugs.

Fori € {1,...,n}, we define the relative angular distances (the lengths of the counterclockwise arcs) d; =
distec(6;,6i41) > 0. (We also adopt the usual convention that d,,11 = dy and that dy = d,,). The change of
coordinates from (61, ...,60,) to (di,...,d,) leads us to rewrite the cyclic pursuit and the cyclic balancing laws
as:

Upursuit,i (k ) dz ,
7

= K
ubalancing,i(k) = kd; — Kd;—1.

In this new set of coordinates, one can show that the cyclic pursuit and cyclic balancing systems are, respectively,

dz(/{? + 1) = (1 — H)dl(k‘) + /@di+1(k‘), (1.21)
dz(k' + 1) = Hd/iJrl(k) + (1 — QK)dZ(k}) + I{dz;l(ki). (1.22)
These are two linear time-invariant dynamical systems with state d = (di,...,d,) and governing equation

described by the two n X n matrices:

11—k K 0
0 1—-x - :

Apursuit = 5 (1.23)

X O O O
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and
[1— 2k K 0 ko]
K 1-2k K 0
Abalancing = - .. 0
0 . 1 -2k K
| K 0 K 1—2,%_

We conclude with the following remarks.
(i) Equations (1.21) and (1.22) are correct if the counterclockwise order of the bugs is never violated. One can
show that this is true for x < 1 in the pursuit case and k < 1/2 in the balancing case; we leave this proof to
the reader in Exercise E1.6.

(ii) The matrices Apursuit and Apalancing, for varying n and «, are called Toeplitz and circulant based on the
nonzero/zero patterns of their entries; we study the properties of such matrices in later chapters. Moreover,
they have non-negative entries for the stated ranges of x and are row-stochastic.

(ili) If one defines the agreement space, i.e., {(o, ,...,a) € R" | a € R}, then each point in this set is an
equilibrium for both systems.

(iv) It must be true for all times that (di,...,d,) € {x € R" | ; > 0,>.7; x; = 27 }. This property is
indeed the consequence of the non-negative matrices Apursuit and Apatancing being doubly-stochastic, i.e., each
row-sum and each column-sum is equal to 1.

(v) We will later study for which values of « the system converges to the agreement space.

Appendix: Design problems in wireless sensor networks

In this appendix we show how averaging algorithms are relevant in wireless sensor network problems and can be
used to tackle more sophisticated than what shown in Section 1.2.

Wireless sensor networks: distributed parameter estimation

The next two examples are also drawn from the field of wireless sensor network, but they feature a more advanced
setup and require a basic background in estimation and detection theory, respectively. The key lessons to be learned
from these examples is that it is useful to have algorithms that compute the average of distributed quantities.

Following ideas from (Xiao et al., 2005; Garin and Schenato, 2010), we aim to estimate an unknown parameter
6 € R™ via the measurements taken by a sensor network. Each node i € {1,...,n} measures

Yi = Bze + vy,

where y; € R™, B; is a known matrix and v; is random measurement noise. We assume that

(A1) the noise vectors vy, . .., v, are independent jointly-Gaussian variables with zero-mean E[v;] = 0,,, and
positive-definite covariance E[v;0] | = ¥; = %], fori € {1,...,n}; and
By
(A2) the measurement parameters satisfy: > . m; > mand | : | is full rank.
By,
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Given the measurements yq, . . . , Yn, it is of interest to compute a least-square estimate of 0, that is, an estimate
of f that minimizes a least-square error. Specifically, we aim to minimize the following weighted least-square error:
n N n
min > ||y = Bib||51 = > (i — Bib) S (v — Bb).
0 =1 ' i=1
In this weighted least-square error, individual errors are weighted by their corresponding inverse covariance
matrices so that an accurate (respectively, inaccurate) measurement corresponds to a high (respectively, low) error
weight. With this particular choice of weights, the least-square estimate coincides with the so-called maximum-
likelihood estimate; see (Poor, 1998) for more details. Under assumptions (A1) and (A2), the optimal solution

1S
~ r -1
0 = (Y BIs'B) Y BIS '
=1 =1

This formula is easy to implement by a single processor with all the information about the problem, i.e., the
parameters and the measurements.

To compute 6* in the sensor (and processor) network, we perform two steps:
[Step 1:] we run two distributed algorithms in parallel to compute the average of the quantities BZT X 'B; and
By 1ty
[Step 2:] we compute the optimal estimate via

~

~1
0* = average (BlTEl_lBl, . ,BZE;an) average (BlTEl_lyl, e ,BZE;lyn)
Questions of interest are:

(i) How do we design algorithms to compute the average of distributed quantities?
(if) What properties does the graph need to have in order for such an algorithm to exist?

(iii) How do we design an algorithm with fastest convergence?

Wireless sensor networks: distributed hypothesis testing

We consider a distributed hypothesis testing problem; inspired by (Rao and Durrant-Whyte, 1993; Olfati-Saber
et al,, 2006). Let h, for v € I" in a finite set I, be a set of two or more hypotheses about an uncertain event. For
example, given an area of interest, we could have:

ho = “no target is present”,

hi = “one target is present”, and

he = “two or more targets are present”.

Suppose that we know the a priori probabilities p(h.) of the hypotheses and that n nodes of a sensor network

take measurements y;, for i € {1,...,n}, related to the event. Independently of the type of measurements, assume
you can compute

p(yi|hy) = probability of measuring y; given that h. is the true hypothesis.

Also, assume that each observation is conditionally independent of all other observations, given any hypothesis.

(i) We wish to compute the maximum a posteriori estimate, that is, we want to identify which one is the most
likely hypothesis, given the measurements. Note that, under the independence assumption, Bayes’ Theorem
implies that the a posteriori probabilities satisfy

plhy) [ 2(wilh).

p(halys, -y yn) = —————
! Yy )

Lectures on Network Systems, F. Bullo, edition 1.6 — Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.



1.8

1.8. Appendix: List of examples and applications 15

(ii) Observe that p(h.) is known, and p(yi,...,yn) is a constant normalization factor scaling all posteriori

probabilities equally.

Therefore, for each hypothesis v € I', we need to compute

I, i),

or equivalently, we aim to exchange data among the sensors in order to compute:

exp (Z log(p(yi|hv))> = exp (n average (logp(yl\hv), cee, logp(yn|h7))) :
i=1

(iii) In summary, even in this hypothesis testing problem, we need algorithms to compute the average of the n
numbers log p(yi|hy), ... ,log p(yn|h~), for each hypothesis ~.

Questions of interest here are the same as in the previous section.

Appendix: List of examples and applications

These lecture notes focus on a rigorous understanding of dynamics phenomena over networks, drawing examples
from numerous application domains. As a guide for an instructor or reader with a specific interest, a list of examples
and application is included here.

Analysis of physical and natural systems:

Network System

Sections, Examples, and Exercises

Electric networks

Mechanical networks

Social influence systems
and network science

Animal behavior, popula-
tion dynamics, and ecosys-
tems

static and dynamics models of resistive circuits in Sections 6.1.2 and 7.1.2, equilibrium
analysis in Section 6.3.2, Thomson’s principle and energy routing in Exercise E6.14,
Kirchhoff’s and Ohm’s laws in Section 9.3, synchronization of inductors/capacitors circuits
in Exercise E8.5, and resistive circuits as compartmental systems in Exercise E10.13
spring networks in Section 6.1.1, equilibrium analysis in Section 6.3.2, grounded spring
networks in Exercise E6.15, spring networks on a ring in Section 14.2, and symmetric
flow systems and hydraulic flow systems in Section 10.5.1

French-Harary-DeGroot model in Section 1.1 and it analysis in Chapter 5, Friedkin-
Johnsen model in Exercise E5.26, Abelson model in Section 7.1.1, centrality measures in
Section 5.5, community detection in Section 6.4, and hubs and authorities in Exercise E5.15
flocking behavior in Section 1.3, Noy-Meir model in Section 1.4 and their analysis in
Chapter 10, Leslie population dynamics in Exercise E4.19, and Lotka-Volterra models and
analysis in Chapter 16
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Design of engineering systems:

Network System Sections, Examples, and Exercises

Networked control systems control design for clock synchronization in Section 6.5, control design for synchronization
of diffusively-coupled linear systems in Section 8.4, second-order Laplacian flows in
Section 8.1.1, distributed estimation from relative measurements in Section 9.5, averaging-
based integral control in Exercises E6.18 and E9.6

Robotic networks design of robotic coordination control laws for cyclic pursuit on the circle in Section 1.6
and on the plane in Exercise E1.7, for rendezvous in Example F2.18, for deployment and
centering in Exercises E5.14 and E7.10

Power networks the analysis of coupled oscillators in Chapter 17 and of second-order Laplacian flows in
Section 8.1.1

Parallel and scientific com- Jacobi relaxation in Exercises E2.15 and E2.16, parallel averaging in Exercise E5.11, dis-

putation cretization of PDEs in Section 7.1.3, discretization of the Laplace PDE in Example E10.14,
accelerated averaging in Section 11.5

Historical notes and further reading

Numerous other examples of multi-agent and large-scale interconnected systems can be found in the texts (Michel
and Miller, 1977; Siljak, 1978; Vidyasagar, 1981; Siljak, 1991; Lakshmikantham et al., 1991; Wu, 2007; Ren and
Beard, 2008; Bullo et al., 2009; Mesbahi and Egerstedt, 2010; Bai et al., 2011; Cristiani et al., 2014; Li and Duan,
2014; Fuhrmann and Helmke, 2015; Chen et al., 2015; Francis and Maggiore, 2016; Arcak et al., 2016; Porter and
Gleeson, 2016; Fagnani and Frasca, 2017). Other, related, and instructive examples are presented in surveys such
as (Martinez et al,, 2007; Ren et al., 2007; Murray, 2007; Garin and Schenato, 2010). Textbooks, monographs and
surveys on the broader and different theme of network science include (Newman, 2003; Boccaletti et al., 2006;
Castellano et al., 2009; Easley and Kleinberg, 2010; Jackson, 2010; Newman, 2010; Spielman, 2017).

The opinion dynamics example in Section 1.1 is an illustration of the rich literature on social influence
networks, starting with the early works by French Jr. (1956), Harary (1959), Abelson (1964), and DeGroot (1974).
While the linear averaging model is by now known as the DeGroot model, the key ideas were already present
in French Jr. (1956) and the main results (e.g., average consensus for doubly stochastic matrices) were already
obtained by (Harary, 1959). Empirical evidence in support of the averaging model (including its variations) is
described in (Friedkin and Johnsen, 2011; Friedkin et al., 2016; Chandrasekhar et al., 2020). An outstanding tutorial
and survey on dynamic social networks is (Proskurnikov and Tempo, 2017). We postpone to Chapter 10 the
literature review on compartmental systems.

The n-bugs problem is related to the study of pursuit curves and inquires about what the paths of n bugs are
when they chase one another. We refer to (Klamkin and Newman, 1971; Watton and Kydon, 1969; Bruckstein et al.,
1991; Marshall et al., 2004; Smith et al., 2005) for some classic works, surveys, and recent results.
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1.10 Exercises

» E1.1

» E1.2

E13

E1.4

E15

Basic properties of averaging systems. Given a row-stochastic matrix A € R™*™, consider the averaging system (1.3)
x(k+1) = Ax(k).

Show that
(i) for all initial conditions z(0) € R™, all times k € N, and all indices i € {1,...,n},

minz;(0) < minz;(k) < minz;(k + 1) < maxz;(k + 1) < maxz;(k) < maxx;(0);

(ii) for all z € R™, compute y = Az and show

maxy; —miny; < maxz; — minx; (EL1)
K3 K3 K3 (2

(ili) any consensus configuration, i.e., any point in {$1,, € R™ | 8 € R}, is an equilibrium point of the averaging
system; and
(iv) there exist row-stochastic matrices A such that Az = z and x is not a consensus configuration.

Basic equivalences for dynamical flow networks. In this exercise we review a few basic equivalences for a
nonlinear dynamical flow network; for simplicity of notation, we assume the system is closed (no inflow or outflows).

Given n compartments, let F;_, ;(g) denote the flow from compartment ¢ to compartment j as function of the state
q. Let Fiiows(q) denote the matrix with (7, j) entries F;_,;(q). Let F' € RL;" denote a zero-diagonal flow rate matrix,
as in Section 1.4.2. Show

(i) the nonlinear model in components and in vector form are equivalent:
6= Foi@ = Fisj@) = 4= Fion(@) 1y~ Frows(@) 1,
(ii) the flow linearity assumption in components and in vector form are equivalent:
Fij(q) = fijai > Fhows(q) = diag(q) F,
(iii) linear dynamical flow networks are characterized by a negative transpose Laplacian matrix, as follows:
4 = Fuows(@)"1n — Faows ()1 = = (F" - diag(Fla))g = —L'q.

Basic properties of dynamical flow networks. Given a flow rate matrix F' and outflow rate vector fy, consider
the linear model (1.11), namely, ¢ = Cq + u, where C = —LT — diag(fy) and L = diag(F1,) — F. Perform the
following tasks:

(i) show that, if there are no inflows, i.e., if u; = 0 for all 4, then the total mass in the system does not increase with
time,

(ii) write a formula for the diagonal and off-diagonal entries of the compartmental matrix C' as a function of the
flow rate constants, and

(iii) show that the column sums of C' are non-positive.

Constants of motion. In the study of mechanics, energy and momentum are two constants of motion, that is, these
quantities are constant along each evolution of the mechanical system. Show that

(i) if A is a row stochastic matrix with wTA = w', then w'z(k) = w'z(0) for all times k € Zs( where

x(k+1) = Az(k); and
(i) if L is a Laplacian matrix with with wTL = 0], then w'x(t) = w'z(0) for all times ¢ € R>( where i(t) =
—La(t).
Simulating the averaging dynamics. Simulate in your favorite programming language and software package the
linear averaging algorithm in equation (1.2). Set n = 5, select the initial state equal to (—2,—1,0, 41, +2), and use
the following undirected unweighted graphs, depicted in Figure E1.1:
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18 Chapter 1. Motivating Problems and Systems

(i) the complete graph,
(ii) the cycle graph, and
(iii) the star graph with node 1 as center.
Which value do all nodes converge to? Is it equal to the average of the initial values? Verify that the evolution of the

averaging dynamics for the star graph is as in Figure E1.2. Turn in your code, a few printouts (as few as possible), and
your written responses.

Complete graph Cycle graph Star graph

Figure E1.1: Three simple graphs

averaging evolution
o

4 6 8 10
time

o4
N

Figure E1.2: Linear averaging over a star graph: five distinct initial values converge to consensus.

E1.6 Computing the bugs’ dynamics. Consider the cyclic pursuit and balancing dynamics described in Section 1.6. Verify

(i) the cyclic pursuit closed-loop equation (1.21),
(ii) the cyclic balancing closed-loop equation (1.22), and

(iii) the counterclockwise order of the bugs is never violated.

Hint: Recall the distributive property of modular addition: mod(a £ b,n) = mod(mod(a,n) £ mod(b,n),n).

E1.7 Robotic coordination: continuous-time cyclic pursuit on the plane. Consider four mobile robots on a plane
with positions p; € C, i € {1,...,4}, and moving according to p; = wu;, where u; € C are the velocity commands.
The task of the robots is rendezvous at a common point (while using only onboard sensors). A simple strategy to
achieve rendezvous is cyclic pursuit: each robot ¢ picks another robot, say ¢ + 1, and pursues it. (Here 4 +1 =1.) In
other words, we set u; = p; 11 — p; and obtain the closed-loop system (see also corresponding simulation below):

m] [-1 1 0 0] [m
]')2 o O -1 1 0 P2
ps| | 0O 0 -1 1 D3
D4 1 0 0 —1| |pa
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Prove that:
4
(i) the average robot position average(p(t)) = > p;(t)/4 remains constant for all ¢ > 0;
i=1

(i) the robots asymptotically rendezvous at the initial average robot position mass, that is,

lim p,(t) = average(p(0)) fori e {1,...,4};

t—o0

(iii) if the robots are initially arranged in a square formation, then they remain in a square formation.

Hint: Given a matrix A with semisimple eigenvalues, the solution to & = Ax is given by the modal expansion x(t) =
S ettvwlz(0), where v; and w; are the right and left eigenvectors associated to the eigenvalue \; and normalized

tow] v; = 1. The modal decomposition will be reviewed in Sections 2.1 and 11.1.
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CHAPTER 2

Elements of Matrix Theory

In this chapter we review basic concepts from matrix theory with a special emphasis on the so-called Perron-
Frobenius theory. These concepts will be useful when analyzing the convergence of the linear dynamical systems
discussed in Chapter 1.

Notation

It is useful to start with some basic notations from matrix theory and linear algebra. We let f: X — Y denote a
function from set X to set Y. We let R, N and Z denote respectively the set of real, natural and integer numbers;
also R>( and Z>( are the set of non-negative real numbers and non-negative integer numbers. For real numbers
a < b, we let

[a,b] ={z € R|a <z <D}, Ja,b) ={r € R|a <z <b},
[a,b]={z e R|a <z <D}, la,b[={r e R|a <z <b}.

Given a complex number z € C, its absolute value (sometimes referred to as modulus or magnitude) is denoted
by ||, its real part by R(2) and its imaginary part by S(z). We let i denote the imaginary unit v/—1.

We let 1,, € R” (respectively O0,, € R"™) be the column vector with all entries equal to +1 (respectively 0). Let
€1, ..., ey, be the standard basis vectors of R”, that is, e; has all entries equal to zero except for the ¢th entry equal
to 1. The 1-norm, 2-norm, and co-norm of a vector z € R" are defined by, respectively,

2l =l + -+ lanl, llollz= /el 42k, 2l = max{|aal,.. . Jwal}

We let [,, denote the n-dimensional identity matrix and A € R™*" denote a square n X n matrix with real
entries {a;;}, 4,7 € {1,...,n}. The matrix A is symmetric if AT = A.

For a matrix A € R™*", X\ € Cis an eigenvalue and v € C" is a right eigenvector, or simply an eigenvector, if
they together satisfy the eigenvalue equation Av = \v. Sometimes it will be convenient to refer to (A, v) as an
eigenpair. A left eigenvector of the eigenvalue ) is a vector w € C" satisfying w' A = \w?.

A symmetric matrix A is positive definite, denoted by A > 0 (resp. positive semidefinite, denoted by A > 0) if
all its eigenvalues are positive (resp. non-negative). We also let A < 0 and A < 0 denote negative definite and
negative semidefinite matrices. The kernel of A is the subspace kernel(A) = {x € R" | Az = 0, }, the image of
Aisimage(A) = {y € R" | Az =y, for some z € R"}, and the rank of A is the dimension of its image. Given
vectors vy, . ..,v; € R”, their span is span(vy, . ..,vj) = {a1v1 + - -+ + ajv; | a1,...,a; € R} CR™,

21
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Linear systems and the Jordan normal form

In this section we introduce a prototypical model for dynamical systems and study its stability properties via
the so-called Jordan normal form, that is a key tool from matrix theory. We will later apply these results to the
averaging model (1.3).

Discrete-time linear systems

We start with a basic definition.

Definition 2.1 (Discrete-time linear system). A square matrix A defines a discrete-time linear system by
z(k+1) = Az(k), z(0) = o, (2.1)

or, equivalently by x(k) = AFxq, where the sequence {#(k) }rezs, is called the solution, trajectory or evolution of the
system.

Sometimes it is convenient to write x* = f(z) to denote the system z(k + 1) = f(z(k)).
We are interested in understanding when a solution from an arbitrary initial condition has an asymptotic limit
as time diverges and to what value the solution converges. We formally define this property as follows.

Definition 2.2 (Semi-convergent and convergent matrices). A matrix A € R™*" is

(i) semi-convergent iflimy,_ 4 o A¥ exists, and

(ii) convergent (also called Schur stable) if it is semi-convergent and limy_, 1 o AF = 0,5

It is clear that, if A is semi-convergent with limiting matrix A, = limy_, -, A, then

lim z(k) = Asco.

k—4o00

In what follows we characterize the sets of semi-convergent and convergent matrices.

Remark 2.3 (Modal decomposition for symmetric matrices). Before treating the general analysis method,
we present the self-contained and instructive case of symmetric matrices. Recall that a symmetric matrix A has real
eigenvalues A\ > Ao > ... > )\, and corresponding orthonormal (i.e., orthogonal and unit-length) eigenvectors
V1, ..., Upn. Because the eigenvectors are an orthonormal basis for R", we can write the modal decomposition

z(k) = y1(k)vr + -+ + yn(k)vn,

where the ith normal mode is defined by y;(k) = v] x(k). We then left-multiply the two equalities (2.1) by v and
exploit Av; = A\jv; to obtain

pilh+1) = Ngi(k),  wi0) =vTmo, = k) = X(o7 o).
In short, the evolution of the linear system (2.1) is
z(k) = M (v] zo)vr + ...+ N (0] z0)vp.
Therefore, each evolution starting from an arbitrary initial condition satisfies
(i) limg oo z(k) = 0y, ifand only if |\;| < 1 foralli € {1,...,n}, and

(ii) limy_s00 2(k) = (v]20)v1 + -+ + (V) )V if and only if \y = --- = A, = 1 and |\;| < 1 for all
ie{m+1,...,n}.
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The Jordan normal form

In this section we review a very useful canonical decomposition of a square matrix. Recall that two n x n matrices
A and B are similar if B = T AT~ for some invertible matrix 7". Also recall that a similarity transform does not
change the eigenvalues of a matrix.

Theorem 2.4 (Jordan normal form). Each matrix A € C™"*"™ is similar to a block diagonal matrix J € C"*",
called the Jordan normal form of A, given by

Ji 0 ... 0
0 J . 0
J: K 2 G(Cnxn7
oo 0
0O ... 0 Jn

A1 0
0 N 0 .y

Ji = 5 ) e ¢, (2.2)
0O ... 0 X\

Clearly m <nandj; + -+ jm = n.

We refer to (Horn and Johnson, 1985) for a standard proof of this theorem. Note that the matrix .J is unique,
modulo a re-ordering of the Jordan blocks.

Regarding the eigenvalues of A, we note the following. The eigenvalues of .J, and therefore also of A, are the
(not necessarily distinct) complex numbers Aq, . .., Ay,. Given an eigenvalue A,

(i) the algebraic multiplicity of X is the sum of the sizes of all Jordan blocks with eigenvalue A (or, equivalently,
the multiplicity of A as a root of the characteristic polynomial of A), and
(ii) the geometric multiplicity of A is the number of Jordan blocks with eigenvalue A (or, equivalently, the number
of linearly-independent eigenvectors associated to A).
An eigenvalue is
(i) simple if it has algebraic and geometric multiplicity equal precisely to 1, that is, a single Jordan block of
size 1, and

(if) semisimple if all its Jordan blocks have size 1, so that its algebraic and geometric multiplicity are equal.

Here is an example matrix in Jordan form and the multiplicities of its eigenvalues:

71 0 0 0 0 O

0710000 7 has algebraic mult. 4 and geometric mult. 2,
0070000 so that 7 is neither simple nor semisimple
000700 0], , pe e
00002800 8 has algebraic and geometric mult. 2, so it is semisimple,
0000O0S SO 9 has algebraic and geometric mult. 1, so it is simple.

0 0 00 0 0 9
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24 Chapter 2. Elements of Matrix Theory

Regarding the eigenvectors of A, Theorem 2.4 implies there exists an invertible matrix 7" such that

A=TJT ! (2.3)

— AT =TJ (2.4)

— T l'A=Jr L (2.5)

Letty,...,t,and r,...,r, denote the columns and rows of 7" and 71 respectively. If all eigenvalues of A are

semisimple, then the equations (2.4) and (2.5) imply, for all ¢ € {1,...,n},
At; = Nit; and 1 A = Ny

In other words, the ith column of T is the right eigenvector (or simply eigenvector) of A corresponding to the
eigenvalue );, and the ith row of 7! is the corresponding left eigenvector of A.

If an eigenvalue is not semisimple, then it has larger algebraic than geometric multiplicity. For such eigenvalues,
the columns of the matrix 7" are the right eigenvectors and the generalized right eigenvectors of A, whereas the
rows of ! are the left eigenvectors and the generalized left eigenvector of A. For more details about generalized
eigenvectors, we refer to reader to (Horn and Johnson, 1985).

Example 2.5 (Revisiting the wireless sensor network example). As a numerical example, let us reconsider
the wireless sensor network discussed in Section 1.2 and the 4-dimensional row-stochastic matrix Ayg,, which we
report here for convenience:

1/2 1/2 0 0
1/4 1/4 1/4 1/4
0 1/3 1/3 1/3
0 1/3 1/3 1/3

Awsn =

With the aid of a symbolic mathematics program, we compute Aye, = T.JT ! where

10 0 0 1 0 —2+42V73 —2-2V73
S 00 0 0 r_ |10 —11—-+73 —11++73
00 £(5B-V73) 0 ’ 1 -1 8 8
0 0 0 57 (5 +V/73) 11 8 8
% % % i
1 1
and T ' = 0 1 0 1 75 1 2
+

96\/7 48 48 64 64 64 64
ki ( ( (

Ty s stearm  wutars

Therefore, the eigenvalues of A are 1, 0,3;(5 — v/73) ~ —0.14, and 5 (5 + v/73) &~ 0.56. Corresponding to the
eigenvalue 1, the right and left eigenvector equations are:

1 1 1/61" 17617
1l |1 1/3 |1y

Awsn 11 = 11 and 1/4 Awsn = 1/4 . L4
1 1 1/4 1/4
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Semi-convergence and convergence for discrete-time linear systems

We can now use the Jordan normal form to study the powers of the matrix A. We start by computing

JF0o ... 0
k —1 -1 —1 ferp—1 0 J5 = 0 —1
AV=T1Jr"-TJr - ... TJr— =TJ"T" =T | . ) 0 T,
oo
so that, for a square matrix A with Jordan blocks J;, 7 € {1,...,m}, the following statements are equivalent:

(i) A is semi-convergent (resp. convergent),
(if) J is semi-convergent (resp. convergent), and
(iii) each block J; is semi-convergent (resp. convergent).

Next, we compute the kth power of the generic Jordan block J; with eigenvalue \; as a function of block size
1,2,3,...,ji; they are, respectively,

Ak k)\]f:—l Af kj)\'lif_l (’;) )\?_2
[Af],[l : ] (D VR 5 L

0 A ’
' 0 0 by
AN BN (il ) A
0o AF (A
) (g) I'<:72 ’ (26)
0o ... 0 A (M
L0 0 PLs |

where the binomial coefficient (TZ) = k!/(m!(k — m)!) satisfies (7’;) < k™ /m). Note that, independently of the
size of J;, each entry of the kth power of .J; is upper bounded by a constant times k" \¥ for some non-negative
integer h.

To study the limit as £ — oo of the generic block Jf , we study the limit as £ — oo of each term of the form

k" \E. Because exponentially-decaying factors dominate polynomially-growing terms, we know

0, if [\ <1,
lim BPAR — 1, if A\=1and h =0, @.7)
k—o0 non-existent or unbounded, if (|A\| = 1with A # 1) or (]A| > 1)

or(A=1andh=1,2,...).
In summary, for each block J; with eigenvalues \;, we can infer that:

(i) ablock J; of size 1 is convergent if and only if | \;| < 1,
(i) ablock J; of size 1 is semi-convergent if and only if |[A;] < 1 or A; = 1, and

(iii) a block J; of size larger than 1 is semi-convergent and convergent if and only if |\;| < 1.
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A A

A
x K
\

(a) The spectrum of a convergent matrix  (b) The spectrum of a semi-convergent matrix, (c) The spectrum of a matrix that is not semi-
provided the eigenvalue 1 is semisimple. convergent.

Figure 2.1: Eigenvalues and convergence properties of discrete-time linear systems

Based on this discussion, we are now ready to present necessary and sufficient conditions for semi-convergence
and convergence of an arbitrary square matrix. We state these conditions using two useful definitions.

Definition 2.6 (Spectrum and spectral radius of a matrix). Given a square matrix A,

(i) the spectrum of A, denoted spec(A), is the set of eigenvalues of A; and

(ii) the spectral radius of A is the maximum norm of the eigenvalues of A, that is,
p(A) = max{|A| | A € spec(A)},
or, equivalently, the radius of the smallest disk in C centered at the origin and containing the spectrum of A.
Theorem 2.7 (Convergence and spectral radius). For a square matrix A, the following statements hold:

(i) A is convergent (i.e., limy_, ;oo A = 0,,x,) if and only if p(A) < 1,

(i) A is semi-convergent and not convergent (i.e., limy_, oo A* exists different from 0,,x,,) if and only if

a) 1 is an eigenvalue,
b) 1 is a semisimple eigenvalue, and

c) all other eigenvalues have magnitude less than 1.

2.2 Row-stochastic matrices and their spectral radius

Motivated by the averaging model introduced in Chapter 1, we now consider in discrete-time linear systems
defined by matrices with special properties. Specifically, we are interested in matrices with non-negative entries
and whose row-sums are all equal to 1.
The square matrix A € R™*" is
(i) non-negative (respectively positive) if a;; > 0 (respectively a;; > 0) for all 7 and j in {1,...,n};
(if) row-stochastic if non-negative and Al,, = 1,;

(iii) column-stochastic if non-negative and AT1,, = 1,; and

Lectures on Network Systems, F. Bullo, edition 1.6 — Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.



2.2.1

2.2. Row-stochastic matrices and their spectral radius 27

(iv) doubly-stochastic if it is row- and column-stochastic.

In the following, we write A > 0 and v > 0 (respectively A > 0 and v > 0) for a positive (respectively
non-negative) matrix A and vector v.
Given a finite number of points py, . . ., p, in R™, a convex combination of py, . . ., P, is a point of the form

mpi1 +n2p2 + ...+ MnDn,

where the real numbers 1, ..., n, satisfyn; +---+n, = land n; > Oforalli € {1,...,n}. (For example, on
the plane R?, the set of convex combinations of two distinct points is the segment connecting them and the set of
convex combinations of three distinct points is the triangle (including its interior) defined by them.) The numbers
N, ..., Ny are called convex combination coefficients and each row of a row-stochastic matrix consists of convex
combination coefficients.

The spectral radius for row-stochastic matrices

We now introduce a useful general method to localize the spectrum of a matrix and then use it to characterize the
spectral radius of a row-stochastic matrix.

Theorem 2.8 (Gersgorin Disks Theorem). For any square matrix A € R"*",

spec(A) C Uie{l,. ) {z eC ‘ |z — a;] < Z::L#i |az-j|}

disk in the complex plane centered at a;; with radius 327_1 ., |aij]

Proof. Consider the eigenvalue equation Az = Az for the eigenpair (A, z), where A and = # 0,, are in general
complex. Choose the index i € {1,...,n} so that

|z:] = maxjeqq, .y |25 > 0.

The ith component of the eigenvalue equation can be rewritten as

n
)\_aiizz a;;x; ).
j=1g#i 0

Now, take the complex magnitude of this equality and upper-bound its right-hand side:

n

n
\—a:| = St P | I~
‘ @i | E Qij 7| = E |ai;] Iz = ‘75 |ai;]

J=Lj# J=Lj#i

This inequality defines a set of the possible locations for the arbitrary eigenvalue A of A. The statement follows by
taking the union of such sets for each eigenvalue of A. |

Each disk in the theorem statement is referred to as a Gersgorin disk, or more accurately, as a Gersgorin row
disk; an analogous disk theorem can be stated for Gersgorin column disks. Exercise E2.15 showcases an instructive
application to distributed computing of numerous topics covered so far, including convergence notions and the
Gersgorin Disks Theorem.

Lemma 2.9 (Spectral properties of a row-stochastic matrix). For a row-stochastic matrix A,

(i) 1 is an eigenvalue, and
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(ii) spec(A) is a subset of the unit disk and p(A) = 1.

Proof. First, recall that A being row-stochastic is equivalent to two facts: a;; > 0,1, € {1,...,n},and AL, = 1,,.
The second fact implies that 1,, is an eigenvector with eigenvalue 1. Therefore, by definition of spectral radius,
p(A) > 1. Next, we prove that p(A) < 1 by invoking the Gersgorin Disks Theorem 2.8 to show that spec(A) is
contained in the unit disk centered at the origin. The Gersgorin disks of a row-stochastic matrix as illustrated
in Figure 2.2. Note that A being row-stochastic implies a;; € [0, 1] and a;; + };; a;; = 1. Hence, the center of

»
>

Figure 2.2: All Gersgorin disks of a row-stochastic matrix are contained in the unit disk.

the ith Gersgorin disk belongs to the positive real axis between 0 and 1, and the right-most point in the disk is at
1. [

Note: because 1 is an eigenvalue of each row-stochastic matrix A, clearly A is not convergent. But it is possible
for A to be semi-convergent.

Perron-Frobenius theory

We have seen how row-stochastic matrices are not convergent; we now focus on characterizing those that are semi-
convergent. To establish whether a row-stochastic matrix is semi-convergent, we introduce the widely-established
Perron-Frobenius theory for non-negative matrices.

Classification of non-negative matrices

In the previous section we already defined non-negative and positive matrices. In this section we are interested in
classifying non-negative matrices in terms of their zero/nonzero pattern and of the asymptotic behavior of their
powers. We start by introducing simple example non-negative matrices and related comments in Table 2.1.

Based on these examples, we now introduce two sets of non-negative matrices with certain characteristic
properties.

Definition 2.10 (Irreducible and primitive matrices). Forn > 2, ann X n non-negative matrix A is

(i) irreducible if ZZ;(l) A¥ is positive,
(ii) primitive if there exists k € N such that A* positive.

A matrix that is not irreducible is said to be reducible.
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A = (1) (1) : spec(A;) = {1, 1}, the zero/nonzero pattern in A¥ is constant, and
- limy_yoo AF = I,

Ay = (1) (1) : spec(As) = {1,—1}, the zero/nonzero pattern in A% is periodic, and
- - limy o0 Alz“ does not exist,

Asg = 8 é : spec(As) = {0,0}, the zero/nonzero pattern is A5 = 0 for all k£ > 2, and
s limy_,00 A§ =0,
11

Ay = i (2)] : spec(A4) = {1,—1/2}, the zero/nonzero pattern is A¥ > 0 for all k > 2,
- . 21

and limy_, A{,f = % 9 J ,and
As = é ﬂ : spec(A;) = {1,1}, the zero/nonzero pattern in A¥ is constant and

limy 00 A'g is unbounded.

Table 2.1: Example 2-dimensional non-negative matrices and their properties

Note that A7, A3 and As are reducible whereas A9 and A4 are irreducible. Moreover, note that A5 is not
primitive whereas A4 is. Additionally, note that a positive matrix is clearly primitive. Finally, if there is k € N
such that A* is positive, then (one can show that) all subsequent powers A**1, A2 are necessarily positive
as well; see Exercise E2.5.

Note: In other words, 4 is irreducible if, for any (i, j) € {1,...,n}? thereisa k = k(i,j) < (n — 1) such
that (A¥);; > 0. There are multiple equivalent ways to define irreducible matrices. We discuss four equivalent
characterizations later in Theorem 4.3.

The following result is immediate consequences of the well-known Cayley-Hamilton Theorem.

Lemma 2.11 (A primitive matrix is irreducible). Ifthe n x n non-negative matrix A is primitive, then it is also
irreducible.

Proof. Assume by contradition that A is reducible so that I,, + A + - -- + A"~ ! has at least one zero entry, say
the entry i, j. Since A > 0, this implies that (4*);; = 0 for each k € {0,...,n — 1}. By the Caley-Hamilton
Theorem, each matrix power A" h € N, is a linear combination of I,,A,..., A""! But then also (Ah)l-j =0, for
each power h > n, which means that A is not primitive. |

As a consequence of this lemma we can draw the set diagram in Figure 2.3 describing the set of non-negative
square matrices and its subsets of irreducible, primitive and positive matrices. Note that the inclusions in the
diagram are strict in the sense that:

(i) As is non-negative but not irreducible;
(if) As is irreducible but not primitive; and

(iii) Ay is primitive but not positive.

Main results

We are now ready to state the main results in Perron-Frobenius theory and characterize the properties of the
spectral radius of a non-negative matrix as a function of the matrix properties.

Theorem 2.12 (Perron-Frobenius Theorem). Let A € R"*", n > 2. If A is non-negative, then
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non-negative irreducible primitive positive
(A>0) (ZZ;S Ak > 0) (there exists k (A>0)
such that A¥ > 0)

Figure 2.3: The set of non-negative square matrices and its subsets of irreducible, primitive and positive matrices.

(i) there exists a real eigenvalue A > |p| > 0 for all other eigenvalues y,

(ii) the right and left eigenvectors v and w of A can be selected non-negative.
If additionally A is irreducible, then

(iii) the eigenvalue X is strictly positive and simple,

(iv) the right and left eigenvectors v and w of A\ are unique and positive, up to rescaling.
If additionally A is primitive, then

(v) the eigenvalue \ satisfies A > |p| for all other eigenvalues .

Some remarks and some additional statements are in order. For non-negative matrices, the real non-negative
eigenvalue ) is the spectral radius p(A) of A. We refer to \ as the dominant eigenvalue of A; it is also referred to
as the Perron eigenvalue. We illustrate the results in the theorem in Figure 2.4.

A=0
x x x
-1 A=lr1 ~1/2 A=/l
(a) The matrix As is reducible: its (b) The matrix A is irreducible but not primitive: (c) The matrix A4 is primitive: its
dominant eigenvalue is 0 and so is its dominant eigenvalues +1 is not strictly larger, dominant eigenvalue +1 is strictly
its other eigenvalue. in magnitude, than the other eigenvalue —1. larger than the other eigenvalue
—1/2.

Figure 2.4: Spectra of non-negative matrices consistent with the Perron—-Frobenius Theorem

For irreducible matrices, the right and left eigenvectors v and w (unique up to rescaling and selected non-
negative) of the dominant eigenvalue A are called the right and left dominant eigenvector, respectively. One can
show that, up to rescaling, the right dominant eigenvector is the only positive right eigenvector of a primitive
matrix A (a similar statement holds for the left dominant eigenvector); see also Exercise E2.4.

We refer to Theorem 4.11 in Section 4.5 for some useful bounds on the dominant eigenvalue and to Theorem 5.1
in Section 5.1 for a version of the Perron-Frobenius Theorem for reducible matrices.
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Applications to matrix powers and averaging systems

Given a primitive non-negative matrix A, the Perron-Frobenius Theorem for primitive matrices has immediate
consequences for the behavior of A* as k — co. We start with a semi-convergence result that applies to primitive
matrices. We postpone the proof to Section 2.3.4.

Theorem 2.13 (Powers of non-negative matrices with a simple and strictly dominant eigenvalue). Let A

be a non-negative matrix. Assume the dominant eigenvalue X is simple and strictly larger, in magnitude, than all
other eigenvalues. Then A/\ is semi-convergent and

Ak

lim — =vw'

k—oo \F ’

where v and w are the right and left dominant eigenvectors of A normalized so thatv > 0,w > 0 and vTw = 1.
Note: The matrix vw"
Exercise E5.9.

is a rank-one projection matrix with numerous properties, which we discuss in

We apply this theorem to a row-stochastic matrix A as arising in the French-Harary-DeGroot averaging model.
For such a matrix, the dominant eigenvalue is A = 1 and the corresponding right eigenvector is naturally selected
to be 1,,. Therefore, if 1 is simple and strictly dominant, then

wT wp w2 ... Wy

lim AF = 1an =|:|=1": : )
k—o0 T
w w; W2 ... Wp

where w is the left dominant eigenvector of A satisfying wy + - - - + w,, = 1.

Example 2.14 (Revisiting the wireless sensor network example). Let us reconsider the wireless sensor
network discussed in Section 1.2 and the 4-dimensional row-stochastic matrix As,. Recall that this matrix arises
in the context of the French-Harary-DeGroot model averaging model. First, note that Ay, is primitive because
A2 is positive:

1/2 1/2 0 0 3/8 3/8 1/8 1/8
PR LR VAR VARV 2 |3/16 17/48 11/48 11/48
vl 1/3 1/3 1/3 wsn = 11/12 11/36 11/36 11/36
0 1/3 1/3 1/3 1/12 11/36 11/36 11/36

Therefore, the Perron-Frobenius Theorem 2.12 for primitive matrices applies to Aysy and implies that the dominant
eigenvalue 1 is simple and strictly dominant. Indeed, the four pairs of eigenvalues and right eigenvectors of Ay,
(as computed in Example 2.5) are (1,1,) and

—2—2V73 2(—1+/73)

0
1 —11+ 73 1 —11—+/73 0
ﬂ(f)_f’\/%), ] ; ﬂ(S \/ﬁ)) 8 ’ 0’ 1

8 8 -1

Moreover, we know that Ay, is semi-convergent. To apply the convergence results in Theorem 2.13, we compute
its left dominant eigenvector, normalized to have unit sum, to be w = [1/6,1/3,1/4,1/4]T so that we have:

1/6 1/3 1/4 1/4
o1 |16 1/3 1/4 1/4
dm Aven =Law" =\ g 13 1ya 14 °

1/6 1/3 1/4 1/4
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To fully understand the behavior of averaging systems and the properties of row-stochastic matrices, we study
graph theory in Chapters 3 and 4 and postpone a comprehensive analysis to Chapter 5.

Selected proofs

We conclude this section with the proof of some selected statements.

Proof of Perron—Frobenius Theorem 2.12. We start by establishing that a primitive A matrix satisfies p(A) > 0. By
contradiction, if spec(A) = {0, ..., 0}, then the Jordan normal form J of A is nilpotent, that is, there isa k* € N
so that J¥ = A*¥ = 0 for all k£ > k*. But this is a contradiction because A being primitive implies that there is
k* € N so that A¥ > 0 for all k > k*.

Next, we prove that p(A) is a real positive eigenvalue with a positive right eigenvector v > 0. We first focus
on the case that A is a positive matrix, and later show how to generalize the proof to the case of primitive matrices.
Without loss of generality, assume p(A) = 1. If (A, z) is an eigenpair for A such that |A\| = p(A) = 1, then

|z = [Az] = [Az| = [Az] < [Al|lz| = AJz] = [z] < Alz]. (2.8)

Here, we use the notation [z| = (|7i|)ic1,.. .n}> |A] = {laijl}ijequ,. . . n)> and vector inequalities are understood
component-wise. In what follows, we show |z| = A|z|. Adopting the notation z = Alz|and y = 2z — |z,
equation (2.8) reads ¥y > 0 and we aim to show y = 0. By contradiction, assume y has a non-zero component.
Therefore, Ay > 0. Independently, we also know z = A|x| > 0. Thus, there must exist & > 0 such that Ay > ez.
Eliminating the variable y in the latter equation, we obtain A.z > z, where we define A, = A/(1 + ¢). The
inequality A.z > z implies A¥z > 2 for all k > 0. Now, observe that p(A.) < 1 so that limy_,o, A¥ = 0,,%,, and
therefore O > z. Since we also knew z > 0, we now have a contradiction. Therefore, we know 3 = 0.

So far, we have established that |x| = A|x|, so that (1, |z|) is an eigenpair for A. Also note that A > 0 and
x # 0 together imply A|xz| > 0. Therefore we have established that 1 is an eigenvalue of A with eigenvector
|x| > 0. Next, observe that the above reasoning is correct also for primitive matrices if one replaces the first
equality (2.8) by || = |A\¥||x| and carries the exponent k throughout the proof.

In summary, we have established that there exists a real eigenvalue A\ > 0 such that A > |u| for all other
eigenvalues p, and that each right (and therefore also left) eigenvector of A can be selected positive up to rescaling.
It remains to prove that A is simple and is strictly greater than the magnitude of all other eigenvalues. For the
proof of these two points, we refer to (Meyer, 2001, Chapter 8). |

Proof of Theorem 2.13. The proof is organized in three steps. First, because A is simple, we write the Jordan normal
form of A as

A Oty (n— _
A=T X(n=1)| p 17 2.9
O(n—1)x1 B (29)

where the block-diagonal matrix B € R("~1*("=1) ¢ontains the Jordan blocks of all eigenvalues of A except for \.
Because A is strictly dominant, we know that p(B/\) < 1, which in turn implies

lim Bk/)\k = O(n—l)x(n—l)'

k——+o0
k
A0
E_ —1
Recall A —T{O B] T~ so that
. ANE . 1k 0 1 1 0],y
G (X) _T<k31+noo[0 (B/A)kDT =Ty ofT (2.10)
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Second, we let vy, . .., v, (respectively, wr, . . ., w,) denote the columns of T (respectively the rows of 1), that
is,T=[vi ... vp|l,and (T"Y)T =[w; ... wy,]. Equation (2.9) is equivalently written as
A0
A[vl vn]:[vl vn] [O B}'
=T =T

The first column of the above matrix equation is Av; = Avy, that is, v; is the right dominant eigenvector v of A, up
to rescaling. Recall that )\ is simple so that its right eigenvector is unique up to rescaling. By analogous arguments,
we find that w is the left dominant eigenvector w of A, up to rescaling. With this notation, equation (2.10) leads to

1 0 ... 0] [w]
L (ANE 00 ... 0f |w) -
Jm (5) =l e w5 = vl
00 ... 0] lw]

As third and final step, the (1,1) entry of the matrix equality 7-'T = I,, gives precisely the normalization
w{v; = 1. In summary, v; and w; are the right and left dominant eigenvectors, up to rescaling, and they are
known to satisfy v w; = 1. Hence, vw" = vjw; . This concludes the proof of Theorem 2.13. n

Historical notes and further reading

For comprehensive treatments on matrix theory we refer to the classic texts by Gantmacher (1959), Horn and
Johnson (1985), and Meyer (2001).

Regarding the main Perron-Frobenius Theorem 2.12, historically, Perron (1907) established the original result
for the case of positive matrices. Frobenius (1912) provided the substantial extension to the settings of primitive
and irreducible matrices. More historical information is given in (Meyer, 2001, Chapter 8).

Theorem 2.13 is generalized as follows: an irreducible row-stochastic matrix A with left dominant eigenvector w
satisfies limy_, oo %(In + A+ -+ A1) = 1,wT. We refer to (Meyer, 2001, Section 8.4) for more details on
this result and to (Breiman, 1992, Chapter 6) for the more general Ergodic Theorem. (Essentially, (Hartfiel, 1998,
Theorem 1.6) refers to Theorem 2.13 already as the Ergodic Theorem for Markov chains.)
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2.5 Exercises

E2.1 Simple properties of stochastic matrices. Let Ay, ..., Ax be n X n matrices, let A; ... Ay be their product and let
M Ay + - + nr A, be their convex combination with arbitrary convex combination coefficients. Show that

(i) if Ay,..., Ay are non-negative, then their product and all their convex combinations are non-negative,
ii) if Aq,..., A are row-stochastic, then their product and all their convex combinations are row-stochastic, and
p

(iti) if Ay, ..., Ag are doubly-stochastic, then their product and all their convex combinations are doubly-stochastic.

» E2.2 Semi-convergence and Jordan block decomposition. Consider a matrix A € C"*™, n > 2, with p(A4) = 1. Show
that the following statements are equivalent:

(i) A is semi-convergent,

(ii) either A = I,, or there exists a nonsingular matrix 7' € C"*" and a number m € {1,...,n — 1} such that

I 0 _
A=T m mx(n—m) /1-1—17
O(n—m)Xm B

where B € C(»=m)*x(n=m) s convergent, that is, p(B) < 1.

Note: If A is real, then it is possible to find real-valued matrices T and B in statement (ii) by using the notion of real
Jordan normal form (Hogben, 2013).

E23 Row-stochastic matrices after pairwise-difference similarity transform. For n > 2, let A € R"*" be row
stochastic. Define T' € R"*" by

-1 1
= -1 1
1/n 1/n ... 1/n
Perform the following tasks:
(i) for x = [x1,...,2,]", write T in components and show 7 is invertible,

(ii) show TAT! = {Asct-arble Onll} for some Agple € RV~ and ¢ € R™ L,

(iii) if A is doubly-stochastic, then ¢ = 0,
(iv) show that A primitive implies p(Astable) < 1, and

(v) compute TAT ! for A = [(1) (ﬂ .

E2.4 Uniqueness of the non-negative eigenvector in irreducible non-negative matrices. Given a square matrix
A € R"*", show that:

(i) if vq is a right eigenvector of A corresponding to the eigenvalue A, wy is a left eigenvector of A relative to Ag,
and A1 # Ao, then vy | wo; and

(ii) if A is non-negative and irreducible and u € RY is a right non-negative eigenvector of A, then u is an

eigenvector corresponding to the eigenvalue p(A).
Note: Statement (i) is sometimes referred to as the principle of bi-orthogonality.
» E2.5 Powers of primitive matrices. For any non-negative A € R"*" and any numbers k and m € N, show that:

i) if the 7th row o is positive, then the ith row o >0,

(i) if the ith f A* isp hen the ith £ AR > 0

(ii) if the jth column of AF is positive, then the jth column of A¥+™ > 0,
(iii) if A* > 0, then A*¥*+™ > 0.

E2.6 Sufficient conditions for primitivity. Let A € R"*" be non-negative.

(i) Is the following statement true? If yes, explain why; if not, provide a counterexample.
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E2.7

E2.8

» £2.9

E2.10

» E2.11

E2.12

If A has a zero entry, then A is reducible, because the zero entry can be moved to position A,, 1 via a
permutation similarity transformation.

(ii) Show that A is primitive if there exists € {1,...,n} such that A,; > 0and A;, > Oforallé,j € {1,...,n}.
Some properties of doubly-stochastic matrices. For A € R"*™, show that:

(i) if A is doubly-stochastic, then the matrix A" A is doubly-stochastic and its spectrum satisfies spec(AT A) C [0, 1],

(ii) if A is doubly-stochastic and irreducible, then A" A has positive diagonal and does not need to be irreducible
(give a counterexample), and

(iii) if A is doubly-stochastic, irreducible and with positive diagonal, then AT A is doubly-stochastic, irreducible and
with positive diagonal.

Hint: Show that, if min; a;; = Gmin > 0, then ATA > apin A.

On some non-negative matrices. How many 2 x 2 matrices do there exist that are simultaneously doubly stochastic,
irreducible and not primitive?

Discrete-time affine systems. Given A € R"*" and b € R", consider the discrete-time affine system
z(k+1) = Ax(k) + b.

Assume A is convergent and show that
(i) the matrix (I,, — A) is invertible,
(ii) the only equilibrium point of the system is (I, — A)~1b, and
(i) limg— oo z(k) = (I, — A)~'b for all initial conditions z(0) € R™.
Hint: Define a new sequence y(k), k € Z>q, by y(k) = x(k) — x* for an appropriate x*.

An affine averaging system. Given a primitive doubly-stochastic matrix A and a vector b satisfying 17b = 0,
consider the affine averaging system
z(k+1) = Az(k) +b.
Show that
(i) the quantity 1]z (k) is constant for all k,

(i) for each o € R, there exists a unique equilibrium point z}, satisfying 17 x* = « and satisfying generically
x¥ & span{l,}, and
(iii) all solutions {x(k)}rez., satisfying 1]2(0) = o converge to .

Hint: First, use Exercise E2.2 and study the properties of the similarity transformation matrix T and its inverse T 1.
Second, define y(k) = T~ x(k), show the evolution of y1 (k) is decoupled from that of the other entries and apply E2.9.

The Neumann series. For A € C"*", show that the following statements are equivalent:
D) p(4) <1,
(i) limp_ oo A¥ = 0,,xp, and
(i) the Neumann series y_p-, A* converges.
Additionally show that, if any and hence all of these conditions hold, then

(iv) the matrix (I, — A) is invertible, and
W) Y AF = (I, - A)~".
k=0

Hint: This statement is an extension of Theorem 2.7 and a generalization of the classic geometric series ll—l = zh,
convergent for all |x| < 1. For the proof, the hint is to use the Jordan normal form.

Permutation and orthogonal matrices. Consider the following three notions. A set G with a binary operation
mapping two elements of G into another element of G, denoted by (a,b) — a * b, is a group if:

(G1) ax(bxc) = (a*b)*cforalla,b,c € G (associativity property);
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36 Chapter 2. Elements of Matrix Theory
(G2) there exists e € G such that a x e = e x a = a for all @ € G (existence of an identity element); and
(G3) there exists a™! € G suchthataxa™' =a ! xa =eforall a € G (existence of inverse elements).
A matrix P € {0,1}"*" is a permutation matrix if each of its rows and each of its columns contains precisely only
one entry equal to 1. A permutation matrix acts on a vector by permuting its entries.
A matrix R € R™ " is an orthogonal matrix if RRT = RTR = I,,. In other words, the columns and rows of R are
orthonormal vectors.
Prove that
(i) the set of n x n permutation matrices with the operation of matrix multiplication is a group;
(i) the set of n x n orthogonal matrices with the operation of matrix multiplication is a group; and
(iii) each permutation matrix is orthogonal.
E2.13 On doubly-stochastic and permutation matrices. The following result is known as the Birkhoff — Von Neumann
Theorem. For a matrix A € R"*"™, the following statements are equivalent:
(i) A is doubly-stochastic; and
(if) A is a convex combination of permutation matrices.
Do the following:
« show that the set of doubly-stochastic matrices is convex (i.e., given any two doubly-stochastic matrices A; and
Aj, any matrix of the form AA; + (1 — X) A, for A € [0, 1], is again doubly-stochastic);
« show that (ii) = (i);
» find in the literature a proof of (i) = (ii) and sketch it in one or two paragraphs.
E2.14 Determinants of block matrices (Silvester, 2000). Given square matrices A, B,C, D € R"*" n > 1, useful
identities are
e det(D)det(A — BD™'C), if D is invertible, (E2.1a)
det {C’ D} = ¢ det(AD — BC), if CD = DC, (E2.1b)
det(DA — BC), if BD = DB. (E2.1¢)
(i) Prove equality (E2.1a).
(if) Prove equality (E2.1b) and (E2.1c) assuming D is invertible.
. A B I, Onxn| [A—BD™'C B ,
Hint: Show ¢ p||-pc I, } = { O D} . We refer to (Silvester, 2000) for the complete proofs
and for the additional identities
ot A B det(AD — CB), if AC=CA, (E2.2a)
det =
¢ D det(DA — CB), if AB = BA. (E2.2b)
E2.15 The Jacobi relaxation in parallel computation. Consider n distributed processors that aim to collectively solve the

linear equation Ax = b, where b € R™ and A € R"*" is invertible and its diagonal elements a;; are nonzero. Each
processor stores a variable z;(k) as the discrete-time variable k evolves and applies the following iterative strategy
termed Jacobi relaxation. At time step k € N each processor performs the local computation

rilk+1) = — (b - Zn: aie; (), i€ (L.},

aZZ . . .
J=1,#i

Next, each processor i € {1,...,n} sends its value x;(k + 1) to all other processors j € {1,...,n} with aj; # 0,
and they iteratively repeat the previous computation. The initial values of the processors are arbitrary.

(i) Assume the Jacobi relaxation converges, i.e., assume limy_,, z(k) = z*. Show that Az* = b.

(if) Give a necessary and sufficient condition for the Jacobi relaxation to converge.

Lectures on Network Systems, F. Bullo, edition 1.6 — Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.



Exercises for Chapter 2 37

E2.16

E2.17

E2.18

E2.19

(iii) Use Gersgorin Disks Theorem 2.8 to show that the Jacobi relaxation converges if the matrix A is strictly row
diagonally dominant, that is, if |a;| > 377, 5, |ais], for allrows i € {1,...,n}.

Note: We refer to (Bertsekas and Tsitsiklis, 1997) for a standard treatment of the Jacobi relaxation and related methods.

The Jacobi over-relaxation in parallel computation. We now consider a more sophisticated version of the Jacobi
relaxation presented in Exercise E2.15. Consider again n distributed processors that aim to collectively solve the
linear equation Ax = b, where b € R™ and A € R"*" is invertible and its diagonal elements a;; are nonzero. Each
processor stores a variable xz;(k) as the discrete-time variable k evolves and applies the following iterative strategy
termed Jacobi over-relaxation. At time step k € N each processor performs the local computation

zilk+1) = (1 — w)zi(k) + i(b -y aijmj(k)) . iefl,....n),
& j=1,ji
where w € R is an adjustable parameter. Next, each processor i € {1,...,n} sends its value z;(k + 1) to all other
processors j # 1 with a;; # 0, and they iteratively repeat the previous computation. The initial values of the processors
are arbitrary.
(i) Assume the Jacobi over-relaxation converges to z* and show that Az* = bifw # 0.
(ii) Find the expression governing the dynamics of the error variable e(k) := x(k) — z*.
(i) Suppose that A is strictly row diagonally dominant, that is a;;| > 3, ; ai;|, forallrows i € {1,...,n}. Use
the Gersgorin Disks Theorem 2.8 to discuss the convergence properties of the algorithm for all possible values
ofw e R.

Hint: Consider different thresholds for w.
Simulation (cont’d). This is a followup to Exercise E1.5. Consider the linear averaging algorithm in equation (1.2):
set n = 5, select the initial state equal to (1, —1,1,—1,1), and use (a) the complete graph (b) a cycle graph, and (c) a
star graph with node 1 as center.
(i) To which value do all nodes converge to?
(if) Compute the dominant left eigenvector of the averaging matrix associated to each of the three graphs and verify
that the asymptotic result in Theorem 2.13 (illustrated in Example 2.14) is correct.

Robotic coordination: continuous- and discrete-time rendezvous on the real line. Consider n robots moving
on the line with positions 21, 23, . . . 2z, € R. In order to gather at a common location (i.e., reach rendezvous), each
robot heads for the centroid of its neighbors, that is,

1 n
éi:n—l( Z Zj)_zi'

j=1.j#i

(i) Will the robots asymptotically rendezvous at a common location?

(if) Consider the Euler discretization of the above closed-loop dynamics with sampling period T' > 0:

(k4 1) = 2(k) + T(ﬁ <j=12,;# 5(R)) - =(k)).
For which values of the sampling period 7" will the robots rendezvous?
Hint: Use the modal decomposition in Remark 2.3.
Perron eigenvalue as solution to optimization problems. Given a positive matrix A > 0, show that

(i) the Perron eigenvalue and eigenvector of A are the unique solution of

max
(p,x) ERXR™

subjectto Az > px
x >Oandllx: 1;
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38 Chapter 2. Elements of Matrix Theory

(ii) the Perron eigenvector is the unique solution, and the Perron eigenvalue the optimal value, of

a i Az);/x;
R el AT

subjectto x > 0 and 1Zx =1

Note: The following equalities are referred to as the Collatz—Wielandt formula for the Perron eigenvalue \:

o (Aa), . (Az);
)\ = max min = min max .
x>0,1Tz=14i€{l,.. .,n} Z; z>0,1Tz=1ie{l,.. .n} I;

E2.20 The pseudoinverse and the singular value decomposition. Let A € R™*" with rank » < min{m,n}. The
pseudoinverse (also referred to as the Moore-Penrose pseudoinverse) of A is the unique matrix AT € R"*™ satisfying:
AATA = A, AtAAT = At

(E2.3)
AAT is symmetric, and AT A is symmetric.

Show
(i) if m =n = r, then At = A1,
(ii) ifm > n =r, then AT = (ATA)71AT,
(iii) if 7 = m < n, then AT = AT(AAT)~L.
Next, a triple (U, £, V') is a singular value decomposition (SVD) of A if

A=UxVT,

where U € R™*™ and V' € R"*" are orthogonal and, for a positive diagonal matrix > € R"*",

E _ |: E Orx(n—r) :| c Rmxn.
O(m—r)xr O(m—r)x(n—'r)

Show

271 Orx(m—r)

(iv) At = VXTUT, where X1 =
O(nfr)xr O(nfr)x(mfr)

:| c Rnxm’
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CHAPTER 3

Elements of Graph Theory

Graph theory provides key concepts to model, analyze and design network systems and distributed algorithms; the
language of graphs pervades modern science and technology and is therefore essential.

Graphs and digraphs

[Graphs] An undirected graph (in short, a graph) consists of a set V' of nodes and of a set E of unordered pairs of
nodes, called edges. For u,v € V and u # v, the set {u, v} denotes an unordered edge.

[Neighbors and degrees in graphs] Two nodes u and v of a given graph are neighbors if {u, v} is an undirected edge.
Given a graph G, we let N (v) denote the set of neighbors of v.

The degree of v is the number of neighbors of v. A graph is regular if all the nodes have the same degree;
e.g., in Figure 3.1, the cycle graph is regular with degree 2 whereas the complete bipartite graph K (3, 3) and the
Petersen graph are regular with degree 3.

Example 3.1 (Basic graphs). We define various basic graphs of dimension n as follows: Path graph: nodes are
ordered in a sequence and edges connect subsequent nodes in the sequence. Cycle (or ring) graph: all nodes and
edges can be arranged as the vertices and edges of a regular polygon. Star graph: edges connect a specific node,
called the center, to all other nodes. Complete graph: every pair of nodes is connected by an edge. Complete bipartite
graph: nodes are divided into two sets and every node of the first set is connected with every node of the second
set. Figure 3.1 illustrates these five definitions and two other examples. .

[Digraphs and self-loops] A directed graph (in short, a digraph) of order n is a pair G = (V, E'), where V is a set
with n elements called nodes and E is a set of ordered pairs of nodes called edges. In other words, £ C V x V. As
for graphs, V and FE are the node set and edge set, respectively. For u,v € V, the ordered pair (u, v) denotes an
edge from u to v. A digraph is undirected if (v,u) € F anytime (u,v) € E. In a digraph, a self-loop is an edge from
a node to itself. Consistently with a customary convention, self-loops are not allowed in graphs. We define and
visualize some basic example digraphs in Figure 3.2.
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O 4

(a) Path graph with 6 nodes, (b) Cycle (ring) graph with 6 (c) Star graph with 6 nodes, de- (d) Complete graph with 6 nodes,

denoted by Ps nodes, denoted by Cs noted by Sg denoted by K
(e) Complete bipartite graph with 3 + 3 (f) Two-dimensional grid graph with 4 x 7 (g) Petersen graph
nodes, denoted by K3 3 nodes, denoted by G4,7

Figure 3.1: Example graphs.

.—l>.\q GO0
{ p &L @A

<+—Q GO0 Q....

(a) Cycle digraph with 6 nodes (b) Complete digraph with 6 nodes (c) A digraph with no directed cycles

Figure 3.2: Example digraphs

[Subgraphs] A digraph (V', E’) is a subgraph of a digraph (V, E) if V! C V and E’ C E. A digraph (V', E') isa
spanning subgraph of (V| E) if it is a subgraph and V' = V. The subgraph of (V, E) induced by V' C V is the
digraph (V’, E’), where E’ contains all edges in F between two nodes in V.

[In- and out-neighbors] In a digraph G with an edge (u,v) € E, u is called an in-neighbor of v, and v is called an
out-neighbor of u. We let N'(v) (resp., N°"!(v)) denote the set of in-neighbors, (resp. the set of out-neighbors) of
v. Given a digraph G = (V, E), an in-neighbor of a nonempty set of nodes U is a node v € V' \ U for which there
exists an edge (v,u) € E for some u € U.

[In- and out-degree] The in-degree diy(v) and out-degree doy(v) of v are the number of in-neighbors and out-
neighbors of v, respectively. Note that a self-loop at a node v makes v both an in-neighbor as well as an out-neighbor
of itself. A digraph is topologically balanced if each node has the same in- and out-degrees (even if distinct nodes
have distinct degrees).
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Walks and connectivity in undirected graphs

[Walks] A walk (or path) in a graph is an ordered sequence of nodes such that any pair of consecutive nodes in the
sequence is an edge of the graph. A walk is simple if no node appears more than once in it, except possibly for the
case in which the initial node is the same as the final node. (Note: some authors adopt the term “path” to refer to a
walk.)

[Connectivity and connected components] A graph is connected if there exists a walk between any two nodes. If a
graph is not connected, then it is composed of multiple connected components, that is, multiple connected subgraphs.

[Cycles] A cycle is a simple walk that starts and ends at the same node and has at least three distinct nodes. A
graph is acyclic if it contains no cycles. A connected acyclic graph is a tree.

Figure 3.3: This graph has two connected components. The leftmost connected component is a tree, while the
rightmost connected component is a cycle.

Walks and connectivity in digraphs

[Directed walks] A directed walk in a digraph is an ordered sequence of nodes such that any pair of consecutive
nodes in the sequence is a directed edge of the digraph. A directed walk is simple if no node appears more than
once in it, except possibly for the initial and final node.

[Cycles in digraphs] A cycle (or directed cycle in a digraph is a directed walk that starts and ends at the same node.
It is customary to accept, as feasible cycles in digraphs, also cycles of length 1 (that is, a self-loop) and cycles of
length 2 (that is, composed of just 2 nodes). A cycle is simple if no node appears more than once in it, except the
initial and final nodes. The set of simple cycles of a directed graph is finite. A digraph is acyclic if it contains no
cycles. In computer science, a directed acylic graph is sometimes referred to as a DAG.

[Sources and sinks] In a digraph, every node with in-degree 0 is called a source, and every node with out-degree O is
called a sink. Every acyclic digraph has at least one source and at least one sink; see Figure 3.4 and Exercise E3.2.

[Directed trees] A directed tree (sometimes called a rooted tree) is an acyclic digraph with the following property:
there exists a node, called the root, such that any other node of the digraph can be reached by one and only one
directed walk starting at the root. A directed spanning tree of a digraph is a spanning subgraph that is a directed
tree.

Connectivity properties of digraphs

Next, we present four useful connectivity notions for a digraph G"
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o— >

(a) An acyclic digraph with one sink and two sources (b) A directed cycle

Figure 3.4: Examples of sources and sinks

(i) G'is strongly connected if there exists a directed walk from any node to any other node;
(ii) G is weakly connected if the undirected version of the digraph is connected;

(iii) G possesses a globally reachable node if one of its nodes can be reached from any other node by traversing a
directed walk; and

(iv) G possesses a directed spanning tree if one of its nodes is the root of directed walks to every other node.

These notions are illustrated in Figure 3.5.

@~ @ -

(a) A strongly connected digraph (b) A weakly connected digraph with a globally reachable node

Figure 3.5: Connectivity examples for digraphs

For a digraph G = (V, E), the reverse digraph G(rev) has node set V' and edge set E(rev) composed of all
edges in E with reversed direction. Clearly, a digraph contains a directed spanning tree if and only if the reverse
digraph contains a globally reachable node.

3.3.2 Periodicity of strongly-connected digraphs

[Periodic and aperiodic digraphs] A strongly-connected directed graph is periodic if there exists a k > 1, called
the period, that divides the length of every simple cycle of the graph. In other words, a digraph is periodic if the
greatest common divisor of the lengths of all its simple cycles is larger than one. A digraph is aperiodic if it is not
periodic.

Note: the definition of periodic digraph is well-posed because a digraph has only a finite number of simple
cycles (because nodes are not repeated in simple walks). The notions of periodicity and aperiodicity only apply to
digraphs and not to undirected graphs (where the notion of a cycle is defined differently). Any strongly-connected
digraph with a self-loop is aperiodic.

Lectures on Network Systems, F. Bullo, edition 1.6 - Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.



3.3. Walks and connectivity in digraphs 43

oO— 0 GO0 =0 00— =0

(a) A periodic digraph with period 2 (b) An aperiodic digraph with simple cycles (c) An aperiodic digraph with simple cycles
of length 1 and 2. of length 2 and 3.

Figure 3.6: Example periodic and aperiodic digraphs.

3.3.3 Condensation digraphs

[Strongly connected components] A subgraph H is a strongly connected component of G if H is strongly connected
and any other subgraph of G strictly containing H is not strongly connected.

[Condensation digraph] The condensation digraph of a digraph G, denoted by C(G), is defined as follows: the nodes
of C(@G) are the strongly connected components of G, and there exists a directed edge in C'(G) from node H; to
node H> if and only if there exists a directed edge in G from a node of H; to a node of H;. The condensation
digraph has no self-loops. This construction is illustrated in Figure 3.7.

7Y
{ ° ‘1I
/ @ O /
q . V4 ‘\
@
o v
e o O
(a) An example digraph G (b) The strongly connected components of the di- (¢c) The condensation di-
graph G graph C(G)

Figure 3.7: An example digraph, its strongly connected components and its condensation digraph.

Lemma 3.2 (Properties of the condensation digraph). For a digraph G and its condensation digraph C'(G),

(i) C(Q) is acyclic,
(ii) G is weakly connected if and only if C(QG) is weakly connected, and

(iii) the following statement are equivalent:

a) G contains a globally reachable node,
b) C(QG) contains a globally reachable node, and

¢) C(QG) contains a unique sink.
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Proof. We prove statement (i) by contradiction. If there exists a cycle (H1, Ha, . .., Hpy, H1) in C(G), then the set
of nodes Hy, . .., H,, are strongly connected in C'(G). But this implies that also the subgraph of G containing all
node of Hy, ..., H,, is strongly connected in . But this is a contradiction with the fact that any subgraph of G
strictly containing any of the H;, . .., Hy, must be not strongly connected. Statement (ii) is intuitive and simple to
prove; we leave this task to the reader.

Regarding statement (iii), we start by proving that (iii)Ja = (iii)b. Let v be a a globally reachable node in G
and let H denote the node in C'((7) containing v. Pick an arbitrary node H of C(G) and let © be a node of G in H.
Since v is globally reachable, there exists a directed walk from ¥ to v in G. This directed walk induces naturally a
directed walk in C(G) from H to H. This shows that H is a globally reachable node in C(G).

Regarding (iii)b == (iii)a, let H be a globally reachable node of C'(G) and pick a node v in H. We claim v
is globally reachable in . Indeed, pick any node v in G belonging to a strongly connected component U of G.
Because H is globally reachable in C'(G), there exists a directed walk of the form H = Hy, Hy, ..., Hy, Hyy 1 = H
in C(G). One can now piece together a directed walk in G from ¢ to v, by walking inside each of the strongly
connected components H; and moving to the subsequent strongly connected components H; 1, fori € {0, ..., k}.

The final equivalence between statement (iii)b and statement (iii)c is an immediate consequence of C'(G) being
acyclic. |

Finally, we provide some example to compute and visualize condensation digraphs using the NetworkX library
and Python; see Table 3.1.

Weighted digraphs
A weighted digraph is a triplet G = (V, E,{ac}eckr), where the pair (V, E) is a digraph with nodes V' =
{v1,...,v,}, and where {a.}.cE is a collection of strictly positive weights for the edges E.
Note: for simplicity we let V' = {1,...,n}. It is therefore equivalent to write {ac}ccr or {ai;}(; j)ck-
@ L @ The set of weights for this weighted digraph is
37 alg = 3.7, a13 = 2.6, agl = 8.9,
8.9 1.9 27 (44 a4 = 1.2, az4 = 1.9, azs = 2.3,
[ 447 a54 = 27, ass — 4.4.
T d—

4.4

A digraph G = (V = {v1,...,v,}, F) can be regarded as a weighted digraph by defining its set of weights
to be all equal to 1, that is, setting a, = 1 for all e € E. A weighted digraph is undirected if a;; = a;; for all
i,7€{1,...,n}

The notions of connectivity and definitions of in- and out-neighbors, introduced for digraphs, remain equally
valid for weighted digraphs. The notions of in- and out-degree are generalized to weighted digraphs as follows.
In a weighted digraph with V' = {vy, ..., v, }, the weighted out-degree and the weighted in-degree of node v; are
defined by, respectively,

dout (v;) = Z aij (i.e., dout(v;) is the sum of the weights of all the out-edges of v;) ,
j=1

din(v;) = Z aji (i-e., din(v;) is the sum of the weights of all the in-edges of v;) .
j=1
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# Python3 code to compute condensed digraphs via the NetworkX library

# Import the NetworkX library and other tools

import numpy as np; import matplotlib.pyplot as plt; import networkx as nx
myfs= (30, 10); fig, axs343 = plt.subplots(l, 3, figsize=(myfs[0]x1.2, myfs[1l]))

def plot_condensated_graph (G, axs3):
:param G: Digraph to be condensed
:param axs3: 1 dim axs with at least 3 subplots locations

nun

# Visualize initial digraph

Gpos = nx.spring_layout (G) #setting the position with respect to G

nx.draw_networkx (G, Gpos, node_size=40, ax=axs3[0], connectionstyle='arc3, rad
0.2', with_labels=False)

# Algorithm to compute the condensed digraph:
G_conden = nx.algorithms.components.condensation (G)

all _col = []
# Compute coloring scheme for the condensated graph
for u, node in G_conden.nodes (data=True) :
sg = node['members'] # This contains a set of nodes from previous graph,
that belongs to the condensated node
co = np.random.rand (1, 3)
all_col.append(co)
nx.draw_networkx_nodes (G.subgraph (sg), Gpos, node_size=40, node_color=co,
ax=axs3[1])
nx.draw_networkx_edges (G, Gpos, edgelist=G.edges(sg), edge_color=co,
ax=axs3[1], connectionstyle='arc3, rad = 0.2")

nx.draw_networkx (G_conden, node_size=40, ax=axs3[2], node_color=all_col,
connectionstyle='arc3, rad = 0.2', with_labels=False)

axs3[0] .set_xlabel ("Original digraph"); axs3[1l].set_xlabel("Strongly connected
components") ;

axs3[2] .set_xlabel ("Condensed digraph");

# Generate and plot random digraph:
G_random = nx.random_k_out_graph (40, 5, 1)
plot_condensated_graph (G_random, axs343)

Table 3.1: Python code for computation and visualization of condensed digraphs
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A weighted digraph is weight-balanced if each node has the same weighted in- and out-degrees (even if
distinct nodes have distinct weighted degrees), that is, dout(v;) = din(v;) for all v; € V. For unweighted digraphs,
weight-balance is the same property as topological balance.

Appendix: Database collections and software libraries

Useful collections of example networks are freely available online; here are some examples:

(i) A broad range of example networks is available online at the Stanford Large Network Dataset Collection,
see http://snap.stanford.edu/data.

(ii) The SuiteSparse Matrix Collection (formerly known as the University of Florida Sparse Matrix Collection),
available at http://suitesparse.com and described in (Davis and Hu, 2011), contains a large and growing
set of sparse matrices and complex graphs arising in a broad range of applications; e.g., see Figure 3.8.

(iii) The UCI Network Data Repository, available at http://networkdata.ics.uci.edu, is an effort to facilitate
the scientific study of networks; see also (DuBois, 2008).

(c) EPANET 3 water supply network

Figure 3.8: Example networks from distinct domains: Figure 3.8a illustrates a simplified aggregated model with 16
generators and 25 load busses of the Western North American power grid (Trudnowski et al., 1991); Figure 3.8b
illustrates the Sampson monastery dataset (Sampson, 1969), describing social relations among a set of 18 monk-
novitiates in an American monastery; Figure 3.8c illustrates the water supply network EPANET 3, described
in (Rossman, 2000).

Useful software libraries for network analysis and visualization are freely available online; here are some
examples:

(i) NetworkX, available at https://networkx.org, is a Python library for network analysis. For example, one
feature is the ability to compute condensation digraphs.
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(ii) Gephi, available at https://gephi.org, is an interactive visualization and exploration platform for all kinds
of networks and complex systems, dynamic and hierarchical graphs.

(iii) Cytoscape, available at http://www.cytoscape.org, is an open-source software platform for visualizing
complex networks and integrating them with attribute data.

(iv) Graphviz, available at http://www.graphviz.org/, is an open source graph visualization software.

3.6 Historical notes and further reading

Paraphrasing from Chapter 1 “Discovery!” in the classic work by Harary (1969),

(Euler, 1741) became the father of graph theory as well as topology when he settled a famous unsolved
problem of his day called the Kénigsberg Bridge Problem.

Subsequent rediscoveries of graph theory by Kirchhoff (1847) and Cayley (1857) also had their roots in
the physical world. Kirchhofl’s investigations of electric networks led to his development of the basic
concepts and theorems concerning trees in graphs, while Cayley considered trees arising from the
enumeration of organic chemical isomers.

For modern comprehensive treatments we refer the reader to standard books in graph theory such as (Diestel,
2000; Bollobas, 1998).

An early reference about the condensation decomposition is (Harary, 1962).

A classic reference in graph drawing is (Fruchterman and Reingold, 1991). The layout of the three graphs in
Figure 3.8 is obtained via the algorithm proposed by Hu (2005). Geometric representations of graphs are reviewed
in the remarkable recent text (Lovasz, 2019).
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3.7 Exercises

E3.1

» E3.2

E3.3

E3.4

E3.5

» E3.6

E3.7

Properties of undirected trees. Consider an undirected graph G with n nodes and m edges (and without self-loops).
Show that the following statements are equivalent:
(i) Gisatree;
(ii) G is connected and m = n — 1; and
(iii) G isacyclicandm =n — 1.
Topological sort of acyclic digraphs. Let G be an acyclic digraph (DAG) with nodes {1, ...,n}. A topological sort
of G is a re-numbering of the nodes of G with the property that, if (u,v) is an edge of G, then u > v.
(i) Show that GG contains at least one sink, i.e., a node without out-neighbors and at least one source, i.e., a node
without in-neighbors.
(if) Provide an algorithm to perform a topological sort of G. Is the topological sort unique?
Hint: Use high-level pseudo-code instructions such as “select a node satisfying property A” or “remove all edges
satisfying property B.”
(iii) Show that, after topologically sorting the nodes of G, the adjacency matrix of G is lower-triangular, i.e., all its

entries above the main diagonal are equal to zero.

Globally reachable nodes and disjoint closed subsets. Consider a digraph G = (V, F') with at least two nodes.
Prove that the following statements are equivalent:

(i) G has a globally reachable node, and

(ii) for every pair S1,.S2 of non-empty disjoint subsets of V, there exists a node that is an out-neighbor of S; or Ss.

Condensation digraphs. Draw the condensation for each of the following digraphs.

VOV NI

Directed spanning trees in the condensation digraph. For a digraph G and its condensation digraph C'(G), show
that the following statements are equivalent:

(i) G contains a directed spanning tree, and

(ii) C(G) contains a directed spanning tree.
Connectivity in weight-balanced digraphs. Let G be a weight-balanced weighted digraph. Show that

(i) for every subset of nodes U, the total weight of edges from nodes outside U to nodes inside U equals the total
weight of edges from nodes inside U to nodes outside U, and
(ii) if G is weakly connected, then it is strongly connected.
Line graph. The line graph Line(G) of an undirected graph G is the undirected graph whose vertices are the edges

of G and whose edge set is defined as follows: there is an edge between two vertices ey, e3 of L(G) if and only if eq
and eo, regarded as edges of GG, have a common node. Show that

(i) if G is connected, then Line(G) is connected;

(i) ifdy,...,d, are the degrees of the nodes of G and m denotes the number of edges of G, then
- I o
number of edges in Line(G) = 3 z_; d; —m. (E3.1)
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E3.8

E3.9

Alternative definition of aperiodicity. Given a directed graph G, a recurrence time of a node 7 is a natural number
k > 0 such that there exists a directed walk from ¢ to ¢ of length k. The period of node i is the greatest common divisor
of all recurrence times of i. Show that

(i) all nodes belonging to the same strongly-connected component of G have the same period,

(if) if G is strongly connected, then G is aperiodic if and only if the period of each node is 1.

Euler’s formula and the sparsity of planar graphs. An undirected graph G is planar if, loosely speaking, it can be
drawn on the plane in such a way that its edges intersect only at their endpoints.

MA =

(a) Two drawings of K4. The right figure demonstrates that b) K5 and K3, 3 are not planar and play a fundamental role in
K, is planar. Euler’s formula is satisfied withn = 4, m = 6 Kuratowsk1 s characterization of planar graphs; see (Diestel,
and f = 4. 2000, Section 4.4).

Assuming a planar graph G is drawn on the plane without edge intersections, the edges of G divide the plane into
regions called faces; all faces are bounded, except for the outer infinite face. For a connected undirected graph G with
n nodes, m edges and f faces, Euler’s formula states

n—m+ f=2.

Show that

(i) each planar graph with n > 3 is sparse, in the sense that m < 3n — 6, and
(ii) the equality is strict when every face is a triangle.

Note: Planar graphs are reviewed in (Diestel, 2000, Section 4.4) and (Godsil and Royle, 2001, Section 1.8).

Lectures on Network Systems, F. Bullo, edition 1.6 — Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.






4.1

CHAPTER 4

Elements of Algebraic Graph Theory

In this chapter we present results on the adjacency matrices as part of the broader field of algebraic graph theory.
The key results in this area relate, through necessary and sufficient conditions, matrix properties with graphical
properties. For example, we will show how a matrix is primitive if and only if its associated digraph is strongly
connected and aperiodic.

The adjacency matrix

Given a weighted digraph G = (V, E, {ac}ecr), with V = {1,...,n}, the weighted adjacency matrix of G is the
n X n non-negative matrix A defined as follows: for each edge (i,j) € E, the entry (i, j) of A is equal to the
weight a; ;) of the edge (i, j), and all other entries of A are equal to zero. In other words, a;; > 0 if and only if
(i,7) is an edge of G, and a;; = 0 otherwise. Figure 4.1 shows an example of a weighted digraph.

0 37 26 0 O

89 0 0 1.2 0
A=]10 0 0 19 23
0o 0 0 0 0
44 0 0 2.7 44

Figure 4.1: A weighted digraph and its adjacency matrix

The binary adjacency matrix A € {0,1}"*" of a digraph G = (V = {1,...,n}, E) or of a weighted digraph

is defined by
1, if(i,j) e E

0, otherwise.
Here, a binary matrix is any matrix with entries taking values in 0, 1.

Finally, the weighted out-degree matrix Dqyy and the weighted in-degree matrix Dy, of a weighted digraph are
the diagonal matrices defined by

dowt(1) 0 0
Doy = diag(A1l,)=1| 0 . 0 |, and Dj, =diag(A4™1,),
0 0 dout(n)
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where diag(z1, ..., 2,) is the diagonal matrix with diagonal entries equal to 21, . . ., 2.
We conclude this section with some basic examples.

Example 4.1 (Basic graphs and their adjacency matrices). Recall the definitions of walk, cycle, star, complete
and complete bipartite graph from Example 3.1. Figure 4.2 illustrates their adjacency matrices.

e 2K B B
%l W

Figure 4.2: Walk, cycle, star, complete and complete bipartite graph (from Figure 3.1) and their binary adjacency
matrices depicted in their respective pixel picture representation.

Note that the adjacency matrices of walk and cycle graphs have a particular structure. An n X n matrix 7" is

Toeplitz (also called diagonal-constant) if there exist scalar numbers a_,,_1),...,a-1,a0,a1,...,an—1 such that
ag al ce cee Qp—1
a_—q ag aq
T = :

a—q ap al
_a_(n_l) e P ¢ | ag

Two special cases are of interest, namely, those of tridiagonal Toeplitz and circulant matrices. For these two cases
it is possible to compute eigenvalues and eigenvectors in closed form for arbitrary dimensions n; we refer to
Exercises E4.2 and E4.3 for more information. We conclude with a table containing the adjacency spectrum of the
basic graphs, i.e., the spectrum of their binary adjacency matrices.

Graph Adjacency Matrix Adjacency Spectrum
path graph P, Toeplitz tridiagonal {2cos(mi/(n+1))|ie{l,...,n}}
cycle graph C), circulant {2cos(2mi/n)) |i e {1,...,n}}
star graph S, ere’, +e_je {v/n—-1,0,...,0,—/n — 1}
complete graph K, 1,17 -1, {(n-1),-1,...,—-1}
complete bipartite K, ,, [Onxn 1n><m] {y/nm,0,...,0,—y/nm}

’ 1m><n ome

Table 4.1: Adjacency spectrum for basic graphs (we adopt the notatione_; = 1,, — &;)

We ask the reader to prove the statements in the table in Exercise E4.4.
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Algebraic graph theory: basic and prototypical results

In this section we review some basic and prototypical results that involve correspondences between graphs and
adjacency matrices.

In what follows we let G denote a weighted digraph and A its weighted adjacency matrix or, equivalently, we
let A be a non-negative matrix and G be its associated weighted digraph (i.e., the digraph with nodes {1,...,n}
and with weighted adjacency matrix A). We start with some straightforward statements, organized as a table of
correspondences.

Digraph G Non-negative matrix A (adjacency of G)

G is undirected A=AT

G is weight-balanced Al, = AT1,, that is, Doy = Din

(no self-loops) node ¢ is a sink (zero diagonal) ith row-sum of A is zero
(no self-loops) node ¢ is a source (zero diagonal) ith column-sum of A is zero
each node has weighted out-degree equal to 1 (Do, = A is row-stochastic

1)

each node has weighted out- and in-degree equal to 1 A is doubly-stochastic
(Dout = Dy = n)

Next, we relate the powers of the adjacency matrix with the existence of directed walks in the digraph. We
start with some simple observation.

« First, pick two nodes ¢ and j and note that there exists a directed walk from ¢ to j of length 1 (i.e., an edge) if
and only if a;; = (A);; > 0.

« Next, consider the formula for the matrix power:

(A%);; = (ith row of A) - (jth column of A) = "(A)in(A)p;.
h=1

+ This formula implies that:
(A?);; > 0 if and only if there exists a node & such that (A);;, > 0 and (A),; > 0,
if and only if (i, h) and (h, j) are edges of G,
if and only if there exists a directed walk of length 2 from i to j.

« In short, we now know that a directed walk from i to j of length 2 exists if and only if (A?);; > 0.

These observations lead to the following simple, but central result. We leave the detailed proof as Exercise E4.6.

Lemma 4.2 (Directed walks and powers of the adjacency matrix). Let G be a weighted digraph with n nodes,
with adjacency matrix A and binary adjacency matrix Ao 1 € {0,1}"*". Foralli,j € {1,...,n} andk € N

(i) the (i,7) entry ofAIO“’1 equals the number of walks of length k from node i to node j; and

(ii) the (i, 4) entry of A¥ is positive if and only if there exists a walk of length k from node i to node j.
(Walks here are directed walks that possibly include self-loops.)
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Graph theoretical characterization of irreducible matrices

In this section we provide three equivalent characterizations of the notion of irreducibility and we can now
characterize certain connectivity properties of digraphs based on the powers of the adjacency matrix.

Before proceeding, we introduce a few useful concepts. First, {Z, 7} is a partition of the index set {1,...,n}
fZUT ={1,....n},Z#0,J # 0,and ZNJ = (). Second, a permutation matrix is a square binary matrix
with precisely one entry equal to 1 in every row and every column. (In other words, the columns of a permutation
matrix are a reordering of the basis vectors ey, . . ., €,; a permutation matrix acts on a vector by permuting its
entries.) Finally, an n X n matrix A is block triangular if there exists € {1,...,n — 1} such that

B C
A= ,
{ Op—ryxr | D ]

where B € R™", ' € R™*(n=7) and D € R(—7)x(n=7) are arbitrary:.
We are now ready to state the main result of this section.

Theorem 4.3 (Strongly connected digraphs and irreducible adjacency matrices). Let G be a weighted
digraph withn > 2 nodes and with weighted adjacency matrix A. The following statements are equivalent:
(i) A is irreducible, that is, ZZ;& AF > 0;
(ii) there exists no permutation matrix P such that PAPT is block triangular;
(iii) G is strongly connected;
(iv) for all partitions {Z, T} of the index set {1,...,n}, there existsi € Z and j € J such that (i, j) is a directed
edge in G.

Note: as the theorem establishes, there are four equivalent characterizations of irreducibility. In the literature,
it is common to define irreducibility through property (ii) or (iv). We next see two simple examples.

This digraph is strongly connected and, accordingly, its adja-
@ cency matrix is irreducible:

010
0 01
1 10

This digraph is not strongly connected (nodes 2 and 3 are glob-
@ ally reachable, but 1 is not) and, accordingly, its adjacency
matrix is reducible:

o O O

11
0 1
© ® Lo

Proof of Theorem 4.3. We start with the main equivalence. Regarding (i) = (iii), pick two nodes ¢ and j. Because
Zz;é AF > 0, there must exists k such that (4*);; > 0. Lemma 4.2(ii) implies the existence of a walk of length k
from ¢ to j. Hence, G is strongly connected.

Conversely, regarding (iii) == (i), because G is strongly connected, there exists a directed walk of length
k' connecting node i to node j, for all i and j. By removing any closed sub-walk from such a walk (so that no
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intermediate node is repeated), one can compute a walk from ¢ to j of length k£ < n. Hence, by Lemma 4.2(ii), the
entry (AF);; is strictly positive and, in turn, so is the entire matrix sum Zz;é Ak,

Next, we establish the equivalence between the two graph-theoretical statements. Regarding (iii) = (iv),
pick a partition {Z, J } of the index set {1,...,n} and two nodes ig € Z and jj € J. By assumptions there exists
a directed walk from g to jo. Hence there must exist an edge from a node in Z to a node in J.

Regarding (iv) = (iii), pick anode i € {1,...,n} andlet R; C {1,...,n} be the set of nodes reachable
from i, i.e., the set of nodes that belong to directed walks originating from node . Denote the unreachable nodes
by U; = {1,...,n} \ R;. Second, by contradiction, assume Uj is not empty. Then R; UU; is a partition of the
index set {1,...,n} and statement (iv) implies the existence of a non-zero entry a;; with j € R; and h € U;. But
then the node h is reachable. Therefore, U; = (), and all nodes are reachable from s.

We establish the last two equivalences as follows. Regarding (ii) = (iv), by contradiction, assume there
exists a partition (Z, J) of {1,...,n} such that a;; = Oforall (i,j) € Z x J.Letm: {1,...,n} = {1,...,n} be
the permutation that maps all entries of Z into the last |Z| entries of {1, ...,n}. Here, |Z| denotes the number of
elements of Z. Let P be the corresponding permutation matrix. We now compute PAPT and block partition it as:

A A
papT - [A7a JZ] 7
|:AIJ Az

where A7 7 € RVIXVI A7 e REXIZI Az, € REFIXIITI and A 77 € RIVIXIZI By construction, Az 7 = Oz1x |71
so that PAPT is block triangular, which is in contradiction with the assumed statement (ii).

Regarding (iv) = (ii), by contradiction, assume there exists a permutation matrix P and a number r < n
such that

PAPT:[ B C],

O(n—r)xr D

where the matrices B € R"™*", C' € R™("=") and D € R("")*("=") are arbitrary. The permutation matrix
P defines a unique permutation 7: {1,...,n} — {1,...,n} with the property that the columns of P are
€r(1)s - Cn(n)- Let J = {m1(1),...,m(r)"*} and Z = {1,...,n} \ J. Then, by construction, for any pair
(i,7) € T x J, we know a;; = 0, which is in contradiction with the assumed statement (iv). |

Next we present two results, whose proof are analogous to those of the previous theorem and left to the reader
as an exercise.

Lemma 4.4 (Global reachability and powers of the adjacency matrix). Let G be a weighted digraph with
n > 2 nodes and weighted adjacency matrix A. For any j € {1,...,n}, the following statements are equivalent:

(i) the jth node of G is globally reachable, and
(ii) the jth column ofzz;é A¥ is positive.
Next, we notice that if node j is reachable from node ¢ via a walk of length & and at least one node along that

walk has a self-loop, then node j is reachable from node ¢ via walks of length &, k + 1, £ + 2, and so on. This
observation and the last lemma lead to the following corollary.

Corollary 4.5 (Connectivity properties of the digraph and positive powers of the adjacency matrix:
cont’d). Let G be a weighted digraph with n nodes, weighted adjacency matrix A and a self-loop at each node. The
following statements are equivalent:

(i) G is strongly connected; and

(i) A"~! is positive, so that A is primitive.
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Foranyj € {1,...,n}, the following two statements are equivalent:

(iii) the jth node of G is globally reachable; and

(iv) the jth column of A"~ has positive entries.
Finally, we conclude this section with a clarification.

Remark 4.6 (Similarity transformations defined by permutation matrices). Note that PAPT is the similarity
transformation of A defined by P because the permutation matrix P satisfies P~' = PT; see Exercise E2.12.

010
Moreover, note that PAPT is simply a reordering of rows and columns. For example, consider P = |0 0 1| with
100
0 01 1] 2 1 3
PT= 1|1 0 0|.NoteP |2| = |3| and PT |2| = |1| and compute
010 3] 1 3 2
[a11 a1z a3 ase a2z a21
A= laz1 axn a3 —  PAP" = |az as a3,
(31 a32 a3z aiz a3 ai

so that the entries of the 1st, 2nd and 3rd rows of A are mapped respectively to the 3rd, 1st and 2nd rows of PAPT —
and, at the same time, — the entries of the 1st, 2nd and 3rd columns of A are mapped respectively to the 3rd, 1st and
2nd columns of PAPT. o

Graph theoretical characterization of primitive matrices
In this section we present the main result of this chapter, an immediate corollary and its proof; see also Figure 4.3.

Theorem 4.7 (Strongly connected and aperiodic digraphs and primitive adjacency matrices). Let G be
a weighted digraph with n > 2 nodes and with weighted adjacency matrix A. The following two statements are
equivalent:

(i) G is strongly connected and aperiodic; and
(i) A is primitive, that is, there exists k € N such that A* is positive.
Before proving Theorem 4.7, we introduce a useful fact from number theory, whose proof we leave as Exer-
cise E4.16. First, we recall a useful notion: a set of integers are coprime if its elements share no common positive
factor except 1, that is, their greatest common divisor is 1. Loosely, the following lemma states that coprime

numbers generate, via linear combinations with non-negative integer coefficients, all numbers larger than a given
threshold.

Lemma 4.8 (Frobenius number). Given a finite set A = {a1, aa,. .., a,} of positive integers, an integer M is said
to be representable by A if there exist non-negative integers {a1, g, . .., an} such that M = aja; + ... + ayan.
The following statements are equivalent:

(i) there exists a (finite) largest unrepresentable integer, called the Frobenius number of A, and

(ii) the greatest common divisor of A is 1.
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A? AP At AP

Figure 4.3: Pixel pictures of the increasing powers of a non-negative matrix A € R?>*2?°, The digraph associated
to A is strongly connected and has self-loops at each node; as predicted by Theorem 4.7, there exists kK = 5 such
that A% > 0.

For example, one can show that, for the set of coprime numbers A = {3, 5}, the largest unrepresentable integer
is 7. As another example, the set A = {5, 10} (imagine nickels and dimes in US currency) is not coprime and,
indeed, there is an infinite sequence of unrepresentable numbers (i.e., there is an infinite number of monetary
amounts that cannot be obtained using only nickels and dimes).

Proof of Theorem 4.7. Regarding (i) == (ii), pick any ordered pair (4, j). We claim that there exists a number
k(i, j) with the property that, for all m > k(i, j), we have (A™);; > 0, that is, there exists a directed walk
from i to j of length m for all m > k(i,7). If this claim is correct, then the statement (ii) is proved with
k = max{k(i,j) | i,j € {1,...,n}}. To show this claim, let {c1,...,cn} be the set of the simple cycles
of G and let {{1,...,¢n} be their lengths. Because G is aperiodic, the lengths {1, ..., ¢y} are coprime and

Lemma 4.8 implies the existence of a number h(¢1,...,¢y) such that any number larger than h(¢1,...,/y) is a
linear combination of /1, . .., ¢y with non-negative integer as coefficients. Because G is strongly connected, there
exists a walk «y of arbitrary length I'(¢, j) that starts at 4, contains a node of each of the cycles ¢y, ..., cy, and

terminates at j. Now, we claim that k(i, j) = I'(¢, j) + h(¢1, .. ., n) has the desired property. Indeed, pick any
number m > k(i, j) and write it as m = I'(i, j) + f141 + - - - + Bn{n for appropriate numbers 1, ..., By € N.
As illustrated in Figure 4.4, a directed walk from ¢ to j of length m is constructed by attaching to the walk  the
following cycles: 3 times the cycle c;, B2 times the cycle ca, . . ., By times the cycle cy.

Figure 4.4: Illustration of the proof of Theorem 4.7: since 2 and 3 are coprime numbers, there exist only a finite set
of numbers £ for which there is no walk from i to j of length k.

Regarding (ii) == (i), from Lemma 4.2 we know that A* > 0 means that there are walks of length & from
every node to every other node. Hence, the digraph G is strongly connected. Next, we prove aperiodicity. Because
G is strongly connected, each node of G has at least one outgoing edge, that is, for all ¢, there exists at least one
index j such that a;; > 0. This fact implies that the matrix A¥*1 = AA¥ is positive via the following simple
calculation: (AkH)il =31 ain (AR > a;j (AF) j1 > 0. In summary, if A¥ is positive for some k, then A™ is
positive for all subsequent m > k (see also Exercise E2.5). Therefore, there are closed walks in G of any sufficiently
large length. By Exercise E3.8, this fact implies that G is aperiodic. |
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Elements of spectral graph theory

In this section we switch topic and provide some elementary useful results on the spectral radius of a non-negative
matrix A. These bounds play an important role, e.g., in understanding various monotonicity and convergence
results in later chapters.

Lemma 4.9 (Bounds on the spectral radius of non-negative matrices, I). Fora non-negative matrix A € RZ{",

vector v € RY, v # 0y, and scalars r1,r2 > 0, the following statements hold:

(i) ifriz < Ax, thenr; < p(A),
(ii) if Ax < rox and x € RY, then p(A) < ro.

Moreover, for an irreducible matrix A,
(iii) ifrix < Ax < rox andrix # Ax # rox, thenry < p(A) < ry andx € R,

Proof. Regarding statement (i), define A,, = A/r; and assume by absurd p(A,,) < 1. If A, > =z, then
multiplying the left and right hand side by A,, one can see that A% = > z for all k € N. But p(A,,) < 1 implies
limy oo Affl = Opxn- Therefore, for all nonzero non-negative x, we know there exists sufficiently large k£ such
that A¥ 2 > z. We found a contradiction and so we know p(A4/ry) > 1.

Regarding statement (ii), the Perron-Frobenius Theorem 2.12 for non-negative matrices implies the existence
of w > 0, w # 0, such that w' A = p(A)w". Left-multiplying Az < rox by w' leads to

p(A)(w"z) < ra(wTa)

and the claims follows from noting that 2 > 0 implies w 'z > 0.

Regarding statement (iii), we prove the lower bound. First, we note that the left dominant eigenvector w
is now strictly positive because A is irreducible. This implies w 'z > 0. Second, by assumption we know that
riz; < (Ax); for all 7 and that there exists at least one index j such that r12; < (Ax);. Therefore, since w > 0,
we know w' (r1z) < w' (Az). This last inequality immediately implies 7; < p(A). The upper bound is obtained
similarly.

The proof of positivity of x is left as an exercise to the reader. |

We next show how these bounds allow us to establish the monotonicity of the spectral radius as a function of
matrix entries. The following lemma is the first result on this type of monotonicity property; we refer to Lemma 6.9,
Example 6.13, Exercises E10.5 and E10.6 for similar results later in the book.

Lemma 4.10 (Monotonicity of spectral radius of non-negative matrices). Let A and A’ be non-negative
matrices in RY"™. Then

(i) if A < A", then p(A) < p(A')
(ii) if additionally A # A’ and A’ is irreducible, then p(A) < p(A’).

Proof. Regarding statement (i), from the Perron-Frobenius Theorem 2.12 for non-negative matrices let (p(A),v)
be a non-negative eigenpair for A. Compute

p(A)w = Av < A'v. (4.2)

Therefore Lemma 4.9(i) applied to the matrix A’ states that p(A) < p(A’). This proves statement (i). (An alternative
proof relies upon Gelfand’s formula; see Exercise £4.18.)
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Next, we prove statement (ii) under the additional assumption that A is irreducible. From the Perron-Frobenius
Theorem 2.12 for irreducible matrices let (p(A), v) be a positive eigenpair for A. Equation (4.2) continues to hold,
but v > 0 now implies also that A’v # Av = p(A)v. Therefore, Lemma 4.9(iii) implies that p(A4) < p(A’).

Finally, we prove statement (ii) without the additional assumption that A is irreducible, i.e., we assume A is
reducible and A’ is irreducible. Define B € R%" by bij = asj if a;; # 0, and b;; = a;j /2 if a;; = 0. By design,
B satisfies A < B < A’, and, therefore, statement (i) implies p(A) < p(B) < p(A’). Moreover, B is irreducible
(since it has the same zero/positive pattern as A’) and B # A’ so that the argument in the previous paragraph
(where A is assumed irreducible) implies p(B) < p(4’). [ |

Next, we specialize the results in Lemma 4.9 and provide a necessary and sufficient characterization for the
spectral radius to be strictly less than the maximum out-degree. In what follows, recall that ith entry of the vector
A1l,, contains the ith row-sum of the matrix A and the out-degree of the ith node of the digraph associated to A.
In other words, doy (i) = eiTAln.

Theorem 4.11 (Bounds on the spectral radius of non-negative matrices, II). For a non-negative matrix
A € RLS™ with associated digraph G, the following statements hold:

(i) min(Al,) < p(A) < max(Al,); and

(ii) ifmin(Al,) < max(AL,), then the following two statements are equivalent:

a) for each node i withe] A1, = max(AL,), there exists a directed walk in G from node i to a node j with
e}—Aln < max(Al,); and
b) p(A) < max(Aly,).

An illustration of this result is given in Figure 4.5. Before providing the proof, we introduce a useful notion
and establish a corollary.

(a) Complete bipartite graph K3 3 with binary (b) Two-dimensional grid graph Gy 7
adjacency matrix Arc; 5 with binary adjacency matrix Ag, ,

Figure 4.5: Illustration of Theorem 4.11 applied to the symmetric binary adjacency matrices of two undirected
graphs. By counting the number of neighbors of each node (i.e., by computing the row sums of A) and observing
that the grid graph is connected, we can establish that p(Ak, ,) = 3 and 2 < p(Ag, ;) < 4.

We now apply this necessary and sufficient characterization to a useful class of non-negative matrices.

Definition 4.12 (Row-substochastic matrix). A non-negative matrix A € R"*" is row-substochastic if its
row-sums are at most 1 and at least one row-sum is strictly less than 1, that is,

Al, <1,, and there existsi € {1,...,n} such that eZ-TAln < 1.

Note that any row-substochastic matrix A with at least one row-sum equal to 1 satisfies min(A1,,) < max(A1,)
and that any irreducible row-substochastic matrix satisfies condition (ii)a in Theorem 4.11 because the associated
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digraph is strongly connected. These two observations allow us to characterize when row-substochastic matrices
are convergent.

Corollary 4.13 (Convergent row-substochastic matrices). Let A be row-substochastic with associated digraph

G.

(i) A is convergent if and only if its G contains directed walks from each node with out-degree 1 to a node with
out-degree less than 1, and

(ii) if A is irreducible, then A is convergent.
We now present the proof of the main theorem in this section.

Proof of Theorem 4.11. We start by noting that statement (i) is an immediate consequence of Lemma 4.9(i) and (ii)
with z = 1,,, r1 = min(A41,) and ro = max(Al,).

Next, we establish that the condition (ii)a implies the bound (ii)b. It suffices to focus on row-substochastic
matrices (if max(A1,) # 1, we consider the row-substochastic matrix A/ max(A1,,)). We now claim that:

(1) ifeiTAhln < 1 for some h € N, then eiTAhﬂln <1,
(2) if i has an out-neighbor j (that is, A;; > 0) with eJTAhln < 1for some h € N, then eiTAh“ln <1,
(3) there exists k such that A¥1,, < 1,,, and
(4) p(A) < 1.
Regarding statement (1), for a node ¢ satisfying eiTAh 1, < 1, we compute

e] A1, =elAM(AL,) <efAlM1, < 1,

where we used the implication: if 0,, < v < 1, and w > 0y, then w'v < w'l,. This proves statement (1). Next,
note that A1, < 1,, implies AM1,, < 1,,. Moreover, eJTAhln < 1 implies that the jth entry can be written as

(AP1,); = e;!—Ahln =1-(1- e]TAhln), where (1 — e]TAhln) > 0. In summary,
AML, <1, — (1—ef AM1,)e;.
Therefore, we compute
el AMHL1, = (e] A)(AM1,)

< (e] A) <1n ~(1- ejTAhln)ej>

=e AL, — (1—e]A"L,)ef Ae; <1— (1—e] A"1,)A; < 1.
This concludes the proof of statement (2).

Regarding statement (3), note that, if A is row-substochastic, then A" is row-substochastic for any natural

h > 1. Let S, be the set of indices i such that the ith row-sum of A" is strictly less than 1. Statement (1) implies
S1 C Shi1. Moreover, because of the existence of directed walks from every node to nodes with row-sum less

than 1, statement (2) implies that there exists &k such that S, = {1,...,n}. This proves statement (3).
Next, define the maximum row-sum at time k by

n

7= max Z(Ak)ij < 1.

e, ..
ZG{, ,’I’L} ]:1
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Given any natural number k* > k, we can write k* = ak + b with a positive integer and b € {0, ...,k — 1}. Note
that
AF 1, < A1, < A4°1,.

The last inequality implies that, as k* — oo and therefore a — oo, the sequence A*" converges to 0. This fact
proves statement (4) and, in turn, that the condition (ii)a implies the bound (ii)b.

Finally, we sketch the proof that the bound (ii)b implies the condition (ii)a. By contradiction, if condition (ii)a
does not hold, then the condensation of GG contains a sink whose corresponding row-sums in A are all equal to
max(A1l,). But to that sink corresponds an eigenvector of A whose eigenvalue is therefore max(A1,,). We refer
to Theorem 5.2 for a brief review of the properties of reducible non-negative matrix and leave to the reader the
details of the proof. |

4.6 Appendix: Balancing and scaling nonnegative matrices

In this appendix we consider balancing and scaling problems. These optimization problems have a rich history,
going back all the way to the 1960s. As reviewed by Idel (2016), these problems are related transportation planning
in geography, contingency table analysis in statistics, pre-conditioning matrices in scientific computing, matching

problems in combinatorial optimization.

A nonnegative matrix A € RZ§" is

(i) balanced if it has identical row and column sums, that is, A1, = AT1,, and
(ii) (r,c)-scaled, for nonnegative vectors r, ¢ € RZ, if it has row sums 7 and column sums c, that is, A1, = r
and AT1, = c.

For example, it is known' that, for any tridiagonal matrix A, there exists a diagonal positive D such that
DAD™! is symmetric. Therefore any nonnegative tridiagonal matrix is balancable.
Recall the notion of the open simplex A, = {x € R" |z > 0,17z = 1}.

Theorem 4.14 (Balancing and block irreducibility). Given a nonnegative A € RL(", the following statements
are equivalent:

(i) there exists a positive diagonal matrix D such that DAD™" is balanced (i.e., A is balancable and balanced by
D);

(ii) the digraph associated to A is the union of strongly connected components;

(iii) the balancing function f: A, >R defined by f(x) = szzl aijxixj_l has a minimum point x* € A, such
that diag(x*) A diag(z*) ™! is balanced;

(iv) there exists a matrix B € RL§"™ with the same pattern as A satisfying B1,, = BT1,;and

(v) the matrix D1 Dy . .. Dy, defined by the diagonal balancing algorithm, given below, approximately balances A.

The scaling of A is unique and D is unique up to scalars for each irreducible block of A.

Next, we consider scaling problems.

Theorem 4.15 (Scaling and matrix patterns). Given a nonnegative A € RL{" and nonnegative vectors vectors

r,c € R, such that 17r = 1T¢, the following statements are equivalent:

"For example see https://en.wikipedia.org/wiki/Tridiagonal matrix
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Diagonal balancing algorithm. At each iteration, the diagonal balancing algorithm identifies the index corre-
sponding to the maximum violation of the “row sum is equal to colum sum” condition. The resulting row and
columns are scaled in such a way as that their sums are equal.

Input: nonnegative matrix A € R"*" and error threshold ¢ > 0
Output: a diagonal positive matrix D approximately balancing A, with a maximum “row sum minus column sum”
error upper bounded by ¢

1: A1::A, k:=0

2: repeat

3: k=k+1

4: compute r := Ail, and ¢ := AZln

5 find index ¢ such that |r; — ¢;| = ||r — ¢]|

/1 (this step identifies the index with maximum violation)
6: define Dy := diag(1,...,\/¢i/Ti,..., 1)
~——
ith entry
7: update A1 := DkAkDI;I
8 until ||r — ¢lloc < e
9: return D1Ds ... Dy

(i) there exists positive diagonal matrices D1 and Dy such that D1 ADs is (1, ¢)-scaled;
(ii) there exists a matrix B € Rgé" with the same pattern as A satisfying Bl,, = r and B'1,, = ¢;
(iii) foreveryZ, J C {1,...,n} such that Azey = 0, we have that ) ;.7 mi > ). 7 ¢; and equality holds if and
only if Az 7c = 0; and
(iv) the matrices L1 Ly ... Ly and R1 Ry . .. Ry, defined by the SK scaling algorithm, given below, approximately
(r, c)-scales A.

Sinkhorn-Knopp (SK) scaling algorithm. The SK algorithm alternates between scaling rows and columns of
A. At each iteration, each row is multiplies by a positive constant to ensure the desired row sum; then the same
operation is executed for each column. The symbol @ mean entry-wise division.

Input: nonnegative matrix A € R"*" and nonnegative vectors vectors r, c € RZ such that 1Tr =1T¢
Output: an approximately (r, ¢)-scaled matrix related to A by left and right multiplication by positive diagonal

matrices
1 Amp = A, k=1
2: repeat
3: Lk = diag(r %) (Atmpln)), Atmp = Lk:Atmp

// (this step amounts to rescaling Aimp so that its row sums are equal tor)
4; Ry, := diag(c @ (AtTmpln)), Apmp = Apmp Ry
// (this step amounts to rescaling Aimp so that its column sums are equal to c)
5: k=k+1
6: until row sums of Ay are approximately equal to r
7: return L1Ls...Lyand R1Rs... Ry
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Historical notes and further reading

All results in this chapter are well documented in standard books on non-negative matrices such as (Seneta, 1981;
Minc, 1988; Berman and Plemmons, 1994). For example, Lemma 4.9 is (Berman and Plemmons, 1994, Chapter 2,
Theorem 1.11, page 28) and a slightly weaker version of Lemma 4.10 is (Berman and Plemmons, 1994, Chapter 2,
Corollary 1.5, page 27). Also relevant are standard books on algebraic graph theory (Biggs, 1994; Godsil and Royle,
2001).

For more information on the Frobenius number we refer to (Owens, 2003) and, for an informal read, to
Wikipedia:Coin_Problem.

More results on spectral graph theory and, specifically, a review and recent results on bounding the spectral
radius of an adjacency matrix are given, for example, by Nikiforov (2002) and Das and Kumar (2004). Bounds on
the eigenvalues of the Laplacian matrix are given in Section 6.2 and Exercise E6.6.

A comprehensive review of balancing and scaling problems is given by Idel (2016). Early references include (Os-
borne, 1960) on balancing and (Sinkhorn and Knopp, 1967) on scaling problems. Theorem 4.14 presents analysis
results from (Idel, 2016, Theorem 5.1) and (Eaves et al., 1985, Theorem 3) and algorithmic results from (Schneider
and Zenios, 1990). The results in Theorem 4.15 are taken from (Idel, 2016, Theorem 4.1). State-of-the-art algorithms
are given by (Cohen et al., 2017).
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4.8 Exercises

E4.1 Example row-stochastic matrices and associated digraph. Consider the row-stochastic matrices

00 1 1 1010 1010
11 010 111 010 11100
A=3510 1 0 1]° =301 0 1]° ™ =515 ¢ 1 1
1100 010 1 010 1

(i) Draw the digraphs G1, G2 and G3 associated with these three matrices.
Using only the original definitions and without relying on the characterizations in Theorems 4.3 and 4.7, show that:
(ii) the matrices A1, A and Aj are irreducible and primitive,
(iii) the digraphs G1, G5 and G5 are strongly connected and aperiodic, and
(iv) the averaging algorithm defined by Ao converges in a finite number of steps.

E4.2 Tridiagonal Toeplitz matrices. An n X n matrix A is tridiagonal Toeplitz if there exist numbers a, b, and ¢, with
a # 0 and ¢ # 0 such that

b a O 0
c b a 0
A=
0 ... ¢ b a
0 ... 0 b
Show that the eigenvalues and right eigenvectors of a tridiagonal Toeplitz A are, for j € {1,...,n},

(¢/a)!/? sin(Ljr/(n + 1))
(/)" sin(2jm/(n + 1)

1), and wv; =

Aj=b+ Qa\/c/acos( ‘7_:
n

(¢/a)™2 sin(njr/(n + 1))

E43 Circulant matrices. A matrix C € C"*" is circulant if there exists numbers cg, . . ., ¢,_1 such that
Co ClT ... Cp-1
Ch—1 Co ... Cp—2
c=1" .
C1 Cy ... Co

In other words, a circulant matrix is fully specified by its first row; the remaining row of C' are cyclic permutations of
the first row. A circulant matrix is Toeplitz. Show that

(i) the eigenvalues and eigenvectors C' are, for j € {0,...,n — 1},

2 -1
Aj =co+cawj+cwi+- - +epow)T, and vy = I

9
where w; = exp(ﬂ), j €{0,...,n — 1}, are the nth complex roots of the number 1, and i = /—1.
n

(i) for n even, k € R, and (cg,c1,...,¢cn—1) = (1 — 2k, k,0,...,0, k), the eigenvalues are

2r(y —1
)\jZQHCOSM—i-(l—?K), jed{l,...,n}
n
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Note: Circulant matrices enjoy numerous properties; e.g., if C1 and Cy are circulant, so are Cf, Cy + Cy and C1Cs.
Additional properties are discussed for example by Davis (1979).

E44 Adjacency spectrum of basic graphs. Given the basic graphs in Examples 3.1 and 4.1 and the properties of
tridiagonal Toeplitz and circulant matrices in Exercises E4.2 and E4.3, prove the statements in Table 4.1. In other
words, show that, for n > 2,

(i) for the path graph P,, the adjacency matrix is Toeplitz tridiagonal and the adjacency spectrum is {2 cos(mi/(n +

1)) |ied{l,...,n}}

(ii) for the cycle graph C,,, the adjacency matrix is circulant and the adjacency spectrum is {2 cos(27i/n)) | i €
{1,...,n}t}

(iii) for the star graph S,,, the adjacency matrix is e;e_; +e_;€;, wheree_; = 1,, —e;, and the adjacency spectrum
is {v/n—1,0,...,0,—/n—1};

(iv) forthe complete graph I<,,, the adjacency matrix is 1,, 1T —1,,, and the adjacency spectrumis { (n—1), —1,..., —1};
and

OTLXTL 1n><m

(v) for the complete bipartite graph K, ,,, the adjacency matrix is { } and the adjacency spectrum is

{V/am,0,...,0,—/nm}.

E45 Edges and triangles in an undirected graph. Let A be the binary adjacency matrix for an undirected graph G

n

without self-loops. Recall that the trace of A is trace(A4) = > " | ;.
(i) Show trace(A4) = 0.
(ii) Show trace(A?) =2|E

(iii) Show trace(A3) = 6|T
three nodes.)

1m><n Ome

, where | E| is the u number of edges of G.

, where |T| is the number of triangles of G. (A triangle is a complete subgraph with

(iv) Verify results (i)—(iii) on the matrix A =

—_—_= O

11

0 1].

10

» E4.6 Directed walks and powers of the adjacency matrix. Prove Lemma 4.2.

E4.7 An additional characterization of irreducibility. In this exercise we provide an additional characterization of
irreducibility to Theorem 4.3. Given a non-negative matrix A of dimension n, show that the following statements are
equivalent:

(i) there exists no permutation matrix P such that PAPT is block triangular, and
(i) for any non-negative vector y € R%, with 0 < k < n strictly positive components, the vector (I, + A)y has at

least k + 1 strictly positive components.

E4.8 An example reducible or irreducible matrix. Consider the binary matrix:

0 0011
1 01 01
A=10 1 0 1 1
1 0 0 0 1
10 010

Draw the digraph associated to A. Prove that A is irreducible or prove that A is reducible by providing a permutation
matrix P that transforms A into an upper block-triangular matrix.

» E49 Characterization of indecomposable matrices. Following (Wolfowitz, 1963), we say a non-negative matrix A is
indecomposable if its associated digraph contains a globally reachable node. Generalizing the proof of Theorem 4.7,
show that the following statements are equivalent:

(i) A is indecomposable and the subgraph of globally reachable nodes is aperiodic, and

ii) there exists an index h € N such that A" has a positive column.
p
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E4.10 A sufficient but not necessary condition for primitivity. Assume the square matrix A is non-negative and
irreducible. Show that

(i) if A has a positive diagonal element, then A is primitive,
(ii) if A is primitive, then it is false that A must have a positive diagonal element.

E4.11 Primitive matrices are irreducible. Prove Lemma 2.11 relying upon Theorem 4.3 instead of the Caley-Hamilton
Theorem.

» E4.12 The exponent of a primitive matrix.
(i) Let G be the digraph with nodes {1, 2,3} and edges {(1,2),(2,3),(3,1),(2,1)}. Explain if and why G is
strongly connected and aperiodic.
(ii) Recall a non-negative matrix A is primitive if there exists a number k such that A¥ > 0; the smallest such
number k is called the exponent of the primitive matrix A. Do one of the following:
a) prove that the exponent of a primitive matrix A € R™*" is less than or equal to n, or
b) provide a counterexample.
Note: Wielandt (1950) proved that the exponent of a primitive matrix of dimension n is upper bounded by (n — 1)? + 1
and that this bound is sharp in the sense that there exist primitive matrices for which A=V is not positive. It is also
known that the exponent of a primitive matrix with positive diagonal is at most n — 1. We refer to (Brualdi and Ryser,
1991, Section 3.5) for an elegant treatment, including a generalization of the example in this exercise.

E4.13 Normalization of non-negative irreducible matrices. Consider a weighted digraph G' and with an irreducible
adjacency matrix A € R"*". The matrix A is not necessarily row-stochastic. Find a positive vector w € R" so that
the normalized matrix )

P = —(diag(w)) ' A diag(w)
p(4)
is non-negative, irreducible, and row-stochastic.

E4.14 Eigenvalue shifting for stochastic matrices. Let A € R"*" be an irreducible row-stochastic matrix. Let F be a
diagonal matrix with diagonal elements E;; € {0, 1}, with at least one diagonal element equal to zero. Show that AF
and F A are convergent.

E4.15 Decomposition of irreducible row-stochastic matrices. Let A € R"*" be row-stochastic and irreducible. Pick a
dimension 1 < k < n, and define the block-matrix decomposition

A= Wi Wi, ., where Wi; € R¥*F and W, € R(*—F)x(n=k),
War Wi
Show that
(i) Ix — Wiy and I,,_j, — Woy are invertible, and
(i) (Ix — Wi1) " Wiad,x = L and (1, — Waa) "1 Wa1 1y = 1,,_4.
E4.16 The Frobenius number. Prove Lemma 4.8.
Hint: Read up on the Frobenius number in (Owens, 2003).
E4.17 Induced norms and Gelfand’s formula. In this exercise we review the notion of induced norm and some of its

useful properties. Given a norm || - || on C", the induced norm of a square matrix A € C"*" is
A
1A = max {||Az| | # € C* and |z]| = 1} = sup | Az]
e
Specifically, in the context of p-norms, for p € NU{oo}, it is well known that, for € C™ and A € C",
n n
lalls =>_,_, Il lAll = _max >0 i) (E4.1)
n
fello =[S0 et 41l = Vo A7), (£42)
n
ol = guaxlai Al = cgnex Doy o (E43)
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where A* is the complex conjugate of A. The induced 2-norm of A is also known as the maximum singular value of A
and ||A|]2 = p(A),if A = A*.
For any A € C™*" and any induced matrix norm || - ||, show that
) p(4) <A
(ii) p(A) < ||A*||Y/* for all k € Zs, and
(i) p(A) = limy_s [|A*|'/*, also known as Gelfand’s formula.

5

E4.18 Monotonicity properties of spectral radius of non-negative matrices. Given A € C"*", let |A| € RZ, denote
the matrix with entries |a;;|. Given A € C"*™ and E € RZ,, use Gelfand’s formula in Exercise E4.17 to show

p(4) < p(|A]) < p(|A] + E).

Note: This result implies that, for example, if A and A’ be two non-negative n X n dimensional matrices, then A < A’
implies p(A) < p(A’).

E4.19 Leslie population model. The Leslie model is used in population ecology to model the changes in a population of
organisms over a period of time; see the original reference (Leslie, 1945) and a comprehensive text (Caswell, 2006).
In this model, the population is divided into n groups based on age classes; the indices 7 are ordered increasingly

with the age, so that ¢ = 1 is the class of the newborns. The variable z;(k), ¢ € {1,...,n}, denotes the number of
individuals in the age class ¢ at time k; at every time step k the z; (k) individuals

« produce a number «o;x;(k) of offsprings (i.e., individuals belonging to the first age class), where o; > Ois a
fecundity rate, and

« progress to the next age class with a survival rate 3; € [0, 1].

If (k) denotes the vector of individuals at time k, the Leslie population model reads

aq (69 . Qp—1 (67%%
B 0 ... 0 0

e(k+1)=Az(k)= |0 B2 o o 0| a(k), (E4.4)
0 0 ... Boer O

where A is referred to as the Leslie matrix. Consider the following two independent sets of questions. First, assume
a;>0forallie {1,...,n}and 0 < B; < 1foralli e {1,...,n—1}.
(i) Prove that the matrix A is primitive.
(i) Letp;(k) = % denote the percentage of the total population in class i at time k. Call p(k) the population
=17
distribution at time k. Compute limy_, 1 . p(k) as a function of the spectral radius p(A) and the parameters
(Oéi,ﬁi), 1€ {1, ey n}
Hint: Obtain a recursive expression for the components of the right dominant eigenvector of A

(iii) Assume 8; = 8 > 0and a; = g fori € {1,...,n}. What percentage of the total population belongs to the
eldest class asymptotically, that is, what is limy_, o0 pp, (k)?

(iv) Find a sufficient condition on the parameters (o, §;), ¢ € {1,...,n}, so that the population will eventually
become extinct.

Second, assume «; > 0fori € {1,...,n}and 0 < 3; < 1foralli e {1,...,n— 1}

(v) Find a necessary and sufficient condition on a4, ...,a,, and B1,. .., B,—1, so that the Leslie matrix A is
irreducible.

(vi) For an irreducible Leslie matrix (as in the previous point (v)), find a sufficient condition on the parameters
(i, Bi), 1 € {1,...,n}, that ensures that the population will not go extinct.

E4.20 Swiss railroads. Consider the fictitious railroad map of Switzerland given in figure below.

(i) Can a passenger go from any station to any other?
(ii) Is the graph acyclic? Is it aperiodic? If not, what is its period?
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Next, write the unweighted adjacency matrix A of this transportation network and, relying upon A and its powers,
answer the following questions:

(iii) what is the number of links of the shortest walk connecting St. Gallen to Zermatt?
(iv) is it possible to go from Bern to Chur using 4 links? And 5?

(v) how many different routes, with strictly less then 9 links and possibly visiting the same station more than once,
start from Ziirich and end in Lausanne?

E4.21 Normal, irreducible, row-stochastic matrices are doubly stochastic. Assume A € R"*"™ is row-stochastic,

irreducible, and normal, i.e., AAT = AT A. Show that
(i) A is doubly-stochastic,

(ii) any row-stochastic circulant matrix (see E4.3) is doubly stochastic, and

(iii) any orthogonal row-stochastic matrix (see E2.12) is a permutation matrix.
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CHAPTER 5

Discrete-time Averaging Systems

After discussing matrix theory and graph theory, we are ready to go back to the averaging
model introduced in Chapter 1 with examples from sociology, wireless
sensor networks and robotics. Recall that the discrete-time averaging
systems, as given in equation (1.3), is

z(k+1) = Az(k), (5.1)

where the matrix A = [a;;] is row-stochastic.

This chapter presents comprehensive convergence results for this
model, based on Perron-Frobenius theory and algebraic graph theory.
We pay special attention to how the structure of the network determines
its function, i.e., the asymptotic behavior of the averaging system. First, Figure 5.1: Opinion averaging is believed
we discuss the emergence of consensus for primitive matrices and re- to be a key mechanism in social influ-
ducible matrices with a single sink and then we discuss the emerge of ence network.
asymptotic disagreement for matrices with multiple sinks. Additionally,
we provide alternative equivalent proofs of convergence to consensus
via certain ergodicity coefficients. We then discuss the equal-neighbor and the Metropolis-Hastings models of
row-stochastic matrices. Finally, we present some centrality notions from network science.

Averaging systems achieving asymptotic consensus

We start by considering three simple averaging systems.

First example: Let us start the analysis where we left it off at the end of Chapter 2, i.e., with the wireless sensor
network example illustrated in Figure 5.2. From the figure, we note that the weighted digraph Gy, is strongly

1/27 Figure 5.2: Wireless sensor network example introduced in Section 1.2
1 /,3\ a—1/3 and studied in Example 2.14. This weighted directed graph G, corre-

1/3 1/2 1/2 0 0
f1/3 1/3

sponds to the row-stochastic matrix Ay, = 1(/)4 %;l 1?; };;1 ,

1/ 1/4 /
i JP/ » 0 1/3 1/3 1/3
4_1/41/2» as defined in equation (1.2).
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connected and aperiodic and that the row stochastic matrix Aysg, is not column stochastic. We now reason as
follows. First, Theorem 4.7 (on the graph theoretical characterization of primitive matrices) states that the strongly
connected and aperiodic digraph Gy, has a primitive adjacency matrix Aysy. Second, the Perron-Frobenius
Theorem 2.12 states that the eigenvalue 1 is simple and strictly dominant for the primitive row-stochastic matrix
Awsn- Therefore, Theorem 2.13 (on the powers of non-negative matrices with a simple and strictly dominant
eigenvalue) states that

Jim. Ak =10,

where w = [1/6,1/3,1/4,1/4]7 is the left dominant eigenvector of Aq,. Next, each solution z(k) = AX_ 2(0)
to the averaging system x(k + 1) = Aysnx (k) satisfies

lim z(k) = lim A*_2(0) = (14w ")z(0) = (w'z(0))1, = :
k—o00 k—o0 T

w' z(0)

In other words, the value at each node of the wireless sensor network converges to a consensus value w'z(0) =
(1/6)x1(0) + (1/3)z2(0) + (1/4)x3(0) + (1/4)z4(0). Note that the averaging algorithm Ay, does not achieve
average consensus, since the final value is not equal to the exact average of the initial conditions. Indeed, Ay, is
not column stochastic and node 2 has more influence than the other nodes.

Second example: As second example, Figure 5.3 illustrates the robotic pursuit digraph, denoted by Gpursuit,

1/2'\0—1/2_>( r“m Figure 5.3: Robotic cyclic pursuit example introduced in Sec-
72" tion 1.6, see equation (1.23) with k = 1/2. This weighted di-
graph Gpusuit corresponds to the row-stochastic matrix Apyreuit =

1/,2,70 2 [1/2 1/2 ... 0 0]
L} 2 (/) 1/2 o0

s K . / . .

ﬁt : 0 |-
;OO 0 . e 1/2 1)2

/2 0 ... 0 1/2]

introduced in Section 1.6. We note that Gpursuit is strongly connected, aperiodic, and weight-balanced. Therefore,
the row-stochastic matrix Apursuic is primitive and column stochastic and, in turn, the averaging system achieves
average consensus:

klirgo z(k) = klg& Algursuita:(O) = average(z(0)) 1,.

Third example: As third example, we consider a reducible row-stochastic matrix whose associated digraph is
not strongly connected. Such a matrix with its associated digraph and spectrum is illustrated in Figure 5.4. We note
that this digraph has an aperiodic subgraph of globally reachable nodes and that the eigenvalue 1 is still simple and
strictly dominant. We call such row-stochastic matrices indecomposable; we refer to Exercise E4.9 for additional
properties of such matrices. We will show that the associated averaging algorithm is akin to an averaging system
of the form

and still achieves consensus.
We are finally ready to state and prove the main result of this section.
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- “
8

- &
]

(a) Pixel picture of a 10 x 10 row- (b) The corresponding digraph has an ape- (c) The spectrum of the adjacency matrix
stochastic matrix; we assume each row riodic subgraph of globally reachable nodes includes a dominant eigenvalue.
contains equal entries summing to 1. (all nodes in dark gray).

Figure 5.4: An example indecomposable row-stochastic matrix, its associated digraph (consistent with Theo-
rem 5.1(A2)), and its spectrum (consistent with Theorem 5.1(A1))

Theorem 5.1 (Consensus for row-stochastic matrices with a globally-reachable aperiodic strongly-con-

nected component). Let A be a row-stochastic matrix and let G be its associated digraph. The following statements
are equivalent:

(A1) the eigenvalue 1 is simple and all other eigenvalues y satisfy |u| < 1;

(A2) A is semi-convergent and limy,_, oo AF = 1,w", where w € R™ satisfies w > 0, 1Iw =1 andw'A=w';
and

(A3) G contains a globally reachable node and the subgraph of globally reachable nodes is aperiodic.
If any, and therefore all, of the previous conditions are satisfied, then the matrix A is said to be indecomposable and

(i) w > 0 is the left dominant eigenvector of A and w; > 0 if and only if node i is globally reachable;
(ii) the solution to the averaging model (5.1) x(k + 1) = Ax(k) satisfies

lim z(k) = (wTCL’(O))an

k—o0
(iii) if additionally A is doubly-stochastic, then w = %1n (since AT1,, = 1,, and %12171 = 1) so that

lim z(k) = 112(0)

k—o0

1,, = average(z(0))1,.

Note: statement (ii) implies that the limiting value is a weighted average of the initial conditions with relative
weights given by the convex combination coefficients wy, . . . , w,. The eigenvector is positive w > 0 if and only if
the digraph associated to A is strongly connected. In digraphs that are not strongly connected, the initial values
2;(0) of all nodes i which are not globally reachable have no effect on the final convergence value. In a social
influence network, the coefficient wj is regarded as the “social influence” of agent i. We illustrate the concept of
social influence by introducing the Krackhardt’s advice network in Figure 5.5.

Note: to clarify statement (A3) it is useful to review some properties of globally reachable nodes. We first recall
a useful property from Lemma 3.2: G has a globally reachable node if and only if its condensation digraph has
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Figure 5.5: The empirically-observed Krackhardt’s advice network (Krackhardt, 1987) describing the social influence
among 21 managers in a manufacturing firm: each directed edge (7, j) means that manager ¢ seeks advice from
manager j. This weighted digraph contains an aperiodic subgraph of globally reachable nodes. Therefore, the
corresponding row-stochastic matrix is reducible, but with simple and strictly dominant eigenvalue equal to 1.
Moreover, the corresponding averaging system achieve consensus with social influence value illustrated by the the
gray level of each node in figure.

a globally reachable node (i.e., the condensation of GG has a single sink). Second, it is easy to see that the set of
globally reachable nodes induces a strongly connected component of G.

Note: The theorem is consistent with the following result stated in Exercise E3.6: a weight-balanced digraph
with a globally reachable node is strongly connected.

Proof of Theorem 5.1. The statement (A1) = (A2) is precisely Theorem 2.13 with A = 1 (whose proof is given in
Section 2.3.4).

Next, we prove that (A2) = (A3). The assumption 17w = 1 implies that at least one element, say the
4 element, of w is positive. Because limy_,o, A¥ = 1,w ", we know that the j** column of lim_,~, A* has
all-positive elements. Thus, for sufficiently large K, the j*" column of AX has all-positive elements, so there is a
walk of length K from every node to the j** node. Thus, the j*" node is globally reachable. Similarly, since the
(4,7) entry of AX converges to a positive number as K — 0o, we know that there are walks of arbitrary length
from j to j. By Exercise E3.8, the subgraph of globally reachable nodes is aperiodic. Hence, (A2) = (A3).

Finally, we prove the implications (A3) = (A1) and (A2). By assumption the condensation digraph of A
contains a sink that is globally reachable, hence it is unique. Assuming 0 < n; < n nodes are globally reachable, a
permutation of rows and columns (see Exercise E3.2), brings the matrix A into the lower-triangular form

A1 Onyxn
A= 1xnz | 5.2
[Azl s ] (5.2)

where Aj; € R™MX™M | Agg € R™X™2 with ny + ng = n. The state vector z is correspondingly partitioned into
z1 € R™ and z9 € R™ so that

$1(k + 1) = An (k’), (5.3)
xo(k + 1) = Ag1x1(k) + Agoxa(k). (5-4)
In other words, z; and A;; are the variables and the matrix corresponding to the sink. Because the sink, as a

subgraph of G, is strongly connected and aperiodic, A;; is primitive and row-stochastic and, by Theorem 2.13 on
the powers of non-negative matrices, we compute

. k T
llm All - 1n1w1 3
k—o0
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where w1 > 0 is the left eigenvector with eigenvalue 1 for A;; normalized so that 11111)1 =1.

We next analyze the matrix Ago as follows. Recall from Corollary 4.13 that an irreducible row-substochastic
matrix has spectral radius less than 1. Now, because Ay cannot be zero (otherwise the sink would not be globally
reachable), the matrix Ay is row-substochastic. Moreover, (after appropriately permuting rows and columns of
Ago) it can be observed that Ags is a lower-triangular matrix such that each diagonal block is row-substochastic
and irreducible (corresponding to each node in the condensation digraph). Therefore, we know p(Az2) < 1 and, in
turn, I,,, — Aoy is invertible. Because Aj; is primitive and p(Ag2) < 1, A is semi-convergent and limy,_, o, 2 (k)
exists. This establishes that (A3) = (A1). Taking the limit as k¥ — oo in equation (5.4), some straightforward
algebra shows that

lim IEQ(k‘) = (In2 — A22)_1A21 ( lim ﬂ?l(k‘)) == (In2 - Agg)_lAgl (1n1w-1r) .Tl(O)

k—o0 k—o0
Since A is row-stochastic, we know Ag11,, + Ag2l,, = 1,, and hence (I,,, — Ag2) 14911, = 1,,. Collecting
these results, we write

k T
lim |:A11 0n1Xn2:| _ |:1n1w-1r 0n1><n2:| -1 |:w1:| ]
k—oo | A21 Az 1., w1T Ony s " On,

This establishes that (A3) = (A2) and (A1) = (i). The implications (A2) = (ii) and (A2) = (iii) are
straightforward. ]

Averaging systems reaching asymptotic disagreement

In this section we consider the general case of digraphs that do not contain globally reachable nodes, that is,
digraphs whose condensation digraph has multiple sinks. Such an example digraph is the famous Sampson
monastery network (Sampson, 1969); see Figure 5.6.

Figure 5.6: This image illustrates the Sampson monastery dataset (Sampson, 1969). This dataset describes the
social relations among a set of 18 monk-novitiates in an isolated contemporary American monastery. This digraph
contains two sinks in its condensation.

The main result of this section is a generalization of the consensus Theorem 5.1 in the previous section.

Theorem 5.2 (Convergence for row-stochastic matrices with multiple aperiodic sinks). Let A be a row-
stochastic matrix, G be its associated digraph, and ns > 2 be the number of sinks in the condensation digraph C'(G).
The following statements are equivalent:

(A1) the eigenvalue 1 is semi-simple with multiplicity ns and all other eigenvalues p satisfy |p| < 1,
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(A2) A is semi-convergent, and

(A3) each sink of C(G), regarded as a subgraph of G, is aperiodic.
If any, and therefore all, of the previous conditions are satisfied, then

(i) the left eigenvectorswP € R™, p € {1,...,ns}, of A corresponding to the eigenvalue 1 can be selected to satisfy:
wP > 0, llwp =1, and wf > 0 if and only if node i belongs to sink p,

(ii) the solution to the averaging model x(k + 1) = Ax(k) with initial condition x(0) satisfies

(wP)Tz(0), if node i belongs to sink p,
lim z;(k) = { <
koo Z Zip ((wp)Tx(O)), otherwise,
p=1
where z; ,, p € {1,...,ns}, are convex combination coefficients and z; , > 0 if and only if there exists a directed

walk from node i to the sink p.

Proof sketch. Rather than treating the general case, we work out a significant example with the key ideas of
the general proof. We invite the reader to provide a proof in Exercise E5.25 and refer to (DeMarzo et al., 2003,
Theorem 10) for additional details. Assume the condensation digraph of A is composed of three nodes, two of
which are sinks, as in this figure.

@ 73

1 Q@ O w2

Therefore, after a permutation of rows and columns (see Exercise E3.2), A can be written as

A1 0 0
A= 0 Ago 0
Az1 Az Ass

and the state vector x is correspondingly partitioned into the vectors x1, x5 and x3. The state equations are:

z1(k+1) = Anzi(k), (5.5)
zo(k + 1) = Agwa(k), (5.6)
w3(k +1) = Az171(k) + Asawa(k) + Aszzxs(k). (5.7)

By the properties of the condensation digraph and the assumption of aperiodicity of the sinks, the digraphs
associated to the row-stochastic matrices Aj; and Agg are strongly connected and aperiodic. Therefore, we
immediately conclude that

lim x1(k) = (w]21(0))1,, and lim z9(k) = (wg22(0))1,,,
k—o00 k—oo
where w1 (resp. we) is the left eigenvector of the eigenvalue 1 for matrix A1 (resp. Ag2) with the usual normalization
1;1101 = 112102 =1.
Regarding the matrix Ass, the same discussion as in the proof of Theorem 5.1 ensures that p(As3) < 1 and

that, in turn, I,,, — Ags is nonsingular. We have now established that the eigenvalue 1 of A is semisimple with
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multiplicity 2 = ng and that all other eigenvalues are strictly inside the unit disk. By taking the limit as k¥ — oo in
equation (5.7), straightforward calculations show that

lim z3(k) = (In3 — Agg)fl (A31 lim z;(k) 4+ A3z lim :L’Q(k))
k—o0 k—o00 k—o00
= (w] 21(0)) ((In; — As3) " Az11p,) + (wg 22(0)) ((Ins — Asz) ™ Asalny).
Moreover, because A is row-stochastic, we know
A311n1 + A321n2 + A331n3 = 1TL37
and, using again the fact that I,,, — A3s is nonsingular,
Loy = (Iny — As3) " Ag11p, + (In, — Asz) ' Asol,,.

This concludes our incomplete proof of Theorem 5.2 for the simplified case C'(G) having three nodes and two
sinks. |

Note that: convergence does not occur to consensus (not all components of the state are equal) and the final
value of all nodes is independent of the initial values at nodes which are not in the sinks of the condensation
digraph.

We conclude this section with a figure providing a summary of the asymptotic behavior of discrete-time
averaging systems and its relationships with properties of matrices and graphs; see Figure 5.7.

g ™\ g N ~\ ( B Y
Strongly connected, Strongly connected Doubly stochastic Trreducible Converges to consensus | Does not converge
aperiodic and and periodic and primitive but not primitive on the average
weight-balanced

= = 2
Strongly connected Primitive Converges to consensus

and aperiodic depending on all nodes

. < A < _<
One aperiodic Converges to consensus
sink component Indecomposable that does not depend

on all the nodes
S
Converges

Multiple aperiodic

. not to consensus
sink components

\. \ \ 2z

Properties of z(k + 1) = Az(k)

. . Properties of row-stochastic matrix A
Properties of digraph G

Figure 5.7: Equivalent properties for a digraph G, a row-stochastic matrix A (being the adjacency matrix of G3),
and a discrete-time averaging dynamical system x(k + 1) = Az(k).

Consensus via disagreement and Lyapunov functions

In this section we present alternative analysis methods for averaging system. We postpone to Chapter 15 a
treatment of Lyapunov stability theory.

Disagreement and deflated matrices

Consider a row-stochastic A € R"*" with left dominant eigenvector w € RY, normalized so that 1 w = 1. For
the averaging system z(k + 1) = Ax(k), define
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(i) the disagreement vector §(k) = z(k) — (w'2(0))1, € R", and
(ii) the deflated matrix A — 1w’ .

In other words, subtract from the sequence x(k) and from the matrix A their respective final values (here by final
value of A is meant limy, AF).

Note: w'z(k) is a weighted average of the entries of (k) and it is constant over time (e.g., see Exercise E1.4);
therefore, §(k) = z(k) — (w'2(k))1,. Also note that 1,,w! is a rank-1 projection matrix (for more properties of
this matrix see Exercise E5.9). Finally, to motivate the nomenclature “deflated matrix,” note that “deflating” the
matrix A removes the influence of the dominant eigenvalue 1. Accordingly, we define the essential spectral radius

of A by

( ):{07 if spec(A) ={1,...,1},
e max{|A| | A € spec(A4) \ {1}}, otherwise.

Lemma 5.3 (Convergence of disagreement vector). Given a row-stochastic matrix A with left dominant eigen-
vector w normalized so that 1] w = 1,

(i) the dynamics of the disagreement vector is

S(k+1) = (A—1,w")d(k); (5.8)

(ii) if A is primitive, then the deflated matrix A — 1w has the same eigenvalues and eigenvectors of A, except the
eigenvalue 1 which is replaced by 0 (with same right and left eigenvectors);
(iii) if A is primitive, then
P(A - 1an) = pess(A) <1, (5.9)

and, in turn, limy_, o §(k) = 0, and limy_,o (k) = (wT2(0))1,.

Note: Lemma 5.3(iii) and the bounds established in Exercise E5.10 together imply that, for all € > 0, there
exists ¢, such that

16(E)l2 < c=(pess(A) +)*[[6(0) 2.

But the decrease is not monotonic, in the sense that it is not true in general that ||6(k)[]2 < ||5(0)]|2.

Proof of Lemma 5.3. Regarding statement (i), note 6(k) = (I,, — 1L,w" )z (k). Therefore

S(k+1)= (I, — Lyw z(k +1) = (I, — Lyw")Az(k) (5.10)
= (A-Law"zk) = (A - Lw")I, — Lyw"Hz(k), (5.11)

where we used 1,w' A = 1,w" and (A - 1,w")(I, —1,w") = A-L,w' —L,w' +L,w L,w' =A—-1L,w'.
Regarding statement (ii), the right eigenpair (1, 1,,) of A corresponds to the eigenpair (0,1,) of A — 1,w’,
since (A — 1,w")1, = 0,. Since A is primitive, all other eigenvalues have magnitude strictly less than 1. Next,
pick an arbitrary right eigenpair (u, z) of A with |u| < 1. Because w is a left eigenvector of 1 and z is a right
eigenvector of eigenvalue p # 1, we know that w'z = 0, e.g., see Exercise E2.4(i). Therefore, we compute
(A—1,w")z = Az = pz. This proves that (u, 2) is a right eigenpair of A — L,,w.
Statement (iii) is an immediate consequence of statement (ii). |
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Quadratic disagreement

Define the quadratic disagreement function Vgq: R™ — R>¢ by

1
Vaa(z) = — Zmzl(xi —zj)% (5.12)

n

Clearly, Vya(x) > 0 and Vgq(z) = 0 if and only if 2 is a consensus vector.

Note: It is simple to check that V;]d(af) = 21,2, where II,, = I,,— %1n1£ € R™*™ is the orthogonal projection
onto span{1}, is symmetric and positive-semidefinite. Also, it is simple to check that, when A is doubly-stochastic
with w = 11,, the disagreement vector is §(z) = x — average(z)1,, € R" and Vga(z) = [|6(2)||3.

Given a symmetric row-stochastic matrix A = AT, define the 2-coefficient of ergodicity of A by one of the
following equal expressions:

| Ay]|2. (5.13)

) = 14 stta], = mo

X
yll,

where we recall the definition of induced matrix norm || Al|2 = max{||Ax||2 | ||z||2 = 1} (e.g, for more details see
Exercise E4.17).

Lemma 5.4 (Convergence of quadratic disagreement). Given a symmetric row-stochastic matrix A = AT with
associated graph G,

(i) forallxz € R™,
Vaa(Az) < m2(A)*Va(2);
(ii) if G is connected, then T2(A) = pess(A4) < 1;
(iii) if G is connected, then any solution to x(k + 1) = Ax(k) satisfies
Vaa(z(k)) < 72(A)*Voa(2(0)), forallk € N.
1
<

Note: under the conditions in the theorem, the quadratic disagreement diminishes monotonically along each
solution and we say that the function Vyq is a quadratic Lyapunov function for x(k + 1) = Ax(k).

Proof of Lemma 5.4. Regarding statement (i), for any = € R”, we note that 1T Az = 172 so that

Vad(Az) = [[Az — average(Ax)lnH% = ||A(x — average(x)ln)H%
_ 1
- HAH:L‘—average(z)lnHQ

<  max Ayl|3 Vaa().
IIyHFLyLlnH 2 Vaa(=)

(x — average(m)ln)H; Vaa(x)

Regarding statement (ii), recall the modal decomposition of symmetric matrices, e.g., see Remark 2.3. Since
A= AT we know A admits eigenvalues A; > --- > )\, with orthonormal eigenvectors vy, . . ., v,. Since A is row
stochastic and irreducible, we know Ay = 1, A\; > max;c(a . ny |Ajl, v1 = 1,/v/n. The modal decomposition of
Ais A = %lnll +> 0, )\wiviT. For any y € span(1,)",

Ayl = 3" 22Ty < ( max )
=2

n
o (6T = P P11
je{2,...,n =

)

where we noted pess(A) = maxjeqa, . n) |Aj| < 1. This implies 72(A) < pess(A). The converse follows from
taking y = v; where i = argmax;cry ) |Aj]- Statement (iii) follows from the previous statements. |
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Max-min disagreement

Define the max-min disagreement function Vipax-min: R — R>¢ by

Viaxemin(Z) = max x; — min  x; = max T;— X;). 5.14
maxcmin (7) ie{l, .o} " ie{l,...n} i,je{l,...,n}( i ) (5.14)

Clearly, Vinax-min (%) > 0 and Vijax-min(z) = 0 if and only if x is a consensus vector.
(Recall that Exercise E1.1 asks the reader to verify that any row-stochastic A € R"*™ and = € R" satisfy
Vinax-min (A2) < Vinax-min(2). We will establish a stronger property below.)
Given a row-stochastic matrix A, define the 1-coefficient of ergodicity of A by one of the following equal
expressions:
n(A) = max ATyl
lylh=1yLl1n
n

1 e
=— max Z la;n —ajp] =1—  min Zmln{aih, ajn}-
2 ije{1, ..n} Pt i,5€{1,. . .,n} Pt

(5.15)

(Exercise E5.22 asks the reader to prove that the three expressions for 71 (A) are indeed equivalent, as claimed.)

Lemma 5.5 (Convergence of max-min disagreement). Given a row-stochastic primitive matrix A with associated

digraph G,
(i) forallx € R"™, the max-min function satisfies

Vinax-min (AZC) <7 (A) Vinax-min (l’) 5

(ii) 71(A) < 1 if and only if A is scrambling, i.e., any two nodes have a common out-neighbor in G;

(iii) if G contains a node that is globally reachable in h steps, then A" is scrambling and any solution to x(k + 1) =
Az (k) satisfies
Vinaemin(2(K)) < (AN My in(@(0)),  forallk € N.

N——
<1

Note: under the conditions in the theorem, the max-min disagreement diminishes monotonically along each
solution and we say that the function Viyax-min is a Lyapunov function for z(k + 1) = Ax(k).

Note: GG contains a node that is globally reachable in h steps, for some £ (i.e., there exists A such that from each
node there exists a directed path of length h to the specific node) if and only if G contains a globally reachable
node and the strongly connected component of globally reachable nodes is aperiodic. This statement is a slight
generalization of Theorem 4.7.

Note: if A is scrambling and each of its non-zero entries is lower bounded by ain > 0, then statement (ii) can
be strenghtened to state that 71 (A4) < 1 — amin-

We postpone to Chapter 15 a treatment of Lyapunov stability theory and to Chapter 11 a treatment of
convergence factors and scalability.

Proof of Lemma 5.5. Regarding statement (i), for any two indices i and j € {1,...,n}, define u(; j) , = ayn —a;n €
R, for h € {1,...,n}, so that
n
(AI)Z — (Am)] = Z U(4,5),hTh- (5.16)
h=1
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Note > 5y U(ijyn = Doh=1 @ih — D_j—1 ajn = 1 — 1 =0, because A1, = 1,,. Therefore, some entries of u; ;) ,

for h € {1,...,n}, are positive and others negative. Define
e = DL Uk =— D, UGgh (5.17)
hZ’M(iJ)’hZO h:u(i,j),h<0
1 & 1 &
D) Z ’u(i,j),h =3 Z |ain — ajnl, (5.18)
h=1 h=1

where the third equality follows from realizing that the absolute sum of positive and negative entries is twice the
sum of the positive entries alone. Next, we obtain a useful upper bound:

(Az)i = (Az); = > wgpazn— >, luggalon

h:u<i’j),h20 h:u(i,j),h<0

(Zh:u(i,j),hzo |ui,g),nlen Eh:u(i7j>yh<0 |U(i,j),h|$h>
(i-9) Zh:u(m,hzo |u(i,j)7h’ Zh:u(m),h<0 ‘u(i:j)’h|

< (i) (maxz; — mina;) < 7(A)(maxa; —mina;),

where we used the equality 7 (A) = % MaxX; je(1,. . .n} 2h1 |@in — ajn|. This completes the proof of statement (i).
Regarding statement (ii), using the equality 71 (A) = 1—min; jeq1 . n} D p—; Mmin{ais, ajn}, clearly 7 (A4) < 1
if and only if ), _; min{a;p, a;,} > 0 for all 4, j. But this condition holds if and only if for each pair of nodes 7, j
there exists a node h such that (i, k) and (j, h) are directed edges in G.
Regarding statement (iii), if the jth node in G that is globally reachable in h steps, then the jth column of A"
is strictly positive. Therefore A" is scrambling, since each node has the node j as common out-neighbor in the
digraph associated to A”. The final bound follows from the previous statements. |

Appendix: Design of graphs weights

In this section we describe two widely-adopted algorithms to design weights for unweighted graphs.

The equal-neighbor model

Let GG be a connected undirected graph, binary adjacency matrix A, and degree matrix D = diag(dy, ..., d,),
where dy, . . ., d,, are the node degrees. Define the equal-neighbor matrix
Aequal—nghbr = D_lA- (5~19)

For example, consider the graph in Figure 5.8, for which we have:

01 00 1 000 0 1 0 0
|1 011 103 00 |13 0 1/3 1/3
A= 010 1 ,D = 00 2 0 — Aequal-nghbr - 0 1/2 0 1/2 (520)
01 10 0 00 2 0 1/2 1/2 0

It is convenient now to introduce some simple generalizing notions. We say that an undirected graph G
(possibly with self-loops) is aperiodic if G, regarded as a digraph, is aperiodic. To regard G as a digraph, we
substitute each undirected edge of G with two directed edges (self-loops remain unchanged). Note that an acyclic
undirected graph without self-loops is periodic with period 2.
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Q<=0
® O 12
1/3 1/2 /3

O O OO

Figure 5.8: The equal-neighbor matrix

Lemma 5.6 (The equal-neighbor row-stochastic matrix). Let G be a connected weighted undirected graph
(possibly with self-loops) with weighted adjacency matrix A and weighted degrees dy, . . ., d,,. For the equal-neighbor
matrix Aequal-nghbr defined as in (5.19),
(i) Acqual-nghbr is well-defined, row-stochastic, and irreducible;
(ii) the left dominant eigenvector of Acqual-nghbr, normalized to have unit sum, is
d
1 !
w -nghbr = —=n~ ;7 . )
equal-nghb: Zn d;

=1 d
n

so that, assuming that G is aperiodic, the solution to the averaging model (5.1) x(k + 1) = Ax(k) satisfies

lim z;(k) = L > dixi(0); (5.21)

n i
k—o0 Zi:l d, =1

(iii) Aequal-nghbr is doubly-stochastic if and only if G is regular (i.e., all nodes have the same degree).

For example, for the equal-neighbor matrix in equation (5.20) and Figure 5.8, one can easily verify that the

dominant eigenvector is [1 3 2 Q]T /8.

Proof of Lemma 5.6. Because G is connected, each node degree is strictly positive, the degree matrix is invertible,
and Acqual-nghbr is well-defined. Because G is connected and because the zero/positive pattern of Acqual-nghbr is the
same as that of A, we know Aequal-nghbr is irreducible. Next, we note a simple fact: any v € R" with non-zero entries
satisfies diag(v) "'v = 1,. Let d = A1, denote the vector of node degrees so that D = diag(d). Statement (i)
follows from

Acqualnghbrln = diag(d) 1 (AL,) = diag(d)~'d = 1,,.

Statement (ii) follows from

1 1 1
Al L nghbr Wequal-nghbr = A diag(d) ™! (761) = 57AL, = 55d = Wequal-nghbr,
equal-nghbr *Vequal-ng 1Zd 1Zd n 1Zd equal-ng

where we used the fact that A is symmetric. The convergence property follows because Acqual-nghbr is irreducible
and aperiodic. Statement (iii) is an immediate consequence of (ii). |

We conclude this section by reviewing the distributed averaging algorithm introduced in Section 1.2.
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Example 5.7 (Averaging in wireless sensor networks). As in equation (1.2), assume each node of a wireless
sensor network contains a value x; and repeatedly executes:

z;i(k + 1) := average(w;(k), {z;(k), for all neighbor nodes j}), (5.22)
or, more explicitly, z;(k + 1) = ﬁ(xl(k) + ZjeN(i) xj(k)). Algorithm (5.22) can be written as:
12 1/2 0 0
1/4 1/4 1/4 1/4

0 1/3 1/3 1/3
0 1/3 1/3 1/3

where the matrix Ay, is defined as in Section 1.2 and where it is easy to verify that

Agen = (D + 14)71("4 + I4)

x(k+1)= x(k) =: Awsnz(k),

Clearly, A + I is the adjacency matrix of a graph that is equal to the graph in figure with the addition of a self-loop
at each node; this new graph has degree matrix D + I. Therefore, the matrix Ay, is an equal-neighbor matrix
for the graph with added self-loops. We illustrate this observation in Figure 5.9. From Lemma 5.6 we know that the

1/2

Figure 5.9: The equal-neighbor matrix for an undirected graph with added self-loops

left dominant eigenvector of Ay, is

1/6

d+1

. BRI i T

equal-neighbor+selfloops — n+Zz dz J +1 B 1/4 ’
n 1/4

because (dy, ds, ds, dy) = (1,3,2,2) and n = 4. This result is consistent with the eigenvector computed numeri-
cally in Example 2.5. °

The Metropolis—-Hastings model

Next, we suggest a second way of assigning weights to a graph for the purpose of designing an averaging algorithm

(that achieves average consensus). Given an undirected unweighted graph G with edge set £/ and degrees d, . . . , dy,
define the weighted adjacency matrix Apetr-Hast, called othe Metropolis—Hastings matrix, by
1
£ Ve Eandi i
1+maX{di,dj}’ 1 {Z,]}E an Z#]v
(AMetr—Hast)ij - 1- Z (AMetr—Hast)ih7 if i = j7
{i,h}EE, heti
0, otherwise.

\
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In our example,

010 0 1000 3/4 14 0 0
1011 . o300 Cl1/4 174 174 174
A=1o 10 1|"P=]o 0 2 of = Averst =14 1)y 519 13

0110 000 2 0 1/4 1/3 5/12

{2\

Y

Figure 5.10: The Metropolis—Hastings model

One can verify that the Metropolis—Hastings weights have the following properties:
(i) (AMetr-Hast)is > Oforallnodesi € {1,...,n}, (AMetr-Hast)ij > O for all pairs {7, j} € F, and (Ametr-Hast)ij =
0 otherwise;
(i) AMetr-Hast 1S symmetric and doubly-stochastic;
(iii) Apetr-Hast 1S primitive if and only if G is connected; and

(iv) the averaging model (5.1) z(k + 1) = Ax(k) achieves average consensus.

5.5 Appendix: Design and computation of centrality measures

In network science it is of interest to determine the relative importance of a node in a network. There are many
ways to do so and they are referred to as centrality measures or centrality scores. This section presents six centrality
notions based on the adjacency matrix. We treat the general case of a weighted digraph GG with weighted adjacency
matrix A (warning: many articles in the literature deal with undirected graphs only.) The matrix A is non-negative,
but not necessarily row stochastic. From the Perron-Frobenius theory, recall the following facts:

(i) if G is strongly connected, then the spectral radius p(A) is an eigenvalue of maximum magnitude and its
corresponding left eigenvector can be selected to be strictly positive and with unit sum (see Theorem 2.12);
and

(ii) if G contains a globally reachable node, then the spectral radius p(A) is an eigenvalue of maximum magnitude
and its corresponding left eigenvector is non-negative and has positive entries corresponding to each globally
reachable node (see Theorem 5.1).

Degree centrality For an arbitrary weighted digraph G, the degree centrality cgegree(?) of node i is its in-degree:
Cdegree = Z A, (5.23)
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that is, the number of in-neighbors (if G is unweighted) or the sum of the weights of the incoming edges. Degree
centrality is relevant, for example, in (typically unweighted) citation networks whereby articles are ranked on the
basis of their citation records. (Warning: the notion that a high citation count is an indicator of quality is clearly a

fallacy.)

Eigenvector centrality One problem with degree centrality is that each in-edge has unit count, even if the
in-neighbor has negligible importance. To remedy this potential drawback, one could define the importance of a
node to be proportional to the weighted sum of the importance of its in-neighbors (see (Bonacich, 1972b) for an
early reference). This line of reasoning leads to the following definition.

For a weighted digraph G with globally reachable nodes (or for an undirected graph that is connected), define
the eigenvector centrality vector, denoted by cey, to be the left dominant eigenvector of the adjacency matrix A
associated with the dominant eigenvalue and normalized to satisfy 1} cey = 1.

Note that the eigenvector centrality satisfies

1 , - .
AT ey = acev = (i) =« Z @jiCey(J)- (5.24)
7j=1
where oo = %) is the only possible choice of scalar coefficient in equation (5.24) ensuring that there exists a unique

solution and that the solution, denoted cey, is strictly positive in a strongly connected digraph and non-negative in
a digraph with globally reachable nodes. Note that this connectivity property may be restrictive in some cases.

OOO
o o @) @)

° o

Figure 5.11: Comparing degree centrality versus eigenvector centrality: the node with maximum in-degree has
zero eigenvector centrality in this graph

Katz centrality For a weighted digraph G, pick an attenuation factor & < 1/p(A) and define the Katz centrality
vector (see (Katz, 1953)), denoted by ck, by the following equivalent formulations:

k(i) = aji(cx(j) + 1), (5.25)
j=1

or
oo n
(i) = > (AN (5.26)
k=1 j=1
Katz centrality has therefore two interpretations:
(i) the importance of a node is an attenuated sum of the importance and of the number of the in-neighbors -
note indeed how equation (5.25) is a combination of equations (5.23) and (5.24), and

(ii) the importance of a node is o times number of length-1 walks into 7 (i.e., the in-degree) plus o® times the
number of length-2 walks into ¢, etc. (From Lemma 4.2, recall that, for an unweighted digraph, (Ak ) ji 18
equal to the number of directed walks of length £ from j to 7.)
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Note how, for a < 1/p(A), equation (5.25) is well-posed and equivalent to
cx = aAT (cx + 1,)
— cx+1,= aAT(cK +1,)+1,
= (I, —aA)(ex+1,) =1,
— = (I,—aA") 1, -1, (5.27)
= = iak(AT)kln,
k=1

where we used the identity (I,, — A)~! = >3, A* valid for any matrix A with p(A) < 1; see Exercise E2.11.

There are two simple ways to compute the Katz centrality. According to equation (5.27), for limited size
problems, one can invert the matrix (I,, — aAT). Alternatively, one can show (see Exercise E5.13) that the following
iteration converges to the correct value: ¢ := a AT (cx + 1,).

0 Figure 5.12: The pattern in figure is the pixel picture of the so-called

T | P s ey hyperlink matrix, i.e., the transpose of the adjacency matrix, for

|@E! IR a collection of websites at the Lincoln University in New Zealand

1000} from the year 2006. Dark-colored points are nonzero entries of the

adjacency matrix; light-colored points are outgoing links toward
s T dangling nodes. Each empty column corresponds to a webpage
L C e e . without any outgoing link, that is, to a so-called dangling node.

2000 == S e This network has 3756 nodes with 31,718 links. A fairly large
o - Eg | portion of the nodes are dangling nodes: in this example, there are
= 8 o - 3255 dangling nodes, which is over 85% of the total. Image courtesy

3000 f of Hideaki Ishii and Roberto Tempo from data described in (Ishii

© and Tempo, 2014).
0 1000 2000 3000

PageRank centrality For a weighted digraph GG with row-stochastic adjacency matrix (i.e., unit out-degree for
each node), pick a convex combination coefficient v € ]0, 1] and define the PageRank centrality vector, denoted by
Cpr» as the unique positive solution to

11—«

n
Cpl‘(i) = Z ajicpr(j) + n (5.28)
j=1

or, equivalently, to

l1-«a
o
(To establish the equivalence between these two definitions, the only non-trivial step is to notice that if ¢, solves
equation (5.28), then it must satisfy 120pr =1)

Note that, for arbitrary unweighted digraphs and binary adjacency matrices Ay 1, it is natural to compute
the PageRank vector with A = Do_ultAo,l- We refer to (Ishii and Tempo, 2014; Gleich, 2015) for the important
interpretation of the PageRank score as the stationary distribution of the so-called random surfer of an hyperlinked
document network — it is under this disguise that the PageRank score was conceived by the Google co-founders
and a corresponding algorithm led to the establishment of the Google search engine. In the Google problem it is

customary to set a ~= .85.

cor = Mey, 1rep =1, where M = aAT + 1,17 (5.29)
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Closeness and betweenness centrality (based on shortest walks) Degree, eigenvector, Katz and PageRank
centrality are presented using the adjacency matrix. Next we present two centrality measures based on the notions
of shortest walk and geodesic distance; these two notions belong to the class of radial and medial centrality
measures (Borgatti and Everett, 2006).

We start by introducing some additional graph theory. For a weighted digraph with n nodes, the length of a
directed walk is the sum of the weights of edges in the directed walk. For i, j € {1,...,n}, a shortest walk from a
node ¢ to a node j is a directed walk of smallest length. Note: it is easy to construct examples with multiple shortest
walks, so that the shortest walk is not unique. The geodesic distance d;_,; from node 7 to node j is the length of a
shortest walk from node 7 to node j; we also stipulate that the geodesic distance d;_,; takes the value zero if i = j
and is infinite if there is no walk from i to j. Note: in general d;_,; # d;—;. Finally, for i, j, k € {1,...,n}, we let
Ji—k—j denote the number of shortest walks from a node ¢ to a node j that pass through node k.

For a strongly-connected weighted digraph, the closeness centrality score of node ¢ € {1,...,n} is the inverse
sum over the geodesic distances d;_ ; from node i to all other nodes j € {1,...,n}, that is:
) 1
Ccloseness (Z) = m (5-30)
For a strongly-connected weighted digraph, the betweenness centrality score of node ¢ € {1,...,n} is the
fraction of all shortest walks g;_,;—,; from any node k to any other node j passing through node i, that is:
n
j k=1 Jk—i—j
2 j ket Ghriog (5.31)

Cbetweenness(i) = Zn Zn Thsh o
h=1 2j k=1 Jk—+h—j

Summary To conclude this section, in Table 5.1, we summarize the various centrality definitions for a weighted
directed graph.

Measure Definition Assumptions
degree centrality Cdegree = A"1,
1
eigenvector centrality Coy = QAT Coy o= TA), G has a
P
globally reachable node
1
PageRank centrality Cpr = OzATCpr + O[ln a<l Al, =1,
1
Katz centrality K = aAT(cK +1,) a < W
D
1
closeness centrality Celoseness (1) = =5——— G strongly connected
> j=1 di—sj

. Z?,k:1 Gk—i—j
ZZ:1 Z;k:1 Jk—h—j

betweenness centrality Chetweenness () G strongly connected

Table 5.1: Definitions of centrality measures for a weighted digraph G with adjacency matrix A
Figure 5.13 illustrates some centrality notions on an instructive example due to Brandes (2006). As it can
be computed via the code in Table 5.2, a different node is the most central one in each metric; this variability

is naturally expected and highlights the need to select a centrality notion relevant to the specific application of
interest.
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eeibe Tibbie

(a) degree centrality b) eigenvector centrality
c) closeness centrality (d) betweenness centrality

Figure 5.13: Degree, eigenvector, closeness, and betweenness centrality for an undirected unweighted graph. The
dark node is the most central node in the respective metric; a different node is the most central one in each metric.

# Python3 code for centrality computation via the NetworkX library

import networkx as nx

# define graph

G = nx.Graph(); G.add_nodes_from(range(l,11)); G.add_edges_from([(1,2), (2,6),
(2,7, (2,3), (3,4), (3,8, (71,8), (8,9), (4,9), (9,10), (10,5), (10,11)1)

N S

# Node 2 has the highest degree centrality
degree_centrality = nx.degree_centrality (G)

# Node 3 has the highest eigenvector centrality
eigenvector_centrality = nx.eigenvector_centrality_numpy (G)
10 # Node 8 has highest closeness centrality

11 closeness_centrality = nx.closeness_centrality (G)

12 # Node 9 has highest closeness centrality

13 betweenness_centrality = nx.betweenness_centrality (G)

o L N W

Table 5.2: Python code for centrality computation

Historical notes and further reading

The convergence of powers of row-stochastic matrices and of repeated averaging operations has been studied since
the original work by Markov (1906), who proved an early version of Lemma 5.5. The 71 ergodicity coefficient is
also referred to as the Doeblin-Dobrushin coefficient because of their early work Dobrushin (1956). Another early
references on ergodicity coefficients and indecomposable stochastic matrices is (Wolfowitz, 1963); the interpretation
of the word “ergodic” comes from the study of stochastic processes. An historic review is (Seneta, 1973), a notable
review is (Ipsen and Selee, 2011), control theoretic approaches include (Liu et al., 2011), recent progress is detailed
in (Marsli and Hall, 2020). In this literature, the max-min disagreement function Vi ax-min is sometime referred to
as the diameter or the spread of the vector.

For references on social influence networks and opinion dynamics we refer to Chapter 1. An early reference
for Theorem 5.2 is (DeMarzo et al., 2003, Appendix C and, specifically, Theorem 10).

Opinion dynamics models are surveyed by Proskurnikov and Tempo (2017); for example, for nonlinear models
based on bounded confidence we refer to (Hegselmann and Krause, 2002; MirTabatabaei and Bullo, 2012).

On the topic of computing optimal row-stochastic matrices, we postpone to Chapter 11 the study of related
optimization problems.
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A standard modern treatment of centrality notions is (Newman, 2010, Chapter 7); see also (Easley and Kleinberg,
2010, Chapter 14) for an introductory discussion. We also refer to (Brandes and Erlebach, 2005) for a comprehensive
review of network analysis metrics and related computational algorithms, beyond centrality measures. Historically,
centrality measures were originally studied in sociology, An incomplete list of early references and historical
reviews in sociology includes (Bavelas, 1950) on closeness centrality, (Katz, 1953) on Katz centrality, (Freeman,
1977) on betweenness centrality, and (Bonacich, 1972a,b) on eigenvector centrality. Kleinberg (1999) generalizes
centrality notions to networks with hubs and authorities; see Exercise E5.15.

PageRank is a centrality measure that has received tremendous recent attention due to the success of the
Google search engines; this notion was popularized by (Brin and Page, 1998; Page, 2001), but see also the previous
work (Friedkin, 1991) on total effective centrality and its relationship with PageRank (Friedkin and Johnsen, 2014).
We refer to (Ishii and Tempo, 2014; Gleich, 2015; Nesterov, 2012) for recent works on PageRank and its multiple
extensions and applications; we refer to (Ishii and Tempo, 2010; Zhao et al., 2013) for randomized distributed
algorithms for PageRank computation.
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5.7 Exercises

E5.1 The final opinion of a French-Harary-DeGroot panel. A conversation between 5 panelists is modeled according
to the French-Harary-DeGroot model 2+ = ApanelT, Where

0.15 0.15 01 02 04

0 05 0 0 0.45

Apanet = [ 0.3 0.05 0.05 0 0.6
0 04 01 05 O

0 0.3 0 0 07

Assuming that the panel has sufficiently long deliberations, answer the following:

(i) Draw the condensation of the associated digraph.
(ii) Do the panelists finally agree on a common decision?
(iii) In the event of agreement, does the initial opinion of any panelists get rejected? If so, which ones?
(iv) Assume the panelists’ initial opinions are their self-appraisals (that is, the self-weights ai1, . . ., a55) and compute

the final opinion via elementary calculations.

E5.2 Three averaging panels. Consider the French-Harary-DeGroot opinion dynamics model 2 (k 4+ 1) = Ax(k), where
x;(k) denotes the opinion of individual 7 at time k and where A is row-stochastic. Recall that the coefficient a;; € [0, 1]
is the influence of individual j on the update of the opinion of individual 4, subject to the constraint Z?Zl a;; = 1.
Consider the following three scenarios:
(i) Everybody gives equal weight to the opinion of everybody (including themselves).

(ii) Individual 1 gives equal weight to the opinions of herself and all others. Each individual 2, . . ., n computes the
average between her own opinion and that of individual 1.

(iii) Individual 1 does not change her opinion. Each individual 2, ..., n computes the average between her own
opinion and that of individual 1.

For each scenario, derive the averaging matrix A, show that the opinions converge asymptotically to a final opinion
vector, and characterize this final opinion vector.

» E53 Designing averaging weights for an example topology. Let G be the digraph in the following figure and let A be
its adjacency matrix.

®

®
®

(i) Determine whether A is reducible or irreducible.
« If A is reducible, compute a permutation matrix P € {0, 1}%%6 such that
PAPT _ |: Brxr Crx(nfr) ; (ES])
O(nfr)xr D(nfr)x(nfr)

for some matrices B, C, D and r > 1. Moreover, determine an edge to be added or removed from G, so
that the accordingly modified adjacency matrix becomes irreducible.

« If A is irreducible, determine an edge to be added or removed from G so that the accordingly modified
adjacency matrix becomes reducible and compute the corresponding permutation matrix P as in (E5.1).
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(ii) Design a new weighted digraph G’ with weighted adjacency matrix A’ by starting with G and performing only
the following actions:

« either add or remove (not both) a single edge from the digraph G, and
. select the weight of each edge of G’ to be any real value of your choice.

Consider the iteration x4 = A'zmy, for z;, € RS and k € Z>(, and design a weighted digraph G’ so that
limy_, oo o = alg, for some a € R.

» E5.4 The equal-neighbor model over undirected topologies. Given an irreducible symmetric non-negative matrix
A € R™™ and a vector & € RZ, define

B(z) = diag(Az)~* A diag(z). (E5.2)

Show that
(i) the matrix B(z) is well-defined and row-stochastic with same irreducible off-diagonal pattern as A,
(ii) has dominant left eigenvector 7(z) = —1 diag(z) Az, and
(iii) is reversible, that is, diag(m(x))B(x) = B(z)" diag(r(z)).
Note: This classic result in Markov chain theory is related to Markov chains with maximal entropy (George et al., 2019).

E5.5 The equal-neighbor row-stochastic matrix for weighted directed graphs. Let G be a weighted digraph with n
nodes, weighted adjacency matrix A and weighted out-degree matrix Doyt Define the equal-neighbor-after-addition
matrix

Acquatnghvr = (I + Dowt) ™ (I, + A).
Show that
(i) Acqual-nghbr is row-stochastic;
(i) Aequal-nghbr is primitive if and only if G is strongly connected; and

(iii) Aequal-nghbr is doubly-stochastic if G is weight-balanced and the weighted degree is constant for all nodes (i.e.,
Do = Dy, = dI,, for some d € R+).

E5.6 A stubborn individual. Pick « € |0, 1], and consider the discrete-time averaging algorithm
w1 (k+1) = z1(k),
xa2(k+1) = azxy (k) + (1 — a)xa(k).
Perform the following tasks:
(i) compute the matrix A representing this algorithm and verify it is row-stochastic,
(ii

(i

compute the eigenvalues and left and right eigenvectors of A,
draw the directed graph G representing this algorithm and discuss its connectivity properties,

(iv) draw the condensation digraph of G,

- -

(v) compute the final value of this algorithm as a function of the initial values in two alternate ways:

a) invoking Exercise 2.9, and
b) invoking Theorem 5.1.

E5.7 Individuals with self-confidence levels. Consider 2 individuals, labeled 41 and —1, described by the self-confidence
levels s11 and s_1. Assume s41 > 0,5_1 > 0,and s41 + s—1 = 1. For i € {41, —1}, define

z] = siwi + (1= si)z.

Perform the following tasks:

(i) compute the matrix A representing this algorithm and verify it is row-stochastic,
(ii) compute A2,

(iii) compute the eigenvalues, the right eigenvectors, and the left eigenvectors of A,

Lectures on Network Systems, F. Bullo, edition 1.6 — Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.



90 Chapter 5. Discrete-time Averaging Systems
(iv) compute the final value of this algorithm as a function of the initial values and of the self-confidence levels. Is it
true that an individual with higher self-confidence makes a larger contribution to the final value?
E5.8 Rescaling row stochastic matrices and left dominant eigenvectors. Let A € R"*" be row-stochastic and
irreducible with dominant left eigenvector v € RZ (not necessarily normalized). Given x € R", define
A(z) = diag(z) + (I,, — diag(z))A € R™™".
Show that
(i) A(z) is row-stochastic and has the same irreducible off-diagonal pattern as A if and only if « € [0, 1[".
Next, assume = € [0, 1[" and show
(i) if A is primitive, then so is A(z),
(iii) a left dominant eigenvector of A(z) is v(z) = (I,, — diag(z)) v,
(iv) w € RZ (not necessarily normalized) is a left dominant eigenvector of A(x) if and only if
r =1, — Bdiag(w) tv € [0,1[*, for0 << min }wi/vi.
i€{l,...,n
» E59 The rank-one projection matrix defined by a primitive matrix. From linear algebra recall:
- asquare matrix B is a projection matrix if B> = B,
« avector space V is the direct sum of two subspaces U and W, written V = U @ W, if each v € V defines unique
u € U and w € W such that v = u + w, and
« asubspace U is invariant under a linear map B if u € U implies Bu € U.
Let A be an n-dimensional primitive matrix with dominant eigenvalue A, right dominant eigenvector v > 0 and left
dominant eigenvector w > 0 with the normalization v"w = 1. Define the rank-one matrix P4 := vw'. Show that:
(i) P4 = P3 is a projection matrix with image span{v} and it is an orthogonal projection if A is symmetric,
(ii) I, — Pa = (I, — Pa)? is a projection matrix whose image is kernel(P4) = {g € R" | w"q = 0} = span{w}+,
(ili) APs = PaA = APy,
(iv) R™ = span{v} @ span{w}~+ and both subspaces span{v} and span{w}* are invariant under A,
(v) the restriction of A to the span{v} is multiplication by A and the restriction of A to span{w}* has eigenvalues
equal to all eigenvalues of A except A, and
(vi) (A - vw")k = A% — \ywT forall k € N.
Note: In some references, the matrix Py is referred to as the spectral projector of A associated to the eigenvalue \.
E5.10 Bounds on the norm of a matrix power. Given a matrix B € R"*™ and an index k£ € N, show that
(i) there exists ¢ > 0 such that
1Bz < ck"~p(B)*,
(ii) for all € > 0, there exists ¢. > 0 such that
IB*||2 < c=(p(B) + )"
Hint: Use the Jordan normal form.
E5.11 Average consensus via the parallel averaging algorithm. Let G be a weighted graph with weighted adjacency

matrix A and weighted degrees d1, . . ., d,. Assume G is connected and aperiodic and consider the equal-neighbor
matrix A, = diag(ds,...,d,) 1 A. Assign a value z; € R to each node i and consider the parallel averaging
algorithm:

1: each node i sets y;(0) = 1/d; and z;(0) = x;/d;
2: the nodes run the averaging algorithms y(k + 1) = Aeay(k) and 2(k + 1) = Aenz(k) for k € Z>g
3: each node ¢ sets z;(k) = z;(k)/y:(k) ateach k € Z>g

Show that the parallel averaging algorithm
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E5.12

E5.13

E5.14

E5.15

(i) is well posed, i.e., y;(k) does not vanish for any i € {1,...,n} and k € Z>(, and
(i) achieves average consensus, that is, limy_, o, (k) = average(x1, . . ., T, )1,.
Note: This algorithm is also referred to as the push sum iteration, because it may implemented over directional communi-

cation by “summing the pushed variables.” This algorithm was originally introduced by Kempe et al. (2003) and later
studied in (Olshevsky and Tsitsiklis, 2009; Benezit et al., 2010).

Computing centrality. Write in your favorite programming language algorithms to compute degree, eigenvector,
Katz and PageRank centralities. Compute these four centralities for the following undirected unweighted graphs
(without self-loops):

(i) the complete graph with 5 nodes;
(ii) the cycle graph with 5 nodes;
(iii) the star graph with 5 nodes; and

(iv) the Zachary karate club network dataset. This dataset can be found for example at https://en.wikipedia.org/
wiki/Zachary’%27s_karate_club.

To compute the PageRank centrality, use o = .85. To compute the Katz centrality of a matrix A, select for example
o =1/(2p(4)).

Iterative computation of Katz centrality. Given a graph with adjacency matrix A, show that the solution to the
iteration z(k + 1) := aAT(z(k) + 1,) with a < 1/p(A) converges to the Katz centrality vector c, for all initial
conditions z(0).

Robotic coordination: deployment and centering as a discrete-time reducible averaging systems. Consider
n > 3 robots with positions p; € R, € {1,...,n}, dynamics p;(k + 1) = u;(k), where u; € R is a steering control
input. Assume that the robots are indexed according to their initial position: p; (0) < p2(0) < --- < p,,(0). Consider
two walls at the positions pg < p;(0) and p,+1 > pn(0) so that all robots are contained between the walls. The walls
are stationary, that is, po(k + 1) = po(k) = po and p,+1(k + 1) = pp41(k) = pp41 for all times k.

Consider the following coordination law: robots i € {1,...,n} (each having two neighbors) move to the centroid
of the local subset {p;_1, p;, pi+1} or, in other words,

1 .
pi(k+1) = g(pi—l(k) +pi(k) +piy1(k)), i€{l,...,n}.
Show that the robots become asymptotically uniformly spaced on the interval [pg, pr1].
Hubs and authorities (Kleinberg, 1999). Let G be a digraph with node set {1,...,n} and edge set E. Assume G
has a globally reachable node and the subgraph of globally reachable nodes is aperiodic.
We define two scores for each node j € {1,...,n}: the hub score h; € R and the authority score a; € R. We
initialize these scores with positive values and updated them simultaneously as follows: the hub score of node j is set

equal to the sum of the authority scores of all nodex pointed to by j, and, similarly, the authority score of node j is set
equal to the sum of the hub scores of all nodes pointing to j. In concise formulas, for £ € N,

hi(k+1) =320 jiyer @ s
aj(k+1) =3 i jyephi-
(i) Letz(k) = [h(k)" a(k)T] " denote the stacked vector of hub and authority scores. Provide an update equation

for the hub and authority scores of the form

z(k+1) = Mxz(k),

(E5.3)

for some matrix M € R2"*x27

(i) Will the sequence z(k) converge as k — 00?
In what follows, we consider the modified iteration
My(k)
y(k+1) = ;
[My(k)|l2

where M is defined as in statement (i) above.
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(ii)) Will the sequence y(k) converge as k — 00?
(iv) Show that the two subsequences of even and odd iterates {y(2k)}r and {y(2k + 1)}, converge, that is,

lim y(2k) = Yeven(y0),  lim y(2k 4+ 1) = yoaa(yo),
k—o0 k— o0

where yo = x(0) is the stacked vector of initial hub and authority scores.
(v) Provide expressions for Yeven(yo) and yoqa(yo)-

E5.16 Reversible primitive row-stochastic matrices. Let A be a primitive row-stochastic n x n matrix and w be its left
dominant eigenvector. The matrix A is reversible if

’LUZAZ] = Ajz'U)j, for all Z,j € {17 ey n}, (E5.4)

or, equivalently,
diag(w)A = AT diag(w).

Prove the following statements:

(i) if A is reversible, then its associated digraph is undirected, that is, if (¢, j) is an edge, then so is (j, 1),
(i) if A is reversible, then diag(w)/? A diag(w)~'/? is symmetric and, hence, A has n real eigenvalues and n
eigenvectors, and
(iii) if A is an equal-neighbor matrix for an unweighted undirected graph, then A is reversible.

Recall that, for w = (wy, . . .,w,) > 0, the following definitions hold:

diag(w)'/? = diag(y/w1, . .., /wy), and diag(w)™/? = diag(1/\/wy,...,1/y/wn).

E5.17 Maximum entropy random walk (Burda et al., 2009). Let G be an unweighted connected graph with binary
adjacency matrix A € {0,1}". Let (\, v) be the dominant eigenpair, i.e, Av = \v and 1] v = 1. Similarly to E4.13,

define the square matrix P by
1 v; .
pijzxvfj_aij, fOI‘Z,]E{l,...,’I’L}.

K2

Perform the following tasks:
(i) show that P is well defined, row stochastic, and irreducible,
(i) pick 4,57 € {1,...,n} and k > 1. Assuming there exists a walk of length k from i to j, let cy;] denote the
product of the edge weights along the walk and show that

W _ L
Ci_’j —ﬁvfl,

(iii) let w > O be the left dominant eigenvector of P, normalized so that 1Iw = 1, and show that

1

2
v .
vl

w; =

E5.18 The role of the nodal degree in averaging systems. Let G be an connected undirected graph without self-loops.
Consider the averaging dynamics:

z(k+1) = Ax(k),

where A = D71 Ag;, D is the degree matrix, and Ag; is the binary adjacency matrix of G.

(i) Under which conditions on G will the system converge to a final consensus state, i.e., an element of span{1,,}?
(if) Assuming the state converges to a final consensus value, what is this steady state value?
(iii) Find a function f(k, A2,...,An,d1,...,d,) depending on the time step k, the eigenvalues Ao, ..., A\, of A,
and the degrees of the nodes dy, . . ., d,, such that

le(B)ll2 < f(k, A2, ooy Ansda, .o dn)le(0)]]2.
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E5.19

E5.20

E5.21

E5.22

On the Metropolis-Hastings algorithm. This exercise generalize the treatment in Section 5.4.2. Consider an
irreducible n x n row-stochastic matrix A satisfying the symmetric structure condition: a;; # 0 if and only if a;; # 0,
for all 7, j. Given a positive unit-sum vector 7 (e, 7; > 0 and ) ., m; = 1), define the Metropolis—Hastings matrix
M by

My = { G R, ifi 75, (E5.5)
ai; + Zk# a;r (1 —min(1, R;)), ifi=j,
where R;; = T390 for all i,7 such a;; # 0, and R;; = 1 otherwise. Show
ﬂiaij

(i) M is row-stochastic with the same topology as A,
(ii) mM;; = m;Mj;, that is, M is reversible, and
(i) 7"TM =7,

Note: The Metropolis algorithm was introduced by Metropolis et al. (1953) and extended to non-symmetric matrices
by Hastings (1970); (Billera and Diaconis, 2001) contains a geometric interpretation and (Bierkens, 2016) a non-reversible
extension. Regarding M as the transition matrix of a Markov chain, equation (E5.5) has the following interpretation: from
node i, choose node j with probability a;; and accept this choice with probability min(1, R;;), otherwise remain at node 1.

Approximate optimization via random walks with Metropolis filter. Given a finite set V, consider an opti-
mization problem with objective function f: V' — R>¢. In order to amplify the differences in f, define a function
F:V — Rsgby F(v) = exp(f(v)/T) for 0 < T' < 1. We now design an algorithm that allows us to draw a random
sample from a distribution over V' proportional to F'; such an algorithm therefore allows us to pick a good solution to
the optimization problem with high probability.

Given a regular graph with node set V', define the Metropolis-filtered random walk over V in the following two-step
process. Let vy denote the node visited at time k. First, select uniformly a random neighbor u of vj. Second, if
F(u) > F(v), then move to u; otherwise, move to u with probability F'(u)/F (vi) and stay at v; with probability
1 — F(u)/F(vi). Show that the Metropolis-filtered random walk is a reversible Markov chain with stationary
distribution 7 satisfying

F(v)
Ywey Flw)

Note: The Metropolis-filtered algorithm is due to Metropolis et al. (1953) and nicely reviewed by Lovasz (1993). Note that
an explicit representation of the graph G' is not required.

m(v) =

(E5.6)

Balanced vectors as positive sums of appropriate basis vectors. Two vectors v, w € R"™ are sign compatible if
v;w; > 0foralli € {1,...,n}. If v and w are sign compatible, then

[o +wlly = [lvfly + [fwl]s- (E5.7)

Being sign compatible is transitive, that is, if v and w are sign compatible and w and z are sign compatible, then also v
and z are sign compatible.

Consider a vector x € R" such that llx = 0. Then there exist nonnegative coefficients y;; > 0,4,j € {1,...,n},
1 # 7, such that

(i) = %Z;:l vij (€ —€;),
(i)  and each y;;(e; — ;) are sign compatible, and
e n
(i) [l = Zi,j:l,i;ﬁj Yij-
Note: This exercise is (Seneta, 1981, Lemma 2.4 at page 62).

Equivalent definitions of the 1-coefficient of ergodicity. Given a row-stochastic matrix A, show that the
expressions for 71 (A) in equation (5.15) in Section 5.3 are equal, i.e., prove that

n

1 n
max AT = — max Z ap —aipl=1— min Zmin Aih, Qin T
i, 147 2i7je{1,..-,n}h:1‘ o~ gt ij€{L. . n} £ an agn)
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E5.23 An alternative ergodicity coefficient. Given a row-stochastic matrix A € R"*", define its column-maximum
row-minimum entry, denoted v(A), by
A) = max min a;; € |0,1]. E5.8
g je{l. .n}ie{l,..n} " [0,1] (ES8)
It is useful to clarify how to compute this quantity: for each column j the quantity b; = min; a,; is the smallest entry
over the n rows, and then y(A) = max; b; is the largest of these entries over the n columns. Show that
(i) for all z € R™, the max-min function satisfies
Vmax—min(Ax) S (1 - ’Y(A))Vmax-min(m);
(i) v(A) > 0if and only if A has a strictly positive column;
(iii) if there exists an index h € N such that A" has a positive column, then k¥ ~ Viuxmin(z(k)) converges
exponentially fast to zero in the sense that, for all time k£ € N,
Lk/h]
Vmax—min(x<k)) S (1 - ’Y(Ah)) Vmax—min(x(o))-
—_——
<1
E5.24 Perturbation bounds on the left dominant eigenvector. Let A and A + A be row-stochastic and irreducible; let

v(A) and v(A + A) denote their left dominant eigenvectors, normalized to have unit sum. If A is scrambling so that
71(A) < 1, then

1Al
1-—- T1 (A) '

Note: This result is originally by Seneta (1988). A comparison of various perturbation bounds, also referred to sensitivity
bounds or condition numbers, is given by Cho and Meyer (2001).

[v(A) —v(A+ A < (E5.9)

Exercises with solution

E5.25

Necessary and sufficient conditions for semi-convergence. With the same notation as in Theorem 5.2, prove that
the following three properties are equivalent:

(A1) the eigenvalue 1 is semi-simple with multiplicity n, and all other eigenvalues u satisfy |u| < 1,
(A2) A is semi-convergent,

(A3) each sink of the condensation of G, regarded as a subgraph of G, is aperiodic.

Note: Gantmacher (1959) calls "regular” the semi-convergent row-stochastic matrices and "fully regular” the semi-
convergent row-stochastic matrices whose limiting matrix has rank one, i.e., the indecomposable row-stochastic matrices.

Answer: The equivalence (A1) <= (A2), is a consequence of Theorem 2.7, where necessary and sufficient conditions
for semi-convergence are given on the spectrum of A. In this case A is row-stochastic so that 1 is an eigenvalue.
(Recall Theorem 2.7 states that A is semi-convergent if and only if 1 is semi-simple and all other eigenvalues have
magnitude less than 1.) In the implication (A2) = (A1), the fact that the multiplicity is ns can be seen by writing
the matrix in its Jordan normal form.

Regarding (A3) == (A1): This statement amounts to one of the claims of Theorem 5.2, for which we provide a
full proof here. Suppose each sink of the condensation of G, viewed as a subgraph of G, is aperiodic. By definition,
each sink of the condensation of GG, viewed as a subgraph of GG, has no outgoing edges. Thus, if we reorder A by a
permutation which groups each of the ng sinks of the condensation of G, A has the following block structure:

A 0 .. 0 0
0 Aoy ... 0 0
PAPT = | : : :
0 0 ... Apn O
Avi Ave ... Aun, Avu
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Since PAPT is row-stochastic (PAP"1, = PAl, = P1, = 1,), we also have that the constituent diagonal blocks

Ay, Aga, . .., Ay, are row-stochastic. If we consider the collection of nodes U which do not belong to any of
the n sinks, there must be an out-going edge from U or else one of those nodes would belong to a sink. Thus,
[AUl Ays ... AUnS] # 0 and the matrix Ayy is thus row substochastic. Every node ¢ in U must have a walk

to a node j belonging to a sink. Clearly, j is not in U. But then every ¢ must have a walk to a node k with a directed
edge to a node not in U. Thus, by Corollary 4.13, Ay is convergent: p(Ayy) < 1.

Since each sink of the condensation of G is strongly connected (since every node in the condensation is a maximal
strongly connected component) and aperiodic (by hypothesis) when viewed as a subgraph of G, each of the matrices
Ai1,Asg, ..., Ay p, is primitive by Theorem 4.7 and thus have 1 as a strictly dominant eigenvalue by the Perron-
Frobenius Theorem 2.12.

Since the eigenvalues of a block triangular matrix are the union of the eigenvalues of the blocks and the eigenvalues
of a matrix are invariant under a symmetric permutation (or indeed any similarity transformation), A has eigenvalue
1 with multiplicity ns and all other eigenvalues strictly smaller in magnitude. Moreover, since 1 has multiplicity one
in each of the ng blocks Aj1, ..., Ay p,, 1 is semisimple.

Regarding (A1) = (A3), suppose that 1 is a semisimple eigenvalue of multiplicity n, and all other eigenvalues are
strictly smaller. Consider the block structure of PAPT shown above. Recall that the eigenvalues of A are the union of
the eigenvalues of the diagonal blocks A11, A2, . .., Ann,, Avuv. Since A1, Ass, . . ., Ap n, are row stochastic and
thus have eigenvalue 1, we conclude that all of the eigenvalues of Ay are smaller than 1, p(Ayy) < 1, and that
Ai1,Asg, ..., Apn, all have simple eigenvalue 1 with all eigenvalues strictly smaller than 1.

Now, assume by contradiction that the jth sink S of the condensation of GG, viewed as a subgraph of G, is periodic
with period k. Define B := A;;. Pick any node k in S and assign each node ¢ in S a number between 0 and k — 1
defined to be the length of any directed walk from & to £ modulo the period k. Since S is a node in the condensation
of G, S is strongly connected so every node has a number. The number of a node is well-defined since if there are
walks of length p and p’ from k to ¢, then concatenating with a walk of length L from £ to k (which exists because S
is strongly connected) gives cycles with lengths p + L and p’ + L. Since p + L and p’ + L are both multiples of &,
p — p is as well so p and p’ have the same remainder modulo k.

Notice that all edges from nodes with number m must be to nodes with number (m + 1) mod k. Thus, after
permuting B such that the nodes with the same number are grouped together, we have

0 Bpr 0 ... 0 0

0 0 By ... 0 0

T 0 0o ... 0 0

PBP' = : : : : :
0 0 O O B(k‘*?)(k*l)

B-190 0 0 0 0

Since B is row stochastic (and so is PBPT) we have that 1/ is an eigenvector of PBPT with eigenvalue 1. This
implies that B;(;11)1(51/p = 15)/p for 0 < i < k —2and B(_1)01|s|/p = 1s|/p- Define the primitive kth root of
unity w := exp(27i/|S|) where i = /—1 is the imaginary unit. Observe that w* = 1. Then

1‘5‘/1) 0 Bo1 0 ... 0 0 1‘5‘/1)
w21|5|/p 0 0 B12 0 0 w21|5|/p
pppt | Clsie | | 0 6 0 0 0 w isi/p
W2 51 0 0 0 0 Bu-zyke-) | [« *Lisp
W sipd  WBeeno 000 0 0 W s/
Lisizp
“Lisi/p
w isi/p
W s/
W dysi/p

Lectures on Network Systems, F. Bullo, edition 1.6 — Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.



96

Chapter 5. Discrete-time Averaging Systems

E5.26

Thus w is an eigenvalue of B with |w| = 1, contradicting the fact that all eigenvalues of B other than 1 have magnitude
smaller than 1. Thus, we conclude that each of the sinks of the condensation of G must be aperiodic.

Persistent disagreement in the opinion dynamics model by Friedkin and Johnsen (1999). Let A be a row-
stochastic matrix whose associated digraph describes an interpersonal influence network. Let each individual possess

an openness level \; € [0,1],7 € {1,...,n}, describing how open is the individual to changing her initial opinion
about a subject; set A = diag(A1, ..., \,). Consider the Friedkin-Johnsen model of opinion dynamics
x(k+1) = Ax(k) + (I, — A)z(0). (E5.1)

In other words, in this model, each individual ¢ exhibits an attachment (1 — \;) to its initial opinion x;(0), z;(k)
represents the current opinion and x; (0) represents a prejudice by individual i. Consider the following two assumptions:

(A1) at least one individual has a strictly positive attachment to its initial opinion, that is, A\; < 1 for at least one
individual 7; and
(A2) the interpersonal influence network contains directed walks from each individual with openness level equal to 1

to an individual with openness level less than 1.

Note that, if Assumption (A1) is not satisfied and therefore A = I,,, then we recover the French-Harary-DeGroot
opinion dynamics model introduced in Section 1.1 and analyzed in this chapter. In what follows, let Assumption (A1)

hold.

(i) Show that the matrix AA is convergent if and only if Assumption (A2) holds.
Hint: Recall Corollary 4.13

Next, under Assumption (A2), perform the following tasks:

(ii) show that the so-called total influence matrix V = (I,, — AA)~!(I,, — A) is well-defined and row-stochastic,
Hint: Review Exercises E2.9 and E2.11

(ili) show that the limiting opinions satisfy limy_, o z(k) = Vz(0),

(iv) show that A and V' have the same left dominant eigenvector when A = A, for 0 < A < 1,

(v) compute the matrix V' and state whether two individuals will achieve consensus or maintain persistent disagree-
ment for the following pairs of matrices:

A = B;; %g} , and A; = diag(1/2,1),
As = Eg %;} , and Ay = diag(1/4,3/4).

Note: Friedkin and Johnsen (1999, 2011) make the additional assumption that \; = 1 — a;;, fori € {1,...,n}; this
assumption couples the openness level with the interpersonal influences and has the effect of enhancing stubborness of the
individuals. This assumption is not needed here. The model (E5.1) is also referred to the averaging model with stubborn
individuals. Other properties of this model are studied in (Bindel et al., 2015; Friedkin et al., 2016; Ravazzi et al., 2015).

Answer: We start by proving fact (i). Because at least one individual 7 has \; < 1 for some ¢, then at least one of the
rows of A A has sum less than 1 and so A A is row-substochastic. Assumption (A2) states that the digraph associated
to A A contains directed walks from each node with out-degree equal to 1 to a node with out-degree less than 1 in A A.
But this property of the digraph is precisely a necessary a sufficient condition for AA to be convergent, as stated in
Corollary 4.13

Next we prove statement (ii). Since A A is convergent, we know from Exercise E2.9 that I,, — A A is invertible. From
Exercise E2.11 on the Neumann series, we write the matrix V as

oo

V=> (A)k(I, - A). (E5.2)
k=0
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The entries of V' are non-negative because V' is the infinite convergent sum of non-negative matrices. Next, because
A is stochastic, we reason:

I, —MN1, =, — N1,
= [, —AA)L,=(,—MN1,
= 1, = (I, — AA)"'(I, — A)1,,
so that V = (I,, — AA)~*(I,, — A) has row-sums equal to 1. Hence V is well-defined and row-stochastic.
Next, statement (iii) is an immediate consequence of Exercise E2.9: every solution to an affine system z(k + 1) =
Ax(k) + b, with A convergent, will converge to the unique equilibrium point (I,, — A)~'b. With the notation here,
the unique equilibrium point is (I, — AA)~1(I,, — A)z(0) = Vz(0).

Regarding statement (iv), let w be the left dominant eigenvector of A, that is, w' A = w' and left-multiply
equation (E5.2) by w to obtain:

W'V =w" Y AN, = AL) = (1= Nw' Y AkA*
k=0 k=0

—(1- /\)(g(})\’“)(wTAk) =10 (g e =T

For statement (v), with the help of a computer, we easily compute V to be, respectively

1o ~ [15/16 1/16
V1[1 0}’ alncl‘/2{9/16 7/16}’

so that consensus is achieved in the first case, but not in the second case for generic initial opinions.
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6.1

CHAPTER 6

The Laplacian Matrix

The previous chapters studied adjacency matrices and their application to discrete-time averaging dynamics. This
chapter introduces and characterizes a second relevant matrix associated to a digraph, called the Laplacian matrix.
Laplacian matrices appear in numerous applications and enjoy numerous useful properties.

The Laplacian matrix

Definition 6.1 (Laplacian matrix of a digraph). Given a weighted digraph G with adjacency matrix A and
out-degree matrix Doy = diag(Aly,), the Laplacian matrix of G is

L= Dout — A
In components L = (eij)i,je{l,. o)
—aij, if i 7é jv
0. — n
K Z Aih, le:.jv
h=1,hi

or, for an unweighted undirected graph,

—1, if{i,j} is an edge and not a self-loop,
lij = d(3), ifi=j,

0, otherwise.

6.3 =37 =26 O 0
-8.9 10.1 0 -12 0
L= 0 0 42 -19 -23
0 0 0 0 0
-44 0 0 =27 71

Figure 6.1: A weighted digraph and its Laplacian matrix
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100 Chapter 6. The Laplacian Matrix

As a second example, we consider the complete undirected graph K. Recall from Table 4.1 that the adjacency
matrix is A, = 1,17 — I,, and that each node has degree n — 1. Given the projection matrix IT,, = I,, — %ln il
from Section 5.3, we compute the Laplacian of K, to be

Lk, = (TL - 1)In - (17111 - In) =nl, — 1nll = nll,. (6.1)
Note:

(i) the sign pattern of L is important — diagonal elements are non-negative (zero or positive) and off-diagonal
elements are non-positive (zero or negative);
(ii) the Laplacian matrix L of a digraph G does not depend upon the existence and values of self-loops in G;
(iii) the graph G is undirected (i.e., symmetric adjacency matrix) if and only if L is symmetric. In this case,
Doyt = Diyn = Dand A = AT;
(iv) in a directed graph, ¢;; = 0 (instead of ¢;; > 0) if and only if node ¢ has zero out-degree;
(v) L is said to be irreducible if G is strongly connected.

We conclude this section with some useful equalities. We start with the obvious

n
(ACC)Z = Zaij:nj. (6.2)
j=1
First, for x € R",
n n n n
(Lz); = Zf,‘jx]‘ =Vlyx; + Z lijx; = ( Z aij)a?i + Z (—aij)xj
Jj=1 J=1j#i J=1j#i J=1j#1
n
= Z aij(a;i — a:j) = Z aij(xi — a:j). (6.3)
J=1j#i JENOU(4)

Additionally, if G has no self-loops and dou (i) = Zje Nou () Gij > 0, then the values
{@ij/dou (i), for all out-neighbors j}
are convex combination coefficients defining a weighted average and
(Lz); = dout(i) (x; — weighted-average({z;, for all out-neighbors j})),
for unit weights

= dout(7) (2; — average({x;, for all out-neighbors j})).

Second, assume L = LT (ie., a;j = aj;) and compute:

n n n
2 Lz = Z.I‘Z(Ll')z = sz( Z a;j(x; — 3@))
i=1 i=1 j=1,j%#i
= Z aijzni(a:i — ."L‘j) = (5 + 5) Z (IijIL‘ZZ — Z AT T 5
i,j=1 i,j=1 i,j=1
b ry 1 — 1 « "
symmetr
YRRy 5 Z aijl‘? + B Z aijsz — Z QijTiT;
3,j=1 4,j=1 4,j=1
1 ¢ 2 2
=3 o aglwi—z)? = Y ay(w — ;) (6.4)
5,j=1 {i,j}eE
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The function  — x' Lz is sometimes referred to as the Laplacian potential function, because of the energy
and power interpretation we present in the next two subsections. Note that the quadratic function = — x' Lz is
a generalization of the quadratic disagreement function Voq(z) = 21,2, defined in Section 5.3 when studying
convergence to consensus. Specifically, for the complete undirected graph, equation (6.1) implies #" L,z =

8 Vial2).

The Laplacian in mechanical networks of springs

o TR
OM®) QO QO o T

Figure 6.2: A spring network

A spring network is a collection of rigid bodies interconnected by springs. Let x; € R denote the displacement
of the ith rigid body. Assume that each spring is ideal linear-elastic and let a;; be the spring constant, i.e., the
stiffness, of the spring connecting the ith and jth bodies.

Define a graph as follows: the nodes are the rigid bodies {1, .. .,n} with locations z1, . . ., z,,, and the edges
are the springs with weights a;;. Each node i is subject to a force

F; = Zaij<xj - ‘rl) = _(Lstiffnessx)iy

where Lgffess is the Laplacian for the spring network (modeled as an undirected weighted graph). Moreover,
recalling that the spring {4, j} stores the quadratic energy $a;;(z; — x;)% the total elastic energy is

1 1
2 : 2 T
Eelastic = 5 Q5 (mz - x]) =357 Lstiffness:l:-

2
{i,J}€E
In this role, the Laplacian matrix is referred to as the stiffness matrix. Stiffness matrices can be defined for
spring networks in arbitrary dimensions (not only on the line) and with arbitrary topology (not only a chain
graph, or line graph, as in figure). More complex spring networks can be found, for example, in finite-element
discretization of flexible bodies and finite-difference discretization of diffusive media.

The Laplacian in electrical networks of resistors

source

—~WW WW ﬁi

—~WW WW

Figure 6.3: A resistive circuit
Suppose the graph is an electrical network with pure resistors and ideal voltage or current sources: (i) each graph
node i € {1,...,n} is possibly connected to an ideal voltage or current source or to ground, (ii) each edge is a

resistor, say with resistance r;; between nodes ¢ and j. (This is an undirected weighted graph.)

Lectures on Network Systems, F. Bullo, edition 1.6 — Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.



6.2

102 Chapter 6. The Laplacian Matrix

Ohm’s law along each edge {4, j} gives the current flowing from i to j as

Cimsj = (Vi = vj)/Tij = aij(Vi = ),

where v; is the voltage at node i and a;; is the inverse resistance, called conductance. We set a;; = 0 whenever
two nodes are not connected by a resistance and let L¢ondyctance denote the Laplacian matrix of conductances.
Kirchhoff’s current law says that at each node i:

n n
Cinjected at i — E Ci—j = E : Qg (Vi - Vj)'
Jj=1,j#i J=Lj#i

Hence, the vector of injected currents cipjected and the vector of voltages at the nodes v satisfy

Cinjected = Lconductance V- (6.5)

Moreover, the power dissipated on resistor {, j} is ¢;—;(v; — v;), so that the total dissipated power is

2 T
Pdissipated = 5 Qg5 (Vi - Vj) =V LconductanceV-
{i.j}eE

Properties of the Laplacian matrix

In this section we present various properties of Laplacian matrices.

Lemma 6.2 (Zero row-sums). Let G be a weighted digraph with Laplacian L and n nodes. Then
L1, =0,.

In equivalent words, 0 is an eigenvalue of L with right eigenvector 1,,. We refer to the eigenvalue 0 of L and
to its left and right eigenvectors as dominant, since the eigenvalue 0 plays the same role for L as the eigenvalue 1
for a row-stochastic matrix.

Proof of Lemma 6.2. For all rows i, the ¢th row-sum is zero:

Z&j—ﬁﬁ Z EW_( Z a”>+ Z —ajj)

J=1g#i J=Lg#i Jj=1,g#1

Equivalently, in vector format (remembering the weighted out-degree matrix D,y is diagonal and contains the
row-sums of A):
dout(l) dout(l)
L1, = Doul, — Al, = — =0,.
dout(1) dout(1)
[

Based on this lemma, we now extend the notion of Laplacian matrix to a setting in which there is no digraph
to start with.

Definition 6.3 (Laplacian matrix). A matrix L € R"*™, n > 2, is Laplacian if

(i) its row-sums are zero,
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(ii) its non-diagonal entries are non-positive, and

(iii) its diagonal entries are non-negative.

Note: property (iii) is a consequence of (i) and (ii).

A Laplacian matrix L induces a weighted digraph G without self-loops in the natural way, that is, by letting
(4,7) be an edge of G if and only if ¢;; < 0. With this definition, L is the Laplacian matrix of G.

Next, we study when also the columns of a Laplacian matrix have vanishing sums.

Lemma 6.4 (Zero column-sums). Let G be a weighted digraph with Laplacian L and n nodes. The following
statements are equivalent:

(i) G is weight-balanced, that is, Doy = Din; and
(i) 1)L =0].

Proof. Pick j € {1,...,n} and compute
n n
(170); = (LT1,); = Z&j =Ll + Z iy = dow(j) — din(J),
i=1 i=1,j#i
where the last equality follows from
n
ljj = dow(j) —aj; and Y lij = —(din(j) — az;)-
i=1,571
In summary, we know that 1;5 L= OZ if and only if Doy = Dip. [ |
Next, we study the eigenvalues of a Laplacian matrix.

Lemma 6.5 (Spectrum of the Laplacian matrix). Given a weighted digraph G with Laplacian L, the eigenvalues
of L different from 0 have strictly-positive real part.

Proof. Recall ¢;; = Z?:L#i a;; > 0and {;; = —a;; < 0fori # j. By the GerSgorin Disks Theorem 2.8, we know
that each eigenvalue of L belongs to at least one of the row disks

n

{z eC|le—tul< \&jl} —{2€C||z—tu| < tu}.

=L

Lectures on Network Systems, F. Bullo, edition 1.6 — Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.



6.3

6.3.1

104 Chapter 6. The Laplacian Matrix

These disks, with radius equal to the center, contain the origin and complex numbers with positive real part. B

The following result is a consequence of Theorem 5.2.

Theorem 6.6 (Semisimplicity of the zero eigenvalue of a Laplacian matrix). Let L be the Laplacian matrix
of a weighted digraph G with n nodes. Let ng > 1 denote the number of sinks in the condensation digraph of G. Then
(i) the eigenvalue 0 is semisimple with multiplicity n,
(ii) the following statements are equivalent:
a) G contains a globally reachable node,

b) the eigenvalue 0 is simple, and
¢) rank(L) =n — 1.

Proof. First, we ask the reader to read and solve Exercise E6.1; with the notation in the exercise, we observe that if
C(G L) has n; sinks, so does C'(G 4, . ). Theorem 5.2 then implies that the eigenvalue 1 of Ay . is semisimple with

multiplicity ns and there exist left eigenvectors wP, p € {1,...,ns}, such that (w?)T AL, . = (wP)T. But the same
vectors therefore satisfy (w?)" L = 0, which implies that the eigenvalue 0 of L is semisimple with multiplicity
Ng. |

Symmetric Laplacian matrices and the algebraic connectivity

We now specialize the results in the previous section to the setting of a weighted directed graph G with a symmetric
adjacency matrix A = AT € R™*"

Note: a digraph G with symmetric Laplacian is an undirected graph possibly with self-loops. Therefore, the
number of sinks of G is equal to the number of connected components of G.

Laplacian eigenvalues and algebraic connectivity

Assuming A and, therefore, L is symmetric, we know that all eigenvalues of L are real and that

(i) atleast one is zero by Lemma 6.2, and

(ii) all eigenvalues are non-negative by Lemma 6.5.

Therefore, by convention, we write these eigenvalues as
0= < <...< )\,

Definition 6.7 (Algebraic connectivity). The second smallest eigenvalue Ao of a symmetric Laplacian L of a
weighted digraph G is called the algebraic connectivity of G. The algebraic connectivity and its associated eigenvector
are also referred to as the Fiedler eigenvalue and Fiedler eigenvector (in recognition of the early work by Fiedler (1973)).

Theorem 6.6 directly implies the following simple results.

Corollary 6.8. For a weighted undirected graph G with symmetric Laplacian L:

(i) G is connected if and only if Ao > 0; and
(ii) the multiplicity of O as an eigenvalue of L is equal to the number of connected components of G.

Moreover, the algebraic connectivity has numerous properties and is related to numerous concepts in graph
theory. We here present only a few selected results.
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Lemma 6.9 (Properties of the algebraic connectivity). Consider a weighted undirected graph with symmetric
adjacency matrix A, symmetric Laplacian matrix L, and algebraic connectivity Ao. The algebraic connectivity satisfies:

(i) the variational description:
9 = min 2 Lz, (6.6)
[|z]l2=1,zL11n
(ii) the monotonicity property:
A<A = A<,

where A’ is a symmetric adjacency matrix with algebraic connectivity ).

The proof of these statements is postponed to Exercise E6.5. Statement (i) is a consequence of the Courant-Fisher
Theorem (Meyer, 2001, Chapter 7), also called the Min-Max Theorem. Statement (ii) explains in what sense A, is
monotonic with respect to edge weights (a similar result for the spectral radius of an adjacency matrix is given in
Lemma 4.10). Corollary 6.8(i) and Lemma 6.9(ii) together explain that A9 is a measure of how well-connected a
graph is, thereby justifying the name algebraic connectivity.

We conclude this section with some basic examples.

Example 6.10 (Basic graphs and their algebraic connectivity). Recall the definitions of path, cycle, star,
complete and complete bipartite graph from Examples 3.1 and 4.1. We here report a table containing their algebraic
connectivity and Laplacian spectrum and leave their proof to the reader in Exercise E6.9.

Graph Algebraic connectivity Laplacian spectrum

path graph P, 2(1 — cos(m/n)) ~ 72 /n? {0} U{2(1 — cos(mi/n)) | i € {1,...,n—1}}
cycle graph C), 2(1 — cos(2m/n)) ~ 4m? /n? {0} U{2(1 —cos(2mi/n)) | i € {1,...,n—1}}
star graph S, 1 {0,1,...,1,n}

complete graph K, n {0,n,...,n}

complete bipartite K, ,, min(n,m) {0,m,...,m,n,...,n,m + n}, where m has

multiplicity n — 1 and n has multiplicity m — 1

Table 6.1: The algebraic connectivity and Laplacian spectrum for basic graphs. Loosely speaking, the sparsely-
connected graphs P,, and (), have algebraic connectivity Aa ~ 1/ n?2, the star graph .S, has constant algebraic
connectivity, and the fully connected K, has linearly growing algebraic connectivity.

Laplacian systems and Laplacian pseudoinverses

In this section we study Laplacian systems because of their rich structure and numerous applications. We start by
revisiting the mechanical and electric example systems introduced in Sections 6.1.1 and 6.1.2. We are interested in
understanding when equilibrium configurations exist and, if so, how to compute them.

+1 -1
<Ll Jlr—1> liD current current
source source
W I — =
O @) OO0 WW\- WW\
(a) A spring network subject to a balanced force (b) A resistive circuit subject to a balanced current injection

Figure 6.4: Laplacian systems
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The spring network consists of n masses at positions z € R", described by a stiffness Laplacian matrix L, and
subject to a load force fiy,q as in Figure 6.4a. Similarly, the resistive circuit consists of n nodes at voltage v and
subject to a current injection Cipjected- The force balance equation for the equilibrium displacement in the spring
network and the flow balance equation for voltage equilibrium in the resistive circuit are

Lstiffnessx = floada and LconductanceV = Cinjected-

We formalize these two problems as follows.

Definition 6.11. A Laplacian system is a linear system of equations in the variable x € R™ of the form
Lx =b, (6.7)

where L € R™™ is a Laplacian matrix and b € R™.

To characterize the solutions to a Laplacian system we recall the notion of pseudoinverse matrix from Exer-
cise E2.20 and present the following result.

Lemma 6.12 (The pseudoinverse Laplacian matrix). Consider the symmetric Laplacian matrix L of a connected
graph with decomposition L = U diag(0, Xa, ..., A\, )UT, where U € R™*" is orthonormal. Then

(i) image(L) = 1> so that the system Lz = b admit solutions if and only ifb 1 1,,
(ii) ifb € R" is balanced, that is, b L 1,,, then the set of solutions to the Laplacian system is

(L + 81, | B € R},

(iii) the pseudoinverse of L is

0 0 ... 0
0 1/d ... O

Lr=u|: /:2 _ Ut (6.8)
0 0 ... 1/\

and satisfies
1
L'=@h" =0, L'1,=(LNH"1,=0, and LL'=LTL=1,-=-1,1].
n

In short, a Laplacian system is a static equilibrium problem with zero-mean (current / force) injections b that
determine nodal (voltage / displacement) equilibrium variables z* = LTb uniquely up to a uniform displacement

81,.

We ask the reader to prove Lemma 6.12 in Exercise E6.10 and present here an example application.

Example 6.13 (Effective resistance). Given a connected weighted undirected graph G with Laplacian L, regard
G as a resistive circuit with conductances along the edges. The effective resistance between nodes ¢ and j, denoted
by rfjf-f, is the potential difference induced between i and j when a unit of current is injected at ¢ and extracted at j;
see Figure 6.5

Simple calculations (starting with cipjected = €; — €, Where €; is the ith base vector of R") show that the
effective resistance between 7 and j satisfies

Tfjﬁ = (& — ej)TLT(ei — Ej). (6.9)

eff
ij
v = LT(e; — €;). Therefore, v; — v; = (&; — &;)Tv = (&; — ;)T LT(e; — ;), which is equation (6.9).

The resistance distance is a distance function on the graph in the following sense. For all 7, j, k € {1,...,n},

Indeed, by definition, we have r{’ = v; — v;. We combine Lv = cipjected and Cipjected = €; — €; to obtain
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Figure 6.5: The effective resistance rfj

@ r eﬂ > 0 and reff = O if and only if 7 = j (positive definiteness),

(ii) r f]ff =rs (symmetry), and

(iii) r eﬂ < reﬁ + 7y (subadditivity).

Moreover, the resistance distance satisfies the so-called Rayleigh monotonicity property, i.e., with the same notation
as in Lemma 6.9,

A<A = rfjﬁ > (rfj&)' for all 7, j.

We refer to (Klein and Randi¢, 1993) for additional properties and applications. °

Appendix: Community detection via algebraic connectivity

As just presented, the algebraic connectivity A2 of an undirected and weighted graph G is positive if and only if G
is connected. We build on this insight and show that the algebraic connectivity does not only provide a binary
connectivity measure, but it also quantifies the “bottleneck” of the graph. To develop this intuition, we study
the problem of community detection in a large-scale undirected graph. This problem arises, for example, when
identifying group of friends in a social network by means of the interaction graph.

Specifically, we consider the problem of partitioning the nodes V' of an undirected connected graph G in two
sets V7 and V5 so that

ViuVa =V, V1NV =0, and V3, V2 # 0.

Of course, there are many such partitions. We measure the quality of a partition by the sum of the weights of all
edges that need to be cut to separate the nodes V; and V5 into two disconnected components. Formally, the size of
the cut separating V; and V» is

TV, Va) = Y ay.

i€Vy,jeVa

We are interested in finding the cut with minimal size that identifies the two groups of nodes that are most loosely
connected. The problem of minimizing the cut size J is combinatorial and computationally hard since we need
to consider all possible partitions of the node set V. We present here a tractable approach based on a so-called
relaxation step. First, define a vector = € {—1, +1}" with entries z; = 1 fori € V] and z; = —1 for i € V5. Then
the cut size J is a function of = and can be rewritten via the Laplacian potential as

n

1 1
J(x) = 3 Z aij(x; — CCj)Z =1 z' Lz
7,7=1
and the minimum cut size problem is:
minimize z' Lx.
ZBG{—I,I}"\{—ln,ln}
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(Here we exclude the cases x € {—1,,, 1,,} because they correspond to one of the two sets being empty.) Second,
since this problem is still computationally hard, we relax the problem from binary decision variables x; € {—1,+1}
to continuous decision variables y; € [—1, 1] (or ||y|loc < 1), where we exclude y € span(1,,) (corresponding to
one of the two groups being empty). Then the minimization problem becomes

minimize yTLy.
yER™, y L1, [yflec=1

As a third and final step, we consider a 2-norm constraint ||y||2 = 1 instead of an co-norm constraint ||y||oc = 1
(recall that ||y||co < |lyll2 < v/7]|ylloo) to obtain the following heuristic:

minimize y' Ly. (6.10)
yeR™, yLln, |lyll2=1

The variational description in Lemma 6.9(i) now states that the unique minimum of the relaxed optimization
problem (6.10) is A2 and the minimizer is vy, the eigenvector associated to Ay normalized to have unit 2-norm. We
can then use as a heuristic z = sign(vz) to find the desired partition {V}, V2 }. Hence, the algebraic connectivity
A2 (the Fiedler eigenvalue) is an estimate for the size of the minimum cut and the signs of the entries of the Fiedler
eigenvector vy identify the associated partition in the graph. In this sense, Fiedler eigenvalue and eigenvector
describe size and location of the “bottleneck” of a graph.

To illustrate these concepts, we borrow an example computational problem from (Gleich, 2006). We construct a
randomly generated graph as follows. First, we partition n = 1000 nodes in two groups V; and V> of sizes 450
and 550 nodes, respectively. Second, we connect any pair of nodes in the set V) (respectively V5) with probability
50% (respectively 40%). Third and finally, any two nodes in distinct groups, i € V; and j € V5, are connected
with a probability of 15%. The sparsity pattern of the associated adjacency matrix is shown in the left panel of
Figure 6.6. No obvious partition is visible at first glance since the indices are not necessarily sorted, that is, V;
is not necessarily {1,...,450}. The second panel displays the sorted entries of the eigenvector vo showing a
sharp transition between positive and negative entries. Finally, the third panel displays the correspondingly sorted
adjacency matrix A clearly indicating the partition V = V; U Vi. The Python code to generate Figure 6.6 is in the

Table 6.2 below.

o 100 200 300 400 500 600 700 800 900 1000

A Vo

Figure 6.6: The left figure shows a randomly-generated sparse adjacency matrix A for a graph with 1000 nodes.
The central figure displays the eigenvector v which is identical to the normalized eigenvector vs after sorting the
entries according to their magnitude, and the right figure displays the correspondingly sorted adjacency matrix A.
For additional analysis of this problem, we refer the reader to (Gleich, 2006).
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# Python3 code for community detection
import numpy as np; import scipy.sparse.linalg as sla;
import matplotlib.pyplot as plt; from matplotlib.colors import ListedColormap
# Draw binary plot of adjacency matrix
def plot_matrix_binary (M, ax, name='"):
blue_map = ListedColormap(["blue", "white"]); zeros = M == 0;
im = ax.imshow (zeros, cmap=blue_map); ax.set_xticks ([]); ax.set_yticks
# For a given graph size, randomly assign the nodes to two groups
n = 1000; group_size = 450; A = np.zeros([1000, 100071);
x = np.random.permutation(n) - 1 # Random permutation of indices for groups
groupl = x[0:group_size]; group2 = x[group_size:];
# Assign probabilities of connecting nodes
p_groupl = 0.5; p_group2 = 0.4; p_between_groups = 0.15
# Construct adjacency matrix

Alnp.ix_(groupl,groupl)] = (np.random.rand(group_size, group_size) < p_groupl) = 1
Ensure cast to integer

Alnp.ix_(group2,group2)] = (np.random.rand(n-group_size,n-group_size) < p_group2)

A[np.ix_(groupl,group2)] = (np.random.rand(group_size, n-group_size) <

p_between_groups) * 1
# Ensure symmetry by copying the just created upper triangle part
A = np.triu(A,1l); A = A + A.T;

# Construct Laplacian, Fiedler eigenpair, and sorting indices
L = np.diag(np.sum (A, 1)) - A

D, V = sla.eigs(L, 2, which='SM")

V_sort_ind = np.argsort(vV[:, 11])

# Init plot

custom_figsize= (6, 4); fig, axs64 = plt.subplots(3, 1,
figsize=(custom_figsize[0]*1.2, custom_figsize[1l]%3))

# Plot binary matrix

plot_matrix_binary (A, axs64[0]); axs64[0] .set_xlabel ("SAS")

# Plot the eigenvector values sorted by magnitude

axs64[1l].plot (np.sort(V[:, 11))

axs64[1].set_aspect (1l / axs64[1l].get_data_ratio()) # Workaround to make it square
without equal axis ticks

axs64[1] .set_xlabel (r"s\tilde{v}_2$")

# Plot the adjacency matrix sorted by the eigenvector

plot_matrix_binary(A[np.ix_(V_sort_ind,V_sort_ind)], axs64[2]);
axs64[2] .set_xlabel (r"s\widetilde{A}S$");

(rn

#

* 1

Table 6.2: Python code for community detection
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Appendix: Control design for clock synchronization

In this section we consider an idealized network of heterogeneous clocks and design a control strategy to ensure
they achieve synchronization.

Consider n simplified clocks modeled as discrete-time integrators: x;(k + 1) = x;(k) + d;. The initial value
x;(0) is called the initial offset and d; is called the clock speed (or skew); see Figure 6.7. Assume that we can control
each clock according to

z(k+1) = x(k) + d + u(k). (6.11)
Define the average clock speed by dqye = average(d) = 1) d/n and the average time by taye(k) = dayek + Tave(0).

z 4 -

&;uo% I x;, ith clock//'

= o Id,, clock speed

& .

S Lo~ -
z;(0) ¢ U '/xj, Jjth clock
2 (0) 4 .

Figure 6.7: Two clocks with different initial offset z;(0) # x;(0) and speeds d; # d;.

The clock synchronization problem is to design a control law u such that, for all clocks ¢ and 7,

lim z;(k) — x;(k) = 0.

k—oo

Averaging-based proportional control Suppose the clocks are interconnected by an connected undirected
graph so that each node i can measure the errors (z;(k) — z;(k)) for some neighbors j. For each edge {i, j}, let
Kij = kj; > 0 be a control gain (and set k,; = 0 whenever {p, ¢} is not an edge), and select the averaging-based
proportional control law

zi(k+1) = 2i(k) + di + Y rij(xj (k) — zi(k)).
j=1

To analyze this control design, we proceed as follows. First, if L = LT denotes the Laplacian matrix defined by
these control gains, then the control is u(k) = — Lz (k) and the closed-loop system is

z(k+1) = (I, — L)xz(k) + d.

For max;c(1,. . . n) Z?ﬂ, i kig < 1, the matrix I,, — L is non-negative and therefore row-stochastic.

Note: we now see that the closed-loop system is an averaging system with a forcing term; this is the reason we
call this control action proportional/averaging.

Second, recall the average time ¢,y. (k) and define the error system y(k) = x(k) — tave(k)1,. One can show that

y(k + 1) = (In - L)y(k) + (d - daveln)a

and that this system is precisely an affine averaging system as studied in Exercise E2.10. According to Exer-
cise E2.10(iii), we know that, generically, y(k) — ygna & span{1,} so that

T (k) — (k) = Jim yi(k) — (k) £0.
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In other words, proportional control keeps the errors bounded (they would naturally diverge without it), but does
not achieve vanishing errors and therefore does not solve the clocks synchronization problem.

Proportional/averaging and integral control We now introduce a so-called integrator state w; at each node,
pick an integral control gain v, and design the averaging-based proportional-integral control law as

u(k) = —Lx(k) — w(k),
w(k+1) =w(k) +~vyLz(k),

so that the closed-loop system dynamics is

z(k+1) = (I, — L)z (k) — w(k) + d, (6.12)
wk+1) = w(k) +1La(k), |

with corresponding system matrix in block form In—L 1 .
yLo Iy

The rationale for integral control is that, when in steady state with w(k + 1) = w(k), the integral equation
in (6.12) enforces 0,, = Lx:(k). Hence, if the closed loop (6.12) admits a steady state, then necessarily all clocks
must be synchronized. It is natural to assume a zero initial state for the initial integral state w(0) = O,,.

Lemma 6.14 (Asymptotic clock synchronization). Consider n clocks (6.11) with heterogeneous initial offsets
x;(0), speeds d;, average speed d,ve = average(d), and average timetaye(k) = davek + Tave(0). Assume the undirected
communication graph among them is connected. Select proportional/averaging gains k;; for all edges {1, j} and an
integral control gain ~y satisfying

Z” 1, d 0 1 (6.13)
ma Kij < an <7y <1 .
i€l - n} K !

Then the proportional/averaging integral control ensures that, in the closed loop, the clocks synchronize and

lim (:z:(k) — tave(k:)ln) =0,.

k—o0

In other words, the clocks asymptotically synchronizes and their time grows linearly with a speed equal to the
average clock speed.

Proof. We start by studying the evolution of the affine dynamical system (6.12) using the modal decomposition as
illustrated in Section 2.1. Being a symmetric Laplacian matrix, L has real eigenvalues 0 = A\; < Ay < ... < A\,
with corresponding orthonormal eigenvectors v1 = 1,,/v/n, va, . . ., vp. By left-multiplying the closed-loop system
dynamics (6.12) by v}, a € {1,...,n}, we obtain the following n decoupled 2-dimensional systems:

s [ I AP
vaw

where 2,(k) = vlz(k), wa(k) =
reconstructed by

(k), and d, = vld. From this decomposition, the full state can be

=" 20 (k)va = Tave(k)Ln + D w0 (k)va,
a=1

=" wa(k)va = Wave(E)Ln + D wa (k)va.
a=1
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where x,v. (k) = average(z(k)) and waye (k) = average(w(k)).
For o = 1, after a simple rescaling, equation (6.14) reads

|:xave(k + 1):| — |:1 _1:| |:xave(k):| + |:dave:|
Wave(k + 1) 0 1| |wae(k) 0|
Because w(0) = 0,,, we compute w(k) = 0,, and Zaye (k) = tave(k) = davek + Tave(0).
It now suffices to show that the solutions to the n—1 equations (6.14), for « € {2, ..., n}, satisfy limy_,o 2o (k) =
0. Simple calculations show that the only equilibrium solutions to the n — 1 equations (6.14), for « € {2,...,n},

are z}, = 0 and w}, = —d,,. Hence, it suffices to show that all eigenvalues of the n — 1 matrices of dimension 2 x 2
have magnitude strictly less than 1. For a € {2,...,n}, the n — 1 characteristic equations are

(z—=1)2 4+ Xa(z—14+7) =0.
We claim that these polynomials have both roots strictly inside the unit circle if and only if, for all & € {2,...,n},
0<y<l1l, and 0< M\, <4/(2—7). (6.15)

Recall from the proof of, and the discussion following, Lemma 6.5 that

n
Ai S A < 2ie{1f}.a.}.(,n} ijl i
But by the assumption (6.13) we know max;c(i . n} 2?21 kij < 1, hence \, < 2 x 1 < 4/(2 — ~) for all
0 < v < 1. Hence, the inequalities (6.15) are satisfied.

To verify that the inequalities (6.15) imply that all roots have magnitude less than 1, we use the so-called bilinear
transform method. This method is based on the equivalence between the following two properties: the original
polynomial has roots strictly inside the unit disk and the transformed polynomial has roots with strictly negative real
part. We proceed as follows: we take z = (1+4s)/(1—s) and substitute it into the polynomial (z—1)2+ X\, (2 —1+7)
so that, removing the denominator, we obtain the polynomial (4 — 2)\, + Aa7)s% — A (27 — 2)s + A\ay. By
the Routh-Hurwitz stability criterion, this polynomial has roots with negative real part if and only if all three
coefficients are strictly positive or strictly negative. Some elementary calculations show that all three coefficients
may never be negative and that all three coefficients are positive if and only if the inequalities (6.15) hold. |

Historical notes and further reading

Standard books on algebraic graph theory with extensive characterizations of adjacency and Laplacian matrices
include (Biggs, 1994) and (Godsil and Royle, 2001). Laplacian matrices and their algebraic connectivity are surveyed
by (Mohar, 1991; Merris, 1994; Maia de Abreu, 2007). Laplacian systems are discussed in (Vishnoi, 2013).

The rank of the Laplacian, as characterized in Theorem 6.6, was studied as early as in (Fife, 1972; Foster
and Jacquez, 1975). A mathematical approach is given in (Agaev and Chebotarev, 2000) which features the first
necessary and sufficient characterization. We also refer to the more recent (Lin et al., 2005; Ren and Beard, 2005)
for the specific case of rank(L) =n — 1.

The generalized inverse of the Laplacian matrix appears in some applications and is studied by Gutman and
Xiao (2004). An informative overview is given by Dorfler et al. (2018).

The ground-breaking work in (Fiedler, 1973) established the use of the eigenvalues of the Laplacian matrix
for example as a way to quantify graph connectivity and to perform clustering, as illustrated in Section 6.4. For
surveys on community detection we refer to (Porter et al., 2009; Fortunato, 2010).

The example on clock synchronization via proportional/averaging and integral control in Section 6.5 is taken
from (Carli et al., 2008a). More realistic settings are studied in (Schenato and Fiorentin, 2011; Carli and Zampieri,
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2014; Mallada et al., 2015). Surveys include (Sundararaman et al., 2005; Sivrikaya and Yener, 2004; Simeone et al.,
2008).

Complex-valued graphs, adjacency and Laplacian matrices are studied in (Reff, 2012); see also (Lin et al., 2013;
Dong and Qiu, 2014) for some related applications.
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6.7 Exercises

» L6.1

» E6.2

E6.3

O—l> O—05—l> \ﬁ?}
(?2 0./5}5/' %75
O ( 4 <l—l>O (%0.5—l>©—0.5—l>o

Row-stochastic matrices associated to a Laplacian. Let L € R™*™ be a Laplacian matrix and define f,,x =

maX;e(1,. .. n} lii- Picke < ﬁ and define the e-scaled matrix associated to L by

AL,E =1, —¢L. (E6.1)

Let G 1, be the weighted digraph without self-loops associated to L and G 4, . be the weighted digraph associated to
Ap, <. Show that:

(i) Ap, . is row-stochastic with a strictly positive diagonal,

(i) G.a,. . hasalledgesin G and self-loops at each node,
(iii) Az, . is doubly-stochastic if and only if G, is weight-balanced,
(iv) Ap,. is primitive if and only if G, is strongly connected,

(v) (Aa,v) is a right eigenpair for Ay . if and only if ((1 — Aa)/e,v) is a right eigenpair for L.
Note: The matrix Ay, . corresponds to the Euler discretization with step-size ¢ of the continuous-time Laplacian flow
& = —Lux, introduced in Section 1.3 and studied in the next chapter.

Example Laplacian spectra. Let G* be a graph with 8 nodes and with Laplacian matrix L(G*) € R®*8. For
i = /—1, assume the spectrum of L(G*) is

spec(L(G*)) = {0,0,0.5104,1.6301, 2, 2.2045 — 1.0038i, 2.2045 + 1.0038i, 2.8646} .

Consider the graphs G, G2, and G5 shown below. Argue why the following statements are true:
(i) G1 cannot be G*,

(if) G2 cannot be G*, and

(ili) G3 cannot be G*.

G1 GQ G3

Figure E6.1: Example graphs and digraphs with 8 noses

A symmetric Laplacian matrix is positive semidefinite. Let G be a weighted undirected graph with symmetric
Laplacian matrix L € R™*". Assume G is connected and let (A2, v) denote the Fiedler eigenpair. Let IT,, = I,, — %ln 1;.
Show that

(i) L > 0 without relying on the Gersgorin Disks Theorem 2.8 and Lemma 6.5,

(ii) the Fiedler eigenvector satisfies v | 1,, and v" Lv = \y||v
(iii) for any z € R™ with 2. = 17 z/n,

2
25

x Lz > )\QHJJ — xavelnH;,

with equality if x is parallel to v.
(iv) IT,, =1, — %1,1 1" is the orthogonal projection onto 1~ and nll,, is the Laplacian of the complete undirected
graph, so that IT,, = I1] = 0, and
(v) II,L = LII,, = L and L = X\o1l,.
Note: Statement (v) implies that L satisfies the so-called Lyapunov linear matrix inequality (LMI)TL,, L+ LTI, = 2)I1,,.
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E6.4

E6.5

Eo6.6

E6.7

E6.8

The Laplacian matrix of a weight-balanced digraph. Let G be a weighted digraph with Laplacian matrix L. Prove
the following statements are equivalent:

(i) G is weight-balanced,

(ii) L + LT is the Laplacian matrix of the undirected digraph associated to the adjacency matrix A 4+ AT.
Moreover, with the notation in Exercise E6.3, show that
(iii) if G is weight-balanced, then L satisfies the Lyapunov LMIII,, L + LTIL,, = Ao(L + LTI, and
(iv) if additionally G is weakly connected, then A\o(L + LT) > 0.

The algebraic connectivity is monotonic with respect to edge weights. Show Lemma 6.9.
Note: To establish the variational characterization in equation (6.6), recall from (Meyer, 2001, Chapter 7) the Courant-Fisher
minimax characterization of the eigenvalues of a symmetric matrix P = PT € R"*":

Ae = min  max a' P, (E6.2)
SeSy zeS,||z||=1

where Sy, is the set of k-dimensional vector subspaces of R™.

Upper and lower bound on largest Laplacian eigenvalue. Let G be an undirected graph with symmetric
Laplacian matrix L = LT € R™*n, Laplacian eigenvalues 0 = A\; < Ay < ... < )\, and maximum degree
Amax = maxie(1,...n} d;. Show that the maximum eigenvalue )\, satisfies:

dmax S >\n S 2dmax~

Hint: Review the proof of Lemmas 6.5 and 6.9.
Note: Several other bounds are reviewed in (Maia de Abreu, 2007). For example, for an unweighted undirected graph with
n nodes and minimum and maximum degree dyin, dax, it is known that

2dmin —n+2 < /\2 < lemax-
n —

The Laplacian potential function in a directed graph (Gao et al., 2008). Recall that the quadratic form associated
with a symmetric matrix B € R™*" is the function = + =" Bz. Let G be a weighted digraph with n nodes and define
the Laplacian potential function @ : R™ — R by

Show that:

(i) @ is the quadratic form associated with the symmetric positive-semidefinite matrix

1
P= 5(1)0ut + Dy — A—AT),

(i) P = 3 (L + L(rev)), where the Laplacian of the reverse digraph is L(rev) = Dy, — AT.

Scaled Laplacian matrices. Let L = LT € R™*" be the Laplacian matrix of a connected, undirected, and symmetri-
cally weighted graph. Given scalars dy, . . ., d,,, define the matrices A and B by

A = diag{ds,...,d,}L and B := Ldiag{di,...,d,}.

(i) Give necessary and sufficient conditions on {d1, . .., d,} for A to be a Laplacian matrix.
(i) Give necessary and sufficient conditions on {dy, . .., d,} for B to be a Laplacian matrix.
(ili) Give a sufficient condition on {d1, . ..,d,} for A and B to be symmetric.
(iv) Assuming d; # 0,7 € {1,...,n}, do A and B possess a zero eigenvalue? If so, what are the corresponding right
and left eigenvectors for A and B?
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E6.9 Laplacian spectrum of basic graphs. Given the basic graphs in Examples 3.1 and 4.1 and the properties of tridiagonal
Toeplitz and circulant matrices in Exercises F4.2 and E4.3, compute the spectrum of the Laplacian matrix (and therefore
also prove the statements in Table 6.1) for basic graphs. Specifically, show that, for n > 2,
(i) for the path graph P,, the Laplacian spectrum is {0} U{2(1 — cos(wi/n)) | i € {1,...,n — 1}};
(ii) for the cycle graph C',, the Laplacian spectrum is {0} U{2(1 — cos(2wi/n)) | i € {1,...,n —1}};
(iti) for the star graph S,,, the Laplacian spectrum is {0, 1, ..., 1,n} where 1 has multiplicity n — 2;
(iv) for the complete graph K, the Laplacian spectrum is {0,n, ..., n}; and
(v) for the complete bipartite graph K,, ,,, the Laplacian spectrum is {0, m, ..., m,n,...,n,m + n}, where m has
multiplicity n — 1 and n has multiplicity m — 1.
E6.10 The pseudoinverse Laplacian matrix. Prove Lemma 6.12.
E6.11 The regularized Laplacian matrix. Let L be the Laplacian matrix of a weighted connected undirected graph with n
nodes. Given a scalar 8 € R, define the regularized Laplacian matrix Lyegg = L + glnl,TL. Show that
(i) Lreg,p is nonsingular for 5 # 0,
(ii) Lreg,s is positive definite for 3 > 0, and
(iii) the inverse of L.y g satisfies
1, = (p+ 211 71*L*+L1 1y
reg.,3 nonon - 5nnn
E6.12 The Green matrix of a Laplacian matrix. Assume L is the Laplacian matrix of a weighted connected undirected
graph with n nodes. Show that
(i) the matrix L + %LL 1T is positive definite,
(ii) the so-called Green matrix
1 -1 1
X = (L + 71711;) — 21,17 (E6.3)
n n
is the unique solution to the system of equations:
LX =1, 11,17,
1Tx =0/,
(i) X = L. In other words, the Green matrix formula (E6.3) is an alternative definition of the Laplacian pseudoin-
verse.
E6.13 Laplacian systems, Gaussian elimination and Kron reduction. Consider an undirected and connected graph

and its associated Laplacian matrix L € R™*". Consider the associated Laplacian system y = Lz, where z € R" is
unknown and y € R" is a given vector. Verify that an elimination of z,, from the last row of this equation yields the
following reduced set of equations:

Y1 _Lln/Lnn . xTq
. : _ Lin-Ljn .
: + : Yn = |... Lij_iLnnJ . 5
Yn—1 _Lnfl,n/Lnn e . . Tn—1
—— — . . .
=A
=Lred

where the (i, j)-element of Lyeq is given by L;j — Lsy, - Ljn/Lyy. Show that the matrices A € Rxland L €
R(=1x(n=1) obtained after Gaussian elimination have the following properties:

(i) A is non-negative and column-stochastic matrix with at least one strictly positive element; and

(ii) Lyeq is a symmetric and irreducible Laplacian matrix.
Hint: To show the irreducibility of Ly.q, verify the following property regarding the fill-in of the matrix Lyeq: The graph
associated to the Laplacian Ly.q has an edge between nodes i and j if and only if (i) either {i, j} was an edge in the
original graph associated to L, (ii) or {i,n} and {j,n} were edges in the original graph associated to L.
Note: The matrix Lyeq is called the Kron reduction of L with respect to node n. The properties of this reduction process are
discussed in (Dorfler and Bullo, 2013).
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E6.14 Thomson’s Principle and current flows. Consider a connected and undirected resistive electrical network with n

E6.15

E6.16

nodes, with external nodal current injections ¢ € R™ satisfying the balance condition 1] c = 0, and with resistances
r;; > 0 for every undirected edge {4, j} € E. For simplicity, we set r;; = oo if there is no edge connecting i and j. As
shown earlier in this chapter, Kirchhoft’s and Ohm’s laws lead to the network equations

n

1
Cinjected at i — E Cimj = E f(Vz‘—Vj)v

JENG) JEN()

where v; is the potential at node ¢ and ¢;—,; = 1/r;; - (v; — v;) is the current flow from node i to node j. Consider
now a more general set of current flows f;_,; (forall 4,5 € {1,...,n}) “routing energy through the network” and
compatible with the following basic assumptions:

(i) Skew-symmetry: f;_,; = —f;—; foralli,j € {1,...,n};

(i) Consistency: f;—; =0if {i,j} & E;
(iii) Conservation: Cinjected ati = Zje/\/(z’) fimsjforalli e {1,...,n}.
Show that among all possible current flows f;_, ;, the physical current flow f;,; = ¢;—; = 1/r;; - (v; — v;) uniquely
minimizes the energy dissipation:

n

1
minimize J== T 12 )
fimj,i,0€{1,.. . ,n} 2 Z‘;l JJi—j
subjectto  fi; = —fj foralli,j € {1,...,n},
Jini=0 forall {i,j} ¢ F,
Cinjected at i = Z fissj foralli € {1,...,n}.
JEN (@)

This result is known as Thomson’s Principle for electric circuits, e.g., see (Doyle and Snell, 1984).
Hint: The solution requires knowledge of the Karush-Kuhn-Tucker (KKT) conditions for optimality; this is a classic topic
in nonlinear constrained optimization discussed in numerous textbooks, e.g., in (Luenberger and Ye, 2008).

Grounded spring networks subject to loads. Consider a connected spring networks with 7 moving masses. Assume
one of the masses is connected to a wall with a spring, as in figure. We refer to such a spring network as grounded.

Z

Let Lfreern + 1 be the (n + 1) x (n + 1) Laplacian matrix for the spring network of the n masses and the wall. Let
Lygrounded be the n X n grounded Laplacian constructed by removing the row and column of Ly, 4 1 corresponding
to the wall. And let Ly, be the n x n Laplacian matrix describing the spring network among the n moving masses
without the spring connection to the wall; Leen, = Litifiness, as defined in Section 6.1.1.

For such a grounded spring network,

(i) derive an expression relating Lgrounded t0 Liree,n

(i) show that Lgrounded is positive definite,
(iii) compute the equilibrium displacement for an arbitrary load force fioaq applied to the n moving masses.
Note: We refer to Chapter 10 and Exercise E10.11 for a comprehensive treatment of grounded Laplacian matrices as
compartmental matrices.

Maximum power dissipation. As in Subsection 6.1.2, consider an electrical network composed by three voltage
sources (v1, V2, v3) connected by three resistors (each with unit resistance in an undirected ring topology. Let L be the
Laplacian matrix of conductances. Recall that the total power dissipated by the circuit is

Pdissipated = UTLU~
What is the maximum dissipated power if the voltages v satisfy ||v|2 = 1?

Hint: Recall the notion of induced 2-norm.
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E6.17 From algebraic to node connectivity. Consider an unweighted undirected graph G = (V, F) with second smallest
eigenvalue A\ (G). Given a subset of nodes S C V, we define a graph G’ = (V', E’) by deleting the nodes in S from
G as follows: we let V/ = V\ S and E’ contain all the edges in E except for those connected to a node in S. The node
connectivity K(G) of G is defined by

K(G) = { 0, if G is disconnected,

minimum number of nodes whose deletion disconnects (G,  otherwise.

Show that

(i) 0 < A2 (G) < X2(G') + | S|, where | S| is the cardinality of S,

(i) Aa(G) < K(G)
Hint: Let z € RIV'|, ||z||o = 1, denote the Fiedler eigenvector of the Laplacian L(G’) associated with \y(G'). You may
find it useful to define ¢ € RIV! such that q; = z; for everyi € V' and q; = 0 for everyi € S.

Exercises with solution

E6.18 Averaging-based PID control. Consider a set of n controllable agents governed by the second-order dynamics

() = yi(t), (E6.1a)
Yi(t) = ui(t) +ni, (E6.1b)
where i € {1,...,n} is the index set, ¢ — u;(t) € R is a control input to agent 4, and n; € R is an unknown

constant disturbance affecting agent ¢. Given an undirected, connected, and weighted graph G with adjacency matrix
A = AT € R™ ™, assume each agent i can measure its velocity y; € R and the relative position z; — x; for each
neighbor j. The agent then implements the averaging-based proportional, integral, derivative (PID) controller defined

by
u(t) = — Zj:l aij(zi(t) — 2;(t)) —vi(t) — i(?), (E6.2a)
Gi(t) = yi(t) — ijl aij (a:(t) — g;(t)) (E6.2b)
where ¢; € R is a dynamic control state for each agenti € {1,...,n}. Show that

n

(i) the average state Zaye(t) = L 3" | 2;(t) is bounded for all ¢ > 0,
(ii) the set of equilibria (z*, y*, ¢*) of the closed-loop system (E6.1)-(E6.2) satisfies * = 81,, + LTn and y* = 0,,,
where /3 is an appropriate constant and L is the graph Laplacian, and
(iii) all trajectories converge to these closed-loop equilibria.
Hint: Recall the Routh-Hurwitz Criterion for third-degree polynomials: The polynomial s® + azs* + a1s + ag has
roots with strictly negative real part if and only ifag > 0, ag > 0, and ayaz > ap.

Note: In other words the averaging-based PID control achieves zero velocity and position consensus with an error
proportional to the disturbance.

Answer: In compact vector form, the closed-loop model reads as

T = Y, (E6.3a)
y=—-Lxr—y—q+n, (E6.3b)
G¢g=1vy— Lq, (E6.3¢)

where z,y,q € R™ are vectors with components z;,y;,q; fori € {1,...,n},and L = diag(zyzl A;;) — Ais the
Laplacian matrix of G. Note the state matrix is

0 I, 0
~L I, —I,|. (E6.4)
0o I, -L
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Regarding statement (i), consider the 3-dimensional vector of aggregate states

x D1 Ti
— n
y i1 Yil
q D1 i
whose dynamics are given by
T = Y, (E65a)
y=-9y—q+1, (E6.5b)
=1, (E6.5¢)

where 77 = Y| ;. The average dynamics (E6.5) admit a globally exponentially stable equilibrium which can be
seen, e.g., by integrating the third equation (E6.5¢) as q(t) = Z(t) — To + o and inserting the solution into (E6.5)
which yields the second-order system

T=—-x—-%—o0, (E6.6)

where the o = 7 — Z¢ + Go. The system (E6.6) admits the globally exponentially stable equilibrium Z = 0 = 1—Zo+ qo.
Hence, the aggregate state and so the average state is bounded.
Regarding statement (ii), the equilibria of the closed loop system (E6.3) are given by

0, =v%, (E6.7a)
0,=—-Lz*—y*"—q" +n, (E6.7b)
0,=y"— Lqg". (E6.7¢)

From (E6.7a) we have that y* = 0,,, which yields the remaining equations

0,=—Lz* —q" +n, (E6.8a)
0,=-Lqg*. (E6.8b)

T

> We obtain

Equation (E6.8b) yields ¢* = ¢; - 1,, for some ¢; € R. By multiplying equations (E6.8a) from the left by 1
1Iq* =n-c = 1177 and, in turn,
1T

==l
n
Equation (E6.8a) now reduces to

1

L =n—q" = (In — —lnll)n.
n

This is a Laplacian system, as studied in Lemma 6.12, and therefore the set of solutions is {LTn + 21, | 2 € R},
where we used the identity LT(I,, — %1nll)n = Lin.
Finally, equation (E6.6) implies that the constant co must equal o, that is, any equilibrium is of the form

a* = (7 — T+ Qo) - 1o + L.

In summary, the unique equilibrium is

* * * — — — 1;[;
(9", q") = ((n—wo+qO)~1n+LTn, On, Tnln)

Regarding statement (iii), we start with a preliminary small result. For A € R, define

0 1 0
Cy=|-x -1 -1},
0 1 =X

whose characteristic polynomial is:

det(slz — Cy) = s° + (1 4+ N)s? + (1 +2\)s + A2
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120 Chapter 6. The Laplacian Matrix

If A > 0, then the Routh-Hurwitz Criterion for a polynomial of the form 3 + ags? 4+ a1s + ag is satisfied because
az=1+X>0, ap = A? >0, and arag = (1+22)(1+A) > A% = ao.

Therefore, the matrix C' is Hurwitz for any A > 0.
Consider now the following change of coordinates shifting the desired equilibria to the origin

z T—x
gl =lv-v|,
q q—q
where (z*, y*, ¢*) are an (more precisely, the unique) equilibrium of the closed loop (E6.3). Then the dynamics (E6.3)
read as
=7, (E6.9a)
§=—L&—7—4q, (E6.9b)
q=7-Lq, (E6.9¢)

with corresponding state matrix as in equation (E6.4). Since L is a symmetric irreducible Laplacian matrix, it has
eigenvalues 0 = A\; < Ay < ... < A, with corresponding orthonormal eigenvectors v; = 1,,/v/n, va, ..., v,. If we
now adopt the modal decomposition as in Remark 2.3 (and in Section 6.5), we obtain

4 [ 0 1 07/[& i
i A Bl B R M 71 ISV A
qj 0 1 =X] (g qj

where T = 2?:1 T04,Y = Z;"zl J;vj, and § = Z;"zl G;v;. The proof of statement (iii) now follows because the evolution
of the first mode (the average or aggregate state) was analyzed in statement (i) and the evolution of the all other modes is

exponentially stable since A\; > 0 implies C}; is Hurwitz.
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CHAPTER 7

Continuous-time Averaging Systems

In this chapter we consider averaging algorithms in which the variables evolve in continuous time, instead of
discrete time. In other words, we consider a certain class of differential equations and show when their asymptotic
behavior is the emergence of consensus.

7.1 Example systems

We present here some simple examples of continuous-time averaging systems, along the lines of the flocking
dynamics example in Section 1.3.

7.1.1 Example #1: Continuous-time opinion dynamics

This first example is taken from (Abelson, 1964) and provides a continuous-time analog to the French-Harary-
DeGroot discrete-time averaging model

z(k+1) = Azx(k), (7.1)

that we studied in detail in Chapters 1-5. Loosely speaking, we assume that

(i) there exists a time period 7 € R satisfying 0 < 7 < 1 such that the discrete-time indexes k and k£ + 1
correspond to real times t = k7 and ¢t + 7 = (k + 1)7, respectively, and

(ii) the edge weights of the influence systems are of the form a;; = @;;7, where the coefficients @;; can be regarded
as contact rates between the individuals.

We now compute the opinion change from time & to time k£ + 1:
z(k+1) —x(k) = (A— I,)x(k) = —Lx(k),

where L = I,, — A is the Laplacian of the matrix A. Note that the second assumption (ii) implies that the Laplacian
matrix L satisfies L = L7 for a Laplacian matrix L containing the contact rates. Therefore, we can write

et+7)—at) _wk+1)—wxk) _ —La(t),

and, taking the limit as 7 — 0T in the left-hand side, we obtain the Abelson’s continuous-time opinion dynamics
model:

a(t) = —La(t). (7.2)
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As we mentioned in Section 1.3, we refer to this equation as to the Laplacian flow. In summary, we have learnt that,
if the edge weights of the influence systems are of the form a;; = @;;7, then the solution to the French-Harary-
DeGroot discrete-time averaging system (7.1) converges to the solution to the Abelson continuous-time averaging
system (7.2) in the limit as 7 — 0.

Note: Because of this correspondence, we expect to see consensus emerge along solutions to the systems (7.2),
at least for certain classes of digraphs.

Example #2: A simple RC circuit

N
=

Finally, we consider an electrical network with only pure resistors and with pure capacitors connecting each
node to ground. From the previous chapter, we know the vector of injected currents cipjected and the vector of
voltages at the nodes v satisfy

Cinjected = Lv,

where L is the Laplacian for the graph with coefficients a;; = 1/r;;. Additionally, assuming C; is the capacitance
at node ¢, and keeping proper track of the current into each capacitor, we have

d

Ci —-Vi = —Cinjected at i
dt !

so that, defining C' = diag(C1, ..., C,), we obtain

%v =—C'Lv. (7.3)

Note: C~!L is an asymmetric Laplacian matrix (for a directed weighted graph).

Note: it is physically intuitive that after some transient all nodes will have the same potential. This intuition
will be proved later in the chapter.

Example #3: Discretization of partial differential equations

The name Laplacian matrix is inherited from the Laplacian operator in the diffusion partial differential equation
(PDEs) named after the French mathematician Pierre-Simon Laplace.
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‘i,jﬁ»l) ®

Li=1,5) fi.)

‘i+1,j) .

R

Y J
T 7
(a) Spatial domain (b) Discretization through a mesh graph

Consider a closed bounded spatial domain 2 C R? and a spatio-temporal function u(t, r, y) denoting the
temperature at a point (x,y) € € at time ¢ € R>(. The evolution of the temperature u(t, z, y) in time and space is
governed by the heat equation

0
8—1: = cAu, (7.4)
where ¢ > 0 is the thermal diffusivity (which we assume constant) and the Laplacian differential operator is
0*u 2u
Au(ty €T, y) = @(ta €T, y) + Tyg(t €T, y)

To approximately solve this PDE, we introduce a finite-difference approximation of (7.4). First, we discretize the
spatial domain €2 through a mesh graph (i.e., a subgraph of a two-dimensional grid graph) with discrete coordinates
indexed by (i, ) and where neighboring mesh points are a distance h > 0 apart. Second, we approximate the
Laplacian operator via the finite-difference approximation:

Au(t, z,y5)
~ u(t7 Ti—1, yj) + u(ta Tit+1, yj) + U(t, Zi, yj—l) + ’U,(t, T, yj+1) - 4u(ta T,y yj)
R~ 2
(Note: This is the correct expansion for an interior point; similar approximations can be written for boundary
points, assuming the boundary conditions are free.)

Now, the key observation is that the finite-difference approximation renders the heat equation to a Laplacian
flow. Specifically, if ugiscrete denotes the vector of values of u at the nodes, then one can see that equation (7.4) is

approximately rewritten as:

d c

%udiscrete = - ﬁ L Udiscrete

where L is the Laplacian matrix of the unweighted mesh graph.
Another standard PDE involving the Laplacian operator is the wave equation

Pu
ot?

modeling the displacement u(t, x, y) of an elastic surface on €2 with wave propagation speed s > 0. In this case, a
finite-difference approximation gives rise a second-order Laplacian flow

= s Au, (7.5)

d? s?
@udiscrete = - ﬁL Udiscrete - (7-6)

We study Laplacian flows in this chapter and (general) second-order Laplacian flows in the next chapter.
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Continuous-time linear systems and their convergence properties

In Section 2.1 we presented discrete-time linear systems and their convergence properties; here we present their
continuous-time analogous.
A continuous-time linear system is

i(t) = Ax(t). (7.7)

Its solution t — x(t), t € R>¢ from an initial condition x(0) satisfies x(t) = exp(At)x(0), where the matrix
exponential of a square matrix A is defined by

| —

exp(A) = Z AP,
k=0

o

!

The matrix exponential generalizes the usual exponential function z — e® = > 7 2*/k!. This remarkable
operation enjoys numerous properties, some of which are reviewed in Exercise E7.1. A matrix A € R"*"™ is

() continuous-time semi-convergent if limy_, 1 o, exp(At) exists, and
(ii) Hurwitz, or for consistency continuous-time convergent, if lim;_, 4 o exp(At) = Opxp.-

The spectral abscissa of a square matrix A is the maximum of the real parts of the eigenvalues of A, that is,
a(A) = max{R(\) | A € spec(A)}.

Theorem 7.1 (Convergence and spectral abscissa). For a square matrix A, the following statements hold:
(i) A is continuous-time convergent (Hurwitz) if and only if a(A) < 0,
(ii) A is continuous-time semi-convergent and not convergent if and only if

a) 0 is an eigenvalue,
b) 0 is a semisimple eigenvalue, and
c) all other eigenvalues have negative real part.

We leave the proof of this theorem to the reader and mention that most required steps are similar to the
discussion in Section 2.1 and are discussed later in this chapter.
The Laplacian flow

Let G be a weighted directed graph with n nodes and Laplacian matrix L. The Laplacian flow on R" is the
dynamical system

= —Lzx, (7.3)
or, equivalently in components,
n
b=y ay(rj—w) = Y ag(e; — @),
=1 JENO (i)

Matrix exponential of a Laplacian matrix

Before analyzing the Laplacian flow, we provide some results on the matrix exponential of (minus) a Laplacian
matrix. We show how such an exponential matrix is row-stochastic and has properties analogous to those for
adjacency matrices studied in Section 4.2.

Lectures on Network Systems, F. Bullo, edition 1.6 - Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.



7.3. The Laplacian flow 125

Theorem 7.2 (The matrix exponential of a Laplacian matrix). Let L € R™*" be a Laplacian matrix with
associated weighted digraph G and with maximum diagonal entry {p,, = max{l11,...,¢nn}. Then

(i) exp(—L) > e~ Iy > Opn,

(i) exp(—L)1, = 1,,

(iii) 1) exp(—L) =17, if and only if G is weight-balanced (i.e, 1T L = 0)),
(iv) exp(—L)e; > 0, if and only if the j-th node is globally reachable in G, and
(v) exp(—L) > 0, if and only if G is strongly connected (i.e., L is irreducible).

Note that properties (i) and (ii) together imply that exp(—L) is row-stochastic.

Proof. From the equality L1,, = 0,, and the definition of matrix exponential, we compute

— (=D*
exp(—=L)1, = (I + )1, = 1,.
( ; k! )

This calculation establishes statements (ii). Similarly, if lZL = OZ, we compute

o~ (D
Kl

1T exp(—L) = 17 (In v Lk) —1T.

k=1

Next, we assume 1 exp(—L) = 1) and prove 1] L = 0. Define f(t) = exp(—LTt),fort € [0,1]. Note f(0)1, =
f(1)1,, = 1,,. From Exercise E7.1(iv) we know % exp(—LTt) = —Lexp(—LTt) so that % exp(=L"t)1, = —L1,.
Finally, the fundamental theorem of calculus implies

1
0. = FL, ~ fO)1, = | & oyt = ~L1,.

This completes the proof of statement (iii).
Next, we define a non-negative matrix Ay, by
Ap = —L+lyaxln, <<= —L=—lpuly,+ AL.
Because Ap I, = I,, A1, we know
exp(—L) = exp(—lmaxIn) exp(AL) = e~ ™ exp(AL). (7.9)

Here we used the following properties of the matrix exponential operation: exp(A + B) = exp(A) exp(B) if
AB = BA and exp(al,) = e*I,. Next, because A;, > 0, we know that exp(Ar) = > ro, A¥ /k! is lower
bounded by the first n — 1 terms of the series so that

n—1
1
exp(—L) = e exp(Ap) > e~ fmx Z HA’Z (7.10)
k=0""

Next, we derive two useful lower bounds on exp(—L) based on the inequality (7.10). First, by keeping just the first
term, we establish statement (i):
exp(—L) > e tmax [ > (.

Second, we lower bound the coefficients 1/k! and write:

n—1 1 e_gmax n—1
exp(—L) 2 eiemax Z EAIE Z m Z Alz (711)
k=0 " k=0
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Notice now that the digraph G associated to L is the same as that associated to A;, (we do not need to worry
about self-loops here). Recall now Lemma 4.4: node j is globally reachable in G if and only if the jth column of
Zz;é Alz is positive. But ineequality 7.11 implies that, if j is globally reachable, then the jth column of exp(—L)
is positive. This establishes the “if” part of statement (iv).

Next, by equality 7.9, if the j-th column of exp(—L) is positive, so is the jth column of exp(Ay,). Since Ay, is
non-negative, an application of the Caley-Hamilton Theorem shows that the j-th column of Zz;é A% must be
positive. Therefore, by Lemma 4.4 node j is globally reachable. This concludes the proof of statement (iv). Finally,
statement (v) is an immediate consequence of statement (iv). |

Equilibria and convergence of the Laplacian flow

We can now focus on the Laplacian flow dynamics.

Lemma 7.3 (Equilibrium points). If G contains a globally reachable node, then the set of equilibrium points of the
Laplacian flow (7.8) is span{1,} = {81, | 5 € R}.

Proof. A point x is an equilibrium for the Laplacian flow if Lx = 0,,. Hence, any point in the kernel of the matrix
L is an equilibrium. From Theorem 6.6, if G contains a globally reachable node, then rank(L) = n — 1. Hence, the
dimension of the kernel space is 1. The lemma follows by recalling that L1,, = O,,. [

We are now interested in characterizing the solution of the Laplacian flow (7.8). To build some intuition, we
first consider an undirected graph G and write the modal decomposition of the solution as in Remark 2.3 for a
discrete-time linear system. We proceed in two steps. First, because G is undirected, the matrix L is symmetric and

has real eigenvalues 0 = A\; < Ag < ... < )\, with corresponding orthonormal (i.e., orthogonal and unit-length)

eigenvectors v1, . . ., U Define y;(¢) = v x(t) and left-multiply & = — Lz by v;:

d

S = Ap(0, 50 = vl (0).

These n decoupled ordinary differential equations are immediately solved to give
z(t) = y1(t)v1 + y2(H)va + ... + yn(t) v,
_ =t T —Xot(, T —Ant(, T
=e M(v; 2(0))vy + e " (vgx(0)va + ... + e (v, x(0))vy.

Second, recall that A\; = 0 and v; = 1,,/y/n because L is a symmetric Laplacian matrix (L1,, = 0,,). Therefore,
we compute (v{ (0))v; = average(x(0))1,, and substitute

x(t) = average(x(0))1, + e_’\Qt(v;x(O))UQ +...+ e_/\”t(vgm(O))vn.

Now, let us assume that G is connected so that its second smallest eigenvalue A3 is strictly positive. In this case,
we can infer that

lim z(t) = average(z(0))1,,

t—o00

or, defining a disagreement vector 6(t) = x(t) — average(z(0))1,, as in Section 5.3, we infer
5(t) = e (vg 2(0))vy + ... + e M (v 2(0))v,.

In summary, we discovered that, for a connected undirected graph, the disagreement vector converges to zero
with an exponential rate M. In what follows, we state a more general convergence to consensus result for the
continuous-time Laplacian flow. This result is parallel to Theorem 5.1.
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Theorem 7.4 (Consensus for Laplacian matrices with a globally reachable node). Let L be a Laplacian
matrix and let G be its associated digraph. The following statements are equivalent:
(AL1) the eigenvalue O of —L is simple and all other eigenvalues of — L have negative real part;
(AL2) —L is continuous-time semi-convergent and lim;_,o, exp(—Lt) = 1,w", where w € R™ satisfies w > 0,
llw =1,andw"L =0T; and
(AL3) G contains a globally reachable node.
If any, and therefore all, of the previous conditions are satisfied, then

(i) w > 0 is the left dominant eigenvector of —L and w; > 0 if and only if node ¢ is globally reachable;
(ii) the solution to %a:(t) = —Lux(t) satisfies

lim x(t) = (wT:C(O))ln,

t—00
(iii) if additionally G is weight-balanced, then G is strongly connected, 1T L = 0] w = %ln, and

1T
lim 2(t) = 220)
t—o00 n

1,, = average(z(0))1,.

Note: Theorem 7.4 is the continuous-time version of Theorem 5.1 about discrete-time averaging systems. The
only notable difference is that, in continuous time, it is not necessary to require the subgraph of globally reachable
nodes to be aperiodic. Also note that it is possible to write a continuous-time version of Theorem 5.2; we leave this
task to the reader.

Proof. We start by noting that there are two ways to prove the theorem. Either one mimicks the proof of Theorem 5.1
or one transcribes Theorem 5.1. We take the second approach and leave the first to the interested reader. As in
Exercise E6.1, pick € < ﬁ, where diax is the maximum out-degree, and define

Ap.=1,—¢L. (7.12)

First, note that property (A1) in Theorem 5.1 holds for Ay, . if and only if property (AL1) holds for L. Indeed, A, .
has a simple strictly-dominating eigenvalue 1 if and only if L has a simple strictly-dominating eigenvalue 0 by
property E6.1(v).

Second, we ask the reader to prove in Exercise E7.4 that property (A2) in Theorem 5.1 holds for Ay, . if and
only if property (AL2) holds for L, that is, limy_,o0 A% _ = 1,w" if and only if lim;_,o, exp(—Lt) = Lyw'.

Third, note that property (A3) in Theorem 5.1 holds for Ap, . if and only if property (AL3) holds for L. Indeed,
Ar  has a strictly positive diagonal and the same pattern of zero/positive off-diagonal entries as L.

We have now established that properties (AL1), (AL2) and (AL3) are equivalent and that the consequences (i), (ii)
and (iii) in Theorem 5.1 hold for the matrix Ay, .. It is easy to see that these consequences, in turn, imply
properties (i), (ii) and (iii) for L. [

Appendix: Design of weight-balanced digraphs

Recall from Section 5.4.2 that, given a connected undirected graph, the Metropolis—Hastings algorithm computes
edge weights and self-loop weights that render the resulting weighted adjacency matrix symmetric and doubly
stochastic. Note that the corresponding Laplacian matrix is weight-balanced.

Problem: Given a strongly-connected weighted digraph G with adjacency matrix A, how do we rescale the
weights on each edge of G such that the resulting adjacency matrix A is doubly stochastic and the resulting
Laplacian matrix L is weight balanced?
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Note: A solution to this problem ensures that both the discrete time and continuous time averaging systems
associated to A and L converge to average consensus. Because we assume G is directed, the Metropolis—Hastings
algorithm is not applicable.

Answer: Here’s an algorithmic solution. Since G is strongly connected, Theorem 7.4 establishes that its left
dominant eigenvector w is positive. For {y,, = max{l11,..., ¢y, }, define

— 1
L = —diag(w)L,

fmax

A=1,-L.

This eigenvector rescaling algorithm has the following properties:

(i) L has the same zero/negative/positive pattern as L and since L has zero row sum, it is immediate to see that
also L has zero row sum. Therefore, L is a Laplacian matrix and its associated weighted digraph G has the
same topology as G and has weights @;; = w;a;j/lmax. In other words, the weight of each out-edge of node 4
is rescaled by w; /lmax.

(ii) The column sums of L are zero, since:

1ML = 1] diag(w)L/lmax = ' L/lmayx = 0]

(iii) Finally, one can show that each diagonal entry of L is less than 1 and, therefore, the matrix A is non-negative.
The facts that A has unit row and column sums are trivial.

Historical notes and further reading

Section 7.1.1 “Example #1: Continuous-time opinion dynamics” presents the continuous-time averaging model
by (Abelson, 1964) and its relationship with the discrete-time averaging model by (French Jr., 1956; Harary, 1959;
DeGroot, 1974). Abelson’s work is one of the earliest on what we now call the Laplacian flow.

Regarding Example #2: “Flocking behavior for a group of animals” in Section 1.3, a classic early reference on
this topic is (Reynolds, 1987). In that model, flocking behavior is controlled by three simple rules: Separation -
avoid crowding neighbors (short range repulsion) Alignment - steer towards average heading of neighbors, and
Cohesion - steer towards average position of neighbors (long range attraction).

The RC circuit example in Section 7.1.2 is taken from (Mesbahi and Egerstedt, 2010; Ren et al., 2007).

An early reference to Theorem 7.4 is the work by Abelson (1964) in mathematical sociology; more recent
references with rigorous proofs in the control literature include (Lin et al., 2005; Ren and Beard, 2005).

A reference for the construction in Section 7.4 is (Ren et al., 2007).
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7.6 Exercises

E7.1

» E7.2

E7.3

E7.4

Properties of the matrix exponential. Recall the definition exp(4) = Y 7 4 A" for any square matrix A.
Complete the following tasks:

(i) show that Y 7, %Ak converges absolutely for all square matrices A,
Hint: Recall: a matrix series Y o, By, converges absolutely if > -, | Bx|| converges, where || - || is a matrix norm.
(i) show that A = diag(aq,...,a,) implies exp(A) = diag(e®,...e*"),
(iii) show that AB = BA 1mp11es exp(A + B) = exp(A) exp(B),
(iv) show that & exp(At) = Aexp(At) = exp(At)A,
)
) A

(v) show that exp(TAT ) = T exp(A)T ! for any invertible T, and
(vi) A € spec(A) implies e* € spec(exp(A)), and p(exp(A)) = e*(4), as illustrated in Figure E7.1.

a(4) plexp(4)) = e

Figure E7.1: Spetrum of A and of its matrix exponential

Continuous-time affine systems. Given A € R"*" and b € R", consider the continuous-time affine systems
&(t) = Ax(t) +b.

Assume A is Hurwitz and, similarly to Exercise E2.9, show that
(i) the matrix A is invertible,
(ii) the only equilibrium point of the system is —A~'b, and
(iii) limy_ oo #(t) = —A~1b for all initial conditions x(0) € R™.
Semi-convergence of rank-one matrices. Given vectors v, w € R", consider the rank-one matrix vw! € R?PX7™,
Show

(i) trace(va) = v"w and spec(vw ) =1{0,...,0,v"w},
(ii) if vTw # 0, then P, = Uw and P, = I — P, are (oblique) projection matrices,
(iii) ifvTw < 0, then
a) vw! is continuous-time semi-convergent,

b) exp(vw't) = P,. + @) P and . ligrn exp(vw't) = P, ., and
—+oo
¢) each solution to & = (vw ")z satisfies 2(t) = P,.2(0) + e )t P,z(0) and z(t) — P,,. x(0) as t — ~+o0.

Equivalent convergence properties. In this exercise we complete the proof of Theorem 7.4 about consensus for
Laplacian matrices with a globally reachable node. Let L be a Laplacian matrix and let G be its associated digraph. As
in Exercise E6.1, pick € < -——, where dpax is the maximum out-degree, and define .AL e =1, —¢cL Letw € R",
w > 0, and 1Iw =1 satlsfy wTL = OI and, as in Exercise F5.9, define P;, = 1,w". Prove that the following
statements are equivalent:

(i) limy o0 A} . = Pp,

( ) hmk%oo(AL e — PL)k = Onxna
(i) p(Ap,. —Pr) <1,
(iv) a(—L — Ppr) <0,
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(V) llmt*)m exp((—L - PL)t) = On><n»
(vi) lim;—, o exp(—Lt) = Pp.

Hint: Recall the properties of Py, established in Exercise E5.9.

» E7.5 Laplacian average consensus in directed networks. Consider the directed network in figure below with arbitrary
positive weights and its associated Laplacian flow & (t) = —L(xz(t).

Q<—>I<—.

(i) Can the network reach consensus, that is, as t — oo does z(t) converge to a limiting point in span{1,,}?
(i) Does z(t) achieve average consensus, that is, lim;_, ., (t) = average(xo)1,?
(iii) Will your answers change if you smartly add one directed edge and adapt the weights?

E7.6 Convergence of discrete-time and continuous-time averaging. Consider the following two weighted digraphs
and their associated non-negative adjacency matrices A and Laplacian matrices L of appropriate dimensions. Consider
the associated discrete-time iterations z(k + 1) = Az (k) and continuous-time Laplacian flows @(¢) = — La(t). For
each of these two digraphs, argue about whether the discrete and/or continuous-time systems converge as time goes
to infinity. If they converge, what value do they converge to?

& 095 @)
Digraph 1 Digraph 2 zc k: 0.5 0.0

0.68
é\ 0.34
0.01
0.32

Figure E7.2: Two example weighted digraphs

E7.7 Doubly-stochastic matrices on strongly-connected digraphs. Given a strongly-connected unweighted digraph

G, design weights along the edges of GG (and possibly add self-loops) so that the weighted adjacency matrix is
doubly-stochastic.

E7.8 The Lyapunov inequality for the Laplacian matrix of a strongly-connected digraph. Let L be the Laplacian
matrix of a strongly-connected weighted digraph. Find P = PT > 0 such that

(i) PL+L"™P > 0,and
(i) (PL+ LTP)ln =0,.
Hint: Recall Section 7.4 and Exercise E6.4.

E7.9 Delayed Laplacian flow. Define the delayed Laplacian flow dynamics over a connected, weighted, and graph G by:
x;(t) = Zje/\/ a;j(z;(t —7) — i (t — 7)), ie{l,...,n},
where a;; > 0 is the weight on the edge {7, j} € E, and 7 > 0 is a positive scalar delay term. The Laplace domain
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representation of the system is X (s) = G(s)z(0) where G(s) is associated transfer function
G(s) = (sI, +e *"L)™ !,

and L = LT € R™™" is the network Laplacian matrix. Show that the transfer function G(s) admits poles on the
imaginary axis if the following resonance condition is true for an eigenvalue \;, i € {1,...,n}, of the Laplacian

matrix:
™

2N
E7.10 Robotic coordination: deployment, centering, and geometric optimization on the real line. Consider n > 3
robots with dynamics p; = u;, where i € {1,...,n} is an index labeling each robot, p; € R is the position of robot i,

and u; € R is a steering control input. For simplicity, assume that the robots are indexed according to their initial
position: p1(0) < p(0) < --- < p,(0). We consider the following distributed control laws to achieve some geometric

T

configuration:
(i) Move towards the centroid of your neighbors: Each robot i € {2,...,n — 1} (having two neighbors) moves to the
centroid of the local subset {p;—1, pi, Pi+1}:
. 1 )
pi=§(pif1 +pi+piv1) —pi, t€{2,...,n—1}. (E7.1)
The robots {1,n} (each having one neighbor) move to the centroid of the local subsets {p1, p2} and {p,—1,pn},
respectively:
. 1 . 1
Pr=g(pr+p2) —pr and P = 5(pa—1+Pn) = Pu- (E7.2)

Show that, by using the coordination laws (E7.1) and (E7.2), the robots asymptotically rendezvous.

(if) Move towards the centroid of your neighbors or walls: Consider two walls at the positions pg < p; and p,,+1 > pr, SO
that all robots are contained between the walls. The walls are stationary, that is, pg = 0 and p,, 1 = 0. Again, the
robots i € {2,...,n — 1} (each having two neighbors) move to the centroid of the local subset {p;_1, p;, Pi+1}-
The robots {1, n} (each having one robotic neighbor and one neighboring wall) move to the centroid of the local
subsets {po, p1,p2} and {p,—1, Pn, Pnt1}, respectively. Hence, the closed-loop robot dynamics are

Pi:%(pi—1 +pi +piy1) —pi, 1E€{l,...,n}. (E7.3)
Show that, by using coordination law (E7.3), the robots become uniformly spaced on the interval [pg, pp41]-
(iii) Move away from the centroid of your neighbors or walls: Again consider two stationary walls at py < p; and
Pn+t1 > Ppn containing the positions of all robots. We partition the interval [pg, p,+1] into regions of interest,
whereby each robot is assigned the territory containing all points closer to itself than to other robots. In other words,
roboti € {2,...,n— 1} (having two neighbors) is assigned the region V; = [(p; +pi—1)/2, (pi+1 +pi)/2], robot
1 is assigned the region V; = [po, (p1 + p2)/2], and robot n is assigned the region V,, = [(pn—1 + Pn)/2, Prnt1]-
We aim to design a distributed algorithm such that the robots are assigned asymptotically equal-sized regions.
(This territory partition is called a Voronoi partition; see (Martinez et al., 2007) for further detail.) We consider the
following simple coordination law, where each robot i heads for the midpoint ¢;(V;(p)) of its partition V;:

pi = ci(Vi(p)) — pi - (E7.4)

Show that, by using the coordination law (E7.4), the robots’ assigned regions asymptotically become equally large.

E7.11 Robotic coordination and affine Laplacian flow. Consider a group of n = 4 vehicles moving in the plane. Each
vehicle i € {1,...,4} is described by its kinematics &; = u;, where x; € C is the vehicle’s position in the complex
plane and u; € C is a steering command. The vehicle initial position in the complex plane is a square formation:
z(0) = [1 i -1 —i] T, where i is the imaginary unit. We aim to move the vehicles to a given final configuration.
Specifically, we aim to achieve

lim #(t) = Zgpa = [0.5+0.51 —0.5+0.51 —0.5—05 0.5— 0.5 . (E7.5)

t—o0
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132 Chapter 7. Continuous-time Averaging Systems

To achieve this goal, we propose the complex affine averaging control law

z(t) = u(t) = —L(az(t) + B), (E7.6)

where o > 0 is a constant scalar gain, § € C™ is a constant vector offset, and L is a Laplacian matrix of a strongly
connected and weight-balanced digraph. Your tasks are the following:
(i) Show that the affine Laplacian flow (E7.6) converges for any choice of « > 0 and g € C™.

(if) Characterize all the values of @ > 0 and 8 € C” such that the desired final configuration xgy, is achieved by the
affine Laplacian flow (E7.6).
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CHAPTER 8

Diffusively-Coupled Linear Systems

In this chapter we study diffusive interconnection among identical linear systems and linear control systems. As
example system, we study the so-called second-order Laplacian flow. The results in this chapter provide a first
generalization of the consensus problem to more general classes of systems.

Diffusively-coupled linear systems

In this chapter, we consider an agent to be a continuous-time linear single-input single-output (SISO) dynamical
systems with d-dimensional state, described by the matrices .o/ € RI%d 8 ¢ RI¥1 and € € R1*?, The dynamics
of the ith agent, for i € {1,...,n}, are

xz(t) = ,Qfmz(t) + %’ui(t),

(8.1)
Yi (t) = ngz (t)
Here, z;: R>o — RY, R>0 — R, and y;: R>o — R are the state, input and output trajectories respectively.
The agents are interconnected through a weighted undirected graph G with edge weights {a;; };; and Laplacian
matrix L; we will often assume L is symmetric. We assume that the input to each system is based on information
received from only its immediate neighbors in G. Specifically, we consider the output-dependent diffusive coupling
law

wit) = ai(y; (1) — wi?)). (8.2)
j=1

Note: in control theory terms, this interconnection law amounts to a static output feedback controller or, in this
particular case, a proportional controller. We illustrate this interconnection in Figure 8.1. The closed-loop equations
read

i) = Fai(t) + BE Y aij(w;(t) — 2i(t)).

j=1

Definition 8.1. A network of diffusively-coupled identical linear systems is composed by n identical continuous-time
linear SISO systems (<7, #,€’) and a Laplacian matrix L.

For such interconnected systems we introduce a notion of asymptotic behavior that generalizes the asymptotic
consensus achieved by the Laplacian flow, as studied in the previous chapter.
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y—h;tO ain

~la; > J > — >
O + yi(t) = C;(t)

Figure 8.1: The output-dependent diffusive coupling law (8.2)

Definition 8.2. A network of diffusively-coupled identical linear systems described by the triplet (</, 2,6 ) and
the Laplacian L achieves asymptotic synchronization if, for all agentsi,j € {1,...,n} and all initial conditions, the
solutions of (8.1) under feedback (8.2) satisfy

li i(T) —x;(t =0. 8.3
Jim Jlzi(t) — (0) (53)

We note that, under mild connectivity assumptions, asymptotic synchronization is equivalent to the following
property: there exists a trajectory zo: R>o — R? such that, for all ,

lim H:Cz(t) — {B()(t)HQ =0. (8.4)

t—o00

When this trajectory is known, we say that the system achieves asymptotic synchronization on x.

Second-order Laplacian flows

In this section we introduce an example of diffusively-coupled linear systems. We assume each node of the network
is a so-called double-integrator (also referred to as second-order dynamic):

Qi = Vi,

G = u;, or, in first-order equivalent form, { (8.5)

Vi = Uy,

where ; is an appropriate control input signal to be designed.

We assume a weighted undirected graph describes the sensing and/or communication interactions among
the agents with adjacency matrix A and Laplacian L. We also introduce constants kp, kg > 0 describing so-
called spring and damping coefficients respectively, as well as constants 7,74 > 0 describing position-averaging
and velocity-averaging coefficients. In summary, we consider the proportional, derivative, position-averaging, and
velocity-averaging control law

i = —kpgs — kadi + Y a5 (1p(aj — ) + 7a(d; — ds))- (8.6)
=1

A physical realization of this system as a spring/damper network is illustrated in Figure 8.2.

It is useful to rewrite the systems (8.5) interconnected via the law (8.6) in two useful manners. First, simply
stacking each component into a vector, the corresponding closed-loop systems, called the second-order Laplacian
flow, is

G(t) + (kaln +7aL)q(t) + (kpln + % L)g(t) = On. (8.7
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T 10d E’Vd
QQQQQQ'Yp QQQQQQ T
p Q O Q O Q O q >
/ kd kd kd
ks ks ks

—>

Figure 8.2: A network of unit-mass carts subject to spring and dampers gives rise to the second-order Laplacian
flow (8.7). For illustration purposes, the springs and dampers connecting each cart to the left wall are drawn
schematically, in light gray, as if they were overlapping and on a separate plane.

Second, we can rewrite %; = —kpq; — ka®; + u;, where u; = Z?:l agj ('yp (g — ai) +vald; — qz)) and define

the matrices

0 1 0
Dmsd = |:_kp _kd:| s Brnsd = [1:| , and Gmsq = [’Yp 7d] . (8-8)

With these definitions one can see that the systems (8.5) interconnected via the law (8.6) is equivalent to:

d (q| qi ,
% |:'Uz:| = Dnsd |:’U2:| + PBmsdUis

n
Gi
Yi = Gmsd [ Z} () = ai () — i)
Vg -
7=1
In other words, the matrices in equation (8.8) describe the second-order Laplacian system as a network of diffusively-
coupled identical linear systems.
In Table 8.1 we catalog some interesting special cases and we illustrate in Figure 8.3 the behavior of the systems
corresponding to the first three rows of Table 8.1. The next sections in this chapter focus on establishing rigorously
the collective emerging behavior observed in these simulations.

Modeling via Kronecker products

In this section we obtain a compact expression for the state matrix of a diffusively-coupled network of linear
systems.

The Kronecker product

We start by introducing a useful tool. The Kronecker product of A € R™™ and B € R?*" is the ng x mr matrix
A® B given by

anB e almB
A® B = : - : . (8.9)
amB . anmB
As simple example, we write
B ... 0 (LHIq almIq
I,eB=|: - | R andA®I,=| - : € RM*ma, (8.10)
0 . B apily o anmiy
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Name

Dynamics

Asymptotic behavior

Second-order averaging protocol

kp=ka=0,7=1,7 >0
=
(t) + Lg(t) + v Lq(t) = On

Q0

synchronization on a ramp
Example: car platooning
Ref: Theorem 8.7(i)

Harmonic oscillators with velocity averag-
ing

k’dZ’YPZO,’yd:l,k}p>0
—
q(t) + Lq(t) + kpq(t) = Op

synchronization on harmonic os-
cillations

Example E8.5: resonant inductor/-
capacitor circuits

Ref: Theorem 8.7(ii)

Position-averaging with absolute velocity
damping

’YdZO,’Yp:Lkd>O

G(t) + kaq(t) + Lq(t) = 0y,

synchronization on constant posi-
tions

Example: rendezvous in multi-
robot systems

Example: swing dynamics in
power networks

Ref: Theorem 8.7(iii)

Laplacian oscillators

superposition of ramp and har-
monics

Example 7.1.3: discretized wave
equation

Ref: Exercise E8.6

Table 8.1: Classification of second-order Laplacian flows arising from the general model in equation (8.7). Note:

each of the first three examples satisfies &,

Additionally, for v, w € R", we have v @ w = e R,

The Kronecker product enjoys numerous properties, including for example

the bilinearity property:

the associativity property:

the transpose property:

the mixed product property:

where the A, B, C, D matrices have appropriate compatible dimensions.

+9p > 0and kq + 4 > 0.

V1w
2

VpW

(A + BB)@(yC +6D) = ayARC + adA® D

+ByB®C + BSB® D,
(A@B)@C = Aa(BaC),
(AoB)T = AT BT,
(A® B)(C® D) = (AC) ®(BD),

(8.11a)
(8.11b)
(8.11¢)
(8.11d)

The remarkable mixed product property (8.11d) leads to many useful consequences. As first example, if
Av = v and Bw = pw, then property (8.11d) implies

(A2 B)(ve@w) = (Av) @(Bw) = (\v) @(pw) = Au(v@w).
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Second-order averaging protocol Harmonic oscillators with velocity averaging
G(t) + La(t) + kpa(t) = 0

§(t) + Lq(t) +ypLg(t) = 0

Il Il Il Il {> 1 Il Il {>
1 2 3 4 10 20 30

(a) asymptotic synchronization on a ramp signal (b) asymptotic synchronization on an harmonic signal

Position-averaging with absolute velocity damping
G(t) + kaq(t) + Lq(t) = 0

t
| | | | ~
2 4 6 8

(c) asymptotic synchronization on constant weighted average

Figure 8.3: Representative trajectories of the second-order Laplacian flow (8.7) for a randomly-generated undirected
graph with n = 20 nodes, random initial conditions, and the three choices of gains as cataloged in Table 8.1.

Therefore, we know

the eigenpair property: Av = ,Buw=pw = (AB)(v®@w)=\u(vew), (8.12)
the spectrum property: spec(A® B) = {\u | A € spec(A), u € spec(B)}. (8.13)

A second consequence of property (8.11d) is that, for square matrices A and B, A ® B is invertible if and only if
both A and B are invertible, in which case

the inverse property: (AoB)'=A"leB™! . (8.14)

We ask the reader to prove these properties and establish other ones in Exercises E8.1 and E8.2.

8.2.2 The state matrix for a diffusively coupled system

We are now ready to provide a concise closed-form expression for the state matrix of the network.

Theorem 8.3 (Transcription of diffusively-coupled linear systems). Consider a network of diffusively-coupled
identical linear systems described by the system (o/ , 2, €") and the symmetric Laplacian matrix L. Then the following
statements hold:

(i) the open-loop system, output equation, and diffusive coupling law are, respectively,
x(t) = (I, @ &)x(t) + (I, @ B)u(t),
y(t) = (In®€)x(t),
u(t) = —Ly(t),
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(ii) the closed-loop system is
x(t) = (In® o — L& BE)x(t), (8.15)

T T T
where we adopt the notation x = [x-lr, .. mT] eR™ u= [ul, .. ,un] eR™ andy = [yl, .. ,yn} e R™

rrn

Proof. We write the n coupled systems in a single vector-valued equation on the state space R%" using the Kronecker
product. As in equation (8.10), we stack the n dynamical systems to write

o ... 0 % ... 0
X=|: -~ |x+|: . i|u=ed)x+ ([,0B)u.
0o . o 0o . A

Similarly we obtain y = ([,, ® €)x. Next, recalling the definition of Laplacian, we write the output-dependent
diffusive coupling law (8.2) as u = —Ly. Moreover, plugging in the output equation leads to

x= [, ®d)x— (I,®RB)L(I, ®F)x.
From the mixed product property in equation (8.11d), we obtain
(In@B)L(L,®F)=(1,0AB)(L1)([,®F) = (L® BYE)

and, in turn, the closed loop (8.15). Note that L € R™*" % ¢ R%! and ¥ € R*¢ together imply that A%
has dimensions d x d and that L ® #% has dimensions nd x nd, the same as I,, ® &/. Hence, equation (8.15) is
dimensionally correct. This concludes the proof. |

The synchronization theorem

In this section we present the main result of this chapter. Define the state average x,ve: R>¢9 — R4 by
1 n
Pave(t) = & Tave(t), Tave(0) = — x;(0),
Tave(t) ave (t) ave(0) n ]Z; ]( )

and note that Zaye(t) = exp(&/t)zave(0). The following theorem characterizes when diffusively-coupled linear
systems achieve asymptotic synchronization as in equation (8.3), that is,

lim ||z;(t) —z;(t)|]2 =0, foralli,j e {1,...,n}
t—o00

and, more specifically, asymptotic synchronization on z,. as in equation (8.4), that is,
lim ||z;(t) — Zave(t)||2 =0, forallie {1,...,n}.
t—00

Theorem 8.4 (Synchronization of output-dependent diffusively-coupled linear systems). Consider a
network of diffusively-coupled identical linear systems described by the system (</, 2, ), the symmetric Laplacian
L, and the closed-loop dynamics (8.15). Let 0 = A} < Ay < --- < X, denote the eigenvalues of L. The following
statements hold:

(i) the system achieves asymptotic synchronization on Xy if and only if each matrix o/ — \;BE,i € {2,...,n},
is Hurwitz;
(ii) the system is exponentially stable if and only if each matrix o — \;BE€,i € {1,...,n}, is Hurwitz.
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It is useful now to offer some comments and consider a special case.

Remark 8.5. (i) If G is connected (i.e, Ay > 0), then it is possible for each matrix of — \;BE€,i € {2,...,n}, to
be Hurwitz while o7 is not. Therefore, it is possible for a system to synchronize and not be exponentially stable.

(ii) If G is disconnected, then synchronization and exponential stability are equivalent and imply that </ is Hurwitz.

(iii) In other words, if o/ is not Hurwitz, then synchronization is possible if and only if the graph is connected. °

Corollary 8.6 (State-dependent diffusive coupling). Consider the state-dependent diffusive-coupling case:
= x; + Z a;j(x; — ),

that is, assume € = 1 in the setup of Theorem 8.4. Let a(.e/') denote the spectral abscissa of <7 . Then the following
statements are equivalent

(i) the system achieves asymptotic synchronization on the state average,
(ii) each of — N1y, i € {2,...,n}, is Hurwitz, that is, &/ — Aol is Hurwitz, and
(iii) the algebraic connectivity of L dominates the spectral abscissa of <, that is, a(%/) < Aa.

Proof of Theorem 8.4. Let L = UAUT be the eigen-decomposition of L, where U is an orthonormal matrix and
A = diag(\1, ..., \,). Consider the change of variable z = (UT ® I;)x and note (U" ® I;)(U ® 1) = I,q.
Compute:

=U"®I)I,®d — Lo RBE)U Iz
(UTLU) @(Ia/ Iy) — (UTLU) ®(Id%%1’d)>z
=, 94 — AR HBE)z.
Now, note that the matrix (I, ® & — A ® #%) is block diagonal because

o MBEC
I, = , and A®RHBEC = -
o A BEC

This block diagonal form immediately implies statement (ii).
Next, recalling that Ay = 0 and that e; is the first element of the canonical basis of R", we write the matrix
exponential of the block-diagonal matrix (,, ® &/ — A ® $%’) to obtain:

[exp('t)
a(t) exp(( — Mo BE)t) 2(0)
exp(( — A\ BE)t)

:exp(ﬂft)zl(()) Odxd
04 exp (o — M BE))

I dd . exp((& — A\ BE)t)
= ((ele-lr) ® eXp(%t))z(O) ~+ Ztransient (t)

Here the vector-valued function Zyansient : R>0 — R™ contains all terms of the form exp((&% — Ai@%)t) z;(0),
fori € {2,...,n}. We note that Zyansient is exponentially vanishing as ¢ — oo for all initial conditions z(0) if and
only if each matrix &7 — \; A%, i € {2,...,n} is Hurwitz.
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Next, we compute
U®1Iy) ((eleI) ® exp(m))z(m = (U Iy) ((eleI) ® exp(m)) (UT @ I;)x(0)
- ((UeleIUT) ®exp(m))x(0).
From the eigen-decomposition we know that the first column of U is the first eigenvector of L normalized to
have unit 2-norm. Since the first (i.e., smallest) eigenvalue 0 of L has eigenvector 1,, (or any multiple thereof),

we know that Ue; = 1,,/v/n and also that ] UT = 1T /\/n. In summary, with Xyansient (t) = (U @ Ig)Zcansient (1),
we obtain

X(t) = %((lnlz) & GXP(»@{t))X(O) + Xtransient(t)

_ % (In @ exp()) (1nL]) © 1) X(0) + Xigansent (1)

1 exp(/t) Iy ... Ia| |21(0)
= — . . . + Xtransient(t)7

" exp(t)] Iy ... la| [xn(0)

so that the solution to each system i satisfies
1 n
i(t) = o't (* i ) hi t).
i(t) = exp(/t) n;l%(o) + ha(t)

Finally, we recall that Ziapsient, and therefore Xiransient, 1S exponentially vanishing for all initial conditions z(0),
and therefore x(0), if and only if each matrix &7 — \;B%, i € {2,...,n} is Hurwitz. This concludes the proof of
statement (i). [

8.3.1 Synchronization in second-order Laplacian systems

We now apply to second-order Laplacian systems the theoretical results obtained in the synchronization Theorem 8.4.
Unlike for the general case, it is possible to obtain quite explicit results.
First, recall that second-order Laplacian systems are diffusively-coupled linear systems with matrices (.54, PBmsds Gmsd)
and with Laplacian interconnection matrix L. As before, let 0 = A; < Ay < --- < A, denote the eigenvalues of L.
We compute:

0 1 0
dms - )\i@ms Cgms = - A’L

0 1
a [(k‘p +Xivp)  —(ka+ Ai%)] '
In other words, the i-th subsystem @nsq — Ai PmsdGmsd 1S a spring/damper system with effective spring coefficient
kp + Aip and effective damper coefficient kg4 + A;74. Based on a well known result, it is easy to see that

Dnsd — NiPBmsdCmsa 18 Hurwitz < kp+ Aip >0and kg + Aiya > 0.

Next, as state average system, we define the average mass/spring/damper system by

d [qave(t)] _ [ 0 1 } [qave(t)}’ (8.16)

& Qave(t) _kp _kd (jave(t)
where we set gave(0) = Z;‘:l ¢;(0) and dave (0) = 2?21 ;(0).

These observations lead to the main synchronization result for second-order Laplacian flows.
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Theorem 8.7 (Synchronization of second-order Laplacian flows). Consider the second-order Laplacian
flow (8.7). Assume that the undirected graph associated to L is connected. If ky + v, > 0 and kg + vq4 > 0,
then

(i) the system (8.7) achieves asymptotic synchronization in the sense that
T [lgi(t) — g(0)]2 = Jim (1) — 4502 = 0. foralli,j € {L....n}:
(ii) each trajectory asymptotically converges to the state average trajectory in the sense that
lim ||gi(t) — qave(t)|]2 =0, foralli € {1,...,n}.
t—o00

Specifically:

(i) the second-order averaging protocol (k, = kg = 0, v¢ = 1,9, > 0, first row Table 8.1), achieves asymptotic
consensus on a ramp signal, that is, ast — oo,

2(t) = (4uve(0) + dave (0)t) L

(ii) the harmonic oscillators with velocity averaging (kg = v, = 0, 74 = 1, kp > 0, second row Table 8.1), achieve
asymptotic consensus on an harmonic signal, that is, as t — oo,

q(t) = (qave ) cos(y/kpt) qave )sin(y/k t) :

(iii) the position-averaging flow with absolute velocity damping (k, = v4 = 0,7p = 1, kq > 0, third row Table 8.1),
achieves asymptotic consensus on a weighted average value, that is, ast — oo

a(t) = (use(0) + dave(0) /K ) Ln

The asymptotic behavior of the dynamical systems as classified in the three scenarios of this theorem and
defined in the first three rows of Table 8.1 is consistent with the empirical observations in Figure 8.3.

8.4 Control design for synchronization

We now generalize the study of diffusively-coupled systems in three ways: (1) we assume the interconnection
graph is directed, (2) we consider a multi-input multi-output (MIMO) interconnection, and, most importantly, (3)
we consider a control design problem, instead of a stability analysis problem.

For simplicity, we consider the setting of state feedback. While the transcription and stability analysis method
is very similar to that in the previous sections, the method of proof for digraph interconnections relies upon a
transcription into Jordan normal form instead of a diagonalization procedure. We also review various stabilizability
notions from linear control theory.
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Problem statement

In this section, we consider an agent to be a continuous-time linear control systems with d-dimensional state and
p-dimensional input, described by the matrices &/ € R?*? and # € R¥*P. The dynamics of the ith agent, for
ie{l,...,n}, are

Ty = A x; + PBu, (8.17)

where z; € R? is the state and u; € RP is the control input.

The agents communicate along the edges of a weighted directed graph G with edge weights {a;;};; and
Laplacian matrix L. We assume each agent regulates its own control signal based on information received from
only its immediate in-neighbors in G.

The problem statement is as follows: design a control law that, based only on the information obtained through
communication, achieves asymptotic synchronization in the sense of equation (8.3), that is, for all agents ¢ and j
and all initial conditions,

i [lai(t) — ;(1)l2 = 0.

Consider the (state-dependent) diffusive coupling law:
ui(t) = cKZaij (zj(t) — xi(t)), forie{l,...,n}, (8.18)
j=1

where the scalar ¢ > 0 is a coupling gain and K € RP*? is a control gain matrix. Note that this interconnection
law amounts to a static feedback controller.

Before solving this problem we generalize the transcription and synchronization Theorems 8.3 and 8.4 to this
setting. The instructive proof of the following result is postponed to Section 8.4.5.

Theorem 8.8 (Transcription and synchronization of MIMO systems over digraphs). Consider n identical
continuous-time linear control systems described by the couple (<, ) and a digraph with Laplacian L and with
eigenvalues 0 = A1, g, ..., \n. Let w denote the dominant left eigenvector of L satisfying 11w = 1 and define the
weighted state average Tavew: R>0 — R¢ by

Taveu (t) = exp(et) ( 3 wjxj(())). (8.19)

j=1
The following statements hold:
(i) the open-loop system and the diffusive coupling law are, respectively,

x(t) = (I, @ F)x(t) + (I, ® B)u(t),
u(t) = —e(l, ® K)(L® L)x(t),
and the closed-loop system is

x=((In® o) — c(L®BK))x; (8.20)

T T
where we adopt the notation x = [.II, .. ,xﬂ e R" gndu = [uI, . ,uﬂ € R"P;
(ii) the closed-loop system (8.20) achieves asymptotic synchronization on Xy, if and only if each (possibly complex)

matrix o — c\iBK, i € {2,...,n}, is Hurwitz.

Note: Assume that G contains a globally reachable node. Then one can show the following converse result: if x
achieves asymptotic consensus for all initial conditions, then each matrix &/ — c\; K, i € {2,...,n}, is Hurwitz.
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Stabilizability of linear control systems

We now review from linear control theory the notion of stabilizability and stabilizing feedback gain design.
Given matrices ./ € R¥*? and 2 € R¥*P, a continuous-time linear control systems with d-dimensional state
and p-dimensional input is

& =dr+ Bu, (8.21)

where z; € R? is the state and u; € RP is the control input.
Given a feedback gain matrix K € R*™, the feedback control signal u = — K« gives rise to the closed-loop
linear system
t=dr+ B(—Kz) = (o — BK)x.

Definition 8.9. The linear control system (<7 , B) is stabilizable if there exists a matrix K such that of — BK is
Hurwitz.

In other words, the closed-loop system is exponentially stable.

Theorem 8.10 (Stabilizability of linear control systems). Given matrices &/ € R¥¢ and % € R¥P, the
following statements are equivalent

(i) the linear control system (8.21) is stabilizable,
(ii) there exists a d x d matrix P >~ O solving the (stabilizability) Lyapunov inequality

AP+ P — 283 <0. (8.22)
Moreover, for any P = 0 satisfying the inequality (8.22), a stabilizing feedback gain matrix is K = %7 P~

We refer for example to (Hespanha, 2009) for a complete treatment of linear systems theory, including a detailed
discussion of stabilizability. We recall that the Lyapunov matrix inequality can be solved easily as a linear matrix
inequality (LMI) (LMI) problem. We refer to (Boyd et al.,, 1994) for a detailed treatment of control problems solved
via linear matrix inequalities.

High-gain LMI design

Consider now the following algorithm to design the control gain matrix K and the coupling gain c. Recall the
Lyapunov matrix equation (8.22) and the fact that it can be solved via an LMI solver.

High-gain LMI design
Input: the stabilizable pair (&7, %)
Output: a control gain matrix K and coupling gain ¢

1: set P := any solution to the linear matrix equality &/ P + P.o/T — 2857 < 0
2: set K := #TP~!
3: set c:= 1/ min{R(N;) |i € {2,...,n}}

Note: the design of K depends upon only the dynamics of each agent and the design of ¢ depends upon only
the communication graph.

Theorem 8.11 (High-gain LMI design for stabilizable linear control systems). Considern identical continuous-
time linear control systems described by the couple (<7, %) and a digraph G with Laplacian L and with complex
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eigenvalues 0 = A1, Ao, ..., \n. If the pair (<f , P) is stabilizable and the digraph G contains a globally reachable
node, then

(i) the high-gain LMI design algorithm is well posed in the sense that a solution matrix P exists positive definite and
the scalar c is well defined, and
(ii) the resulting pair (K, c) ensures that each (possibly complex) matrix o7 — c\iBK, i € {2,...,n}, is Hurwitz.

Note: the last two theorems reduce the problem of analyzing a dynamical system of dimension nd to the
analysis of objects of dimensions n (the Laplacian L) and d (the linear matrix equality in P).

Proof. Fact (i) is a direct consequence of Theorem 8.10 about the stabilizability of linear control systems.

Regarding fact (ii), let P be the positive definite matrix computed in the high-gain LMI design algorithm. Given
a square complex matrix A € C™*™, recall that (i) A" denotes the conjugate transpose of A, and (ii) the Lyapunov
inequality ensuring that A is Hurwitz is AP + PA" < 0. With these concepts, the Lyapunov equation for the ith
complex subsystem, i € {2,...,n}, is:

(o — cN\BK)P + P(of — c\BK)"
— AP+ P — c(AZ@KP n XZ-PKT%T)
< 2BB" - c(Ai%’(%TP_I)P + XiP(%’TP_l)T%’T>,
where we used two statements from the high-gain LMI design: &/ P + Po/T — 28%" < 0and K = TP~ 1.
Performing all simplifications, we obtain
(o — cNBK)P + P(of — cNBK) < 2BRBT — 2eR(\)) BB
<2(1—cR(N)) BB

Forany ¢ > 1/ min{R(\;) | i € {2,...,n}}, we know that ¢cR()\;) > 1 and therefore 1 — c¢R(\;) < 0. In summary
we have proved that

(o — cNBK)P + P — cNBK) <0.

Therefore the (complex) linear system & = (&7 — cA\;ZK )z is exponentially stable. |

Extension to output feedback design

We now present the basic concepts about the problem of output feedback synchronization. As in equation (8.1),
the agent is now an input/output control system described by

l‘l(t) = .!Z{ﬂfl(t) + %’ui(t),
yi(t) = Cx;i(t).

Here z; € R? is the state, u; € RP is the control input, and y; € R is the output signal. Each agent receives the
signal

(8.23)

G=cY_ ajyi—y;), (8.24)
j=1
and executes the following observer-based diffusive coupling law

0; = (o — BK)v; + F(c Z;l ai; 6 (vi — vj) — Ci)a

U; = —K’Ui.

(8.25)
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Here c is a coupling gain, v; is the protocol state, and K and F' are control and observer gain matrices to be

designed.
One can show the following generalization of Theorem 8.8: if each matrix &/ — ZK and &f — c\;F'E,
i € {2,...,n}, is Hurwitz, then the n input/output control systems (8.23) in closed loop with the observer-based

diffusive coupling law (8.24)-(8.25) achieve asymptotic synchronization in the state and protocol state variables.
We refer the interested reader to (Li et al., 2010; Li and Duan, 2014) for design methods to compute appropriate
gain parameters ¢, i and F.

Proof of synchronization over directed graphs

Proof of Theorem 8.8. To prove statement (i), we proceed as in the proof of Theorem 8.3(i). We stack the n dynamical
systems (8.17) to obtain X = ([, ® & )x + (I, ® $)u. We write the diffusive coupling law (8.18) as

u(t) = —c(I, ® K)z(t), where 2zi(t) =Y aij(zi(t) — z;(t)) = > _ iz, (t). (8.26)
j=1 j=1

where /;; is the (ij) entry of the Laplacian L. The last equality is equivalent to z(t) = (L ® I4)x(t), so that
u(t) = —c(I, ® K)(L ® I;)x(t). Finally, the mixed product property (8.11d) implies

x= ([, )x— ([, ®B)c(l, o K) (Lo Ig)x = (I, ® &) — ¢(L® BK))x. (8.27)

Note that . € R"*", 2 € R¥P and K € RP*9 together imply that K has dimensions d x d and that L @ ZK
has dimensions nd x nd so that equation (8.27) is dimensionally correct. This concludes the proof of statement (i).

To prove statement (i), let I, = I, — 1,w" denote a projection matrix on the subspace of zero-average
vectors; note that IT2 = IT,, and wII,, = 0. As in Exercise E5.9(iii) (where A is row-stochastic), one can easily
see

I0,L = LI, =L. (8.28)

Define the consensus error e € R™ by
e = (II,, ® Iy)x. (8.29)
Note that e = 0,4 if and only if 1 = -- - = z,. Using the mixed product property and the fact that L and II,,

commute, we compute

e= 1L, ® 1) ((In® %) — (LR BK))x
= (@) — (Lo BK)) (I, @1)x = ((In® ) — (LR BK))e.
Let J be the Jordan normal form of L and let T satisfy L = T JT —1, Recall that the first column of T is 1,,

and the first row of 77! is w. We define the transformed consensus error & = (T~' ® I;)e € R™ and, noting
(T-'®I;)~! = (T'® I;), we compute

6= (T 0 1) (1o o) — o(Le ZK)) (T @ 1,8

_ ((In(mf) - c(J(&%’K))é. (8.30)

The first d entries of the vector &(t) are identically zero at all times ¢, because one can show &, (¢) = (w' ® I;)e(t) =
04. Next, since the Jordan normal form J is block diagonal, say with blocks J1, . . ., J,,, (with J; = 0), we can write
the dynamics (8.30) as decoupled equations. If .J; corresponds to a simple eigenvalue A; and is a one dimensional
block, then we have
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One can show that, for arbitrary dimensional Jordan blocks corresponding to eigenvalues \;, i € {2,...,n}, the
asymptotic stability condition is that &/ — c\;ZK is Hurwitz. In other words, each matrix is Hurwitz if and
only if €(t) and e(t) vanish asymptotically so that x achieves asymptotic consensus. This concludes the proof of
statement (ii). |

Historical notes and further reading

Excellent reviews of the Kronecker product are given for example by (Horn and Johnson, 1994, Chapter 4), (Van Loan,
2000), and (Laub, 2005, Chapter 13).

The Kronecker formalism is related to the early work (Wu and Chua, 1995) and the textbook (Wu, 2007).
Theorems 8.8 and 8.11 and the abbreviated treatment in Section 8.4.4 are due to (Li et al., 2010), see also (Xia and
Scardovi, 2016, Theorem 1), (Li and Duan, 2014, Theorem 1). An early reference on the observability problem
is (Tuna, 2012). A comprehensive treatment is in the text (Li and Duan, 2014).

Second-order Laplacian flows are widely studied. Early references are the works by Chow (1982) and Chow and
Kokotovic (1985) on slow coherency and area aggregation of power networks, modeled as first and second-order
Laplacian flows; see also (Avramovic et al., 1980; Chow et al.,, 1984; Saksena et al., 1984) among others.

In the consensus literature, an early reference to second-order Laplacian flows is (Ren and Atkins, 2005).
Relevant references include (Ren, 2008a,b; Zhu et al., 2009; Zhang and Tian, 2009; Yu et al., 2010); see also (Ren and
Atkins, 2005; Ren, 2008b). We refer to (Zhu et al., 2009) for convergence results for general digraphs and gains with
arbitrary signs, and to (Zhang and Tian, 2009) for the discrete-time setting.

(Montenbruck et al., 2015; van Waarde et al., 2017) discuss when diffusive coupling is necessary for optimal
synchronization problems among identical linear systems with quadratic costs.
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Exercises
E8.1 Properties of the Kronecker product. Prove properties (8.11a)—(8.11d), (8.12), (8.13) and (8.14) of the Kronecker
product.
Note: Additionally, for any A € R"*™, B € R"*", and p > 1, one can show |A® B||, = ||Al|,|| B||p, see (Lancaster
and Farahat, 1972) and (Wu et al., 2022, Proposition 5).
» E8.2 The vectorization operator, the Kronecker product, and the Sylvester equation. Given a matrix X € R"*™,

E8.3

the vectorization of X is the vector of dimension mn obtained by stacking all columns of X, that is,
vec(X) = [Z11, -+ -y Tnls T12y - - o s Ty e oy Tl -+ s Trgn] T € R™™, (E8.1)

Show that

(i) any x € R™ and y € R™ satisfy vec(zy") = y @ z;
(ii) for any X,Y € R"*™, recall their Frobenius inner product defined by (X,Y)) = trace(XTY) and show

(X, Y) = vec(X)T vec(Y);
(iii) any matrices A, B and C, for which the product ABC is well defined, satisfy
vec(ABC) = (CT @ A) vec(B);
(iv) for any matrix function A: R™ — R™*", the Jacobian of the vector field A(x)x satisfies
0A(x)x O vec(A(x))
Oox Ox

Next, for A € R"*"™, B € R™*™, and C' € R"*"™, consider the Sylvester equation

=(z"®1,) + A(z).

AX+XB=C

in the matrix variable X € R™*™. Show that the Sylvester equation

(v) can be rewritten as
{In,®A) + (BT ® I,) } vec(X) = vec(C);

(vi) has a unique solution for all C'if and only if A and —B have no common eigenvalues.

Second-order Laplacian matrices. Given a Laplacian matrix I, = LT and non-negative coefficients kp, kd,vp,7a € R,
define the second-order Laplacian matrix £ € R?"*2" by

L= kpc}zx_” Wl —kq Ij”_ " L] : (E8.2)
and write the second-order Laplacian system (8.7) in first-order form as {ggg] =L [Zgﬂ . Show that
(i) the characteristic polynomial of £ is
det(nlay, — L) = det (nQIn + n(kalp +~val) + (kpIn + fpr));
(i) given the real eigenvalues A1, ..., Ay, of L, the 2n eigenvalues 1 4,71 —, ..., Ny, 4, Nn,— of L are solutions to
0+ (ka+vara)n + (b + i) =0, i€{l,...,n}, (E8.3)

—kat/ki—4k,
2

thatis, n + = corresponding to A\; = 0 and, fori € {2,...,n},

—(ka + 7ahi) £ /(ka + 7ahi)? — 4(ky +pAi) |
2 b

Ni,+ =

iii) if the undirected graph associated to L is connected and if &, 4+ 7, > 0 and kq + 74 > 0, then each eigenvalue
grap p T M g
Ni+, 1 € {2,...,n}, has negative real part;
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(iv) L is similar to the Kronecker product expression (8.15) in Theorem 8.3 with a permutation similarity transform
(i.e., a simple reordering of rows and columns).

E8.4 Eigenvectors of the second-order Laplacian matrix. Consider a Laplacian matrix L, scalar coefficients k,, kq, p, 7a €
R and the induced second-order Laplacian matrix £ (as in (E8.2)). Let v ; and v, ; be the left and right eigenvectors of
L corresponding to the eigenvalue \;, show that

(i) the right eigenvectors of L corresponding to the eigenvalues 7; 4 are

Ur,i
Mi+Vri|

(i) for k, > 0, the left eigenvectors of £ corresponding to the eigenvalues 7; + are

Ui
—Ni,+ .
ko + i "

E8.5 Synchronization of inductors/capacitors circuits. Consider a circuit composed of n identical resonant inductor/-
capacitor storage nodes (i.e., a parallel interconnection of a capacitor and an inductor) coupled through a connected
and undirected graph whose edges are identical resistors; see Figure E8.1. The parameters /, ¢, r take identical values
on each inductor, capacitor and resistors, respectively.

VWW
T
r
r r Y/ _—=cC
W\ —MW

Figure E8.1: A circuit of identical inductor/capacitor storage nodes coupled through identical resistors.

(i) Write a state-space model of the resistively-coupled inductor/capacitor storage nodes in terms of the time constant
7 = 1/rc, the resonant frequency wy = 1/v/{c, and the unweighted Laplacian matrix L of the resistive network.
(if) Characterize the asymptotic behavior of this system.

» E8.6 Laplacian oscillators. Given the Laplacian matrix L = LT € R"*" of an undirected, weighted, and connected graph
with edge weights a,;, 4, j € {1,...,n}, define the Laplacian oscillator flow by

i(t) + La(t) = 0,,. (E8.4)

Recall that this equation arises for example as the discretization of the wave equation in Example 7.1.3. This flow is
written as first-order differential equation as

(@) [Onxn In | [z(®)] _. r x(t)
@) | =L Opxnl| |2(®)] T |2(t)]|"
(i) Write the second-order Laplacian flow in components.
(ii) Write the characteristic polynomial of the matrix £ using only the determinant of an n x n matrix.
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(iii) Given the eigenvalues A\; = 0, Aa, ..., A, of L, show that the eigenvalues 71, . . ., 12, of £ satisfy

m ="1n = 0, 124,2i—1 = :|:\/ )\ii, fori € {2, . ,n},

where i is the imaginary unit.
(iv) Show that the solution is the superposition of a ramp signal and of n — 1 harmonics, that is,

z(t) = (average(z(0)) + average(#(0))t) 1, + Z ai sin(v/ At + ;) vs,

where {1,,/v/n,va,...,v,} are the orthonormal eigenvectors of L and where the amplitudes a; and phases ¢;
are determined by the initial conditions (z(0), #(0)).

Exercises with solution

E8.7

The Cartesian product of graphs. The Cartesian product FOH of two graph F' = (Vp, Er) and H = (Vg, Egr) is
a graph with vertex set Vi X Vi and an edge between nodes (f1, 1) and (f2, ho) if and only if either (f1 = f> and
{h1,ha} € Eg)or {f1, fo} € Er and hy = hs). Clearly, if |Vr| = m and |Vg| = n, then the number of edges in
FOH is mn; moreover, the number of edges in FLOH is m|E x| 4+ n|EF|. In other words, the graph FOOH is obtained
from F by (i) replacing each of its vertices with a copy of H and (ii) each of its edges with n = |Vy| edges connecting
corresponding vertices of H in the two copies; as illustrated in Figure E8.1.

F H
FOH

Figure E8.1: An example Cartesian product.

Let L(F') and L(G) denote the Laplacian matrices of F' and G, respectively, with eigenvalues Ay < ... < A, and
11 < ... < pn, respectively. It is known that

L(FOH) = L(F)® I, + L, ® L(H). (E8.1)

Show that
(i) if (A;,v;) is an eigenpair for L(F') and (u;, u;) is an eigenpair for L(H ), fori € {1,...,m}and j € {1,...,n},
then (\; + u;,v; ® u;) is an eigenpair for L(FOH),
(ii) the second smallest eigenvalue of L(FOH) is min(\g, u2),
(iii) FOH is connected if and only if both F' and H are connected, and
(iv) the m x n grid graph G,, ,, satisfies G, ,, = P,,.JP,, where P, is the path graph of order n, and its Laplacian
spectrum is

4 — 2cos(mi/m) — 2cos(mwj/n), fori € {0,...,m—1},7€{0,...,m—1}. (E8.2)

Hint: See the definitions in Example 3.1 and review Exercise E6.9.

Note: Cartesian products of graphs were introduced by Sabidussi (1960). The original work on statement (i) is by Fiedler
(1973).

Answer: Regarding statement (i), suppose that (\;, v;) is an eigenpair for L(F') and (y;, u;) is an eigenpair for L(H)
for1 <i<mnandl < j <m.Then

L(FDH)(Uz ® Uj) = (L(F) ® Im + In ® L(H))(Ul & Uj) = (L(F)’Ul) ® Uj +v;,® (L(H)U])
= N @ uj +v; @ pjuy = (N + i) (v @ pig).
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Thus v; ® u; is an eigenvector of L(FOH) with eigenvalue A; + p;.

Regarding statement (ii), the matrix L(FOH) has size mn so the set of eigenvalues of L(FOH) is precisely
{Ni+p]1<i<n,1<j<m} Since \y = p11 = 0, the smallest eigenvalue of L(FOH) is \; + p1 = 0. The
second largest eigenvalue is then min(\; + po, Ao + 1) = min(Ag, p2).

Regarding statement (iii), we note that F[OH is connected if, and only if, its second smallest eigenvalue min(As, 112)

is greater than 0. But this is only true if, and only if, A2 > 0 and po > 0. But this happens if, and only if, F' and H are
connected. This completes the argument.

Statement (iv) follows from recalling that the Laplacian spectrum of P, is {2(1 — cos(wi/n)) | i € {0,...,n —1}}.
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CHAPTER 9

The Incidence Matrix and its Applications

After studying adjacency and Laplacian matrices, in this chapter we introduce one final matrix associated with
a graph: the incidence matrix. We study the properties of incidence matrices and their application to a class of
estimation problems with relative measurements and to the study of cycles and cutset spaces. For simplicity we
restrict our attention to undirected graphs.

The incidence matrix

Let G be an undirected unweighted graph with n nodes and m edges (and no self-loops, as by convention). Assign
to each edge of G a unique identifier e € {1,...,m} and an arbitrary direction. Given a directed edge e = (4, j),
we refer to node 7 as the head and node j as the tail of e. The (oriented) incidence matrix B € R™*™ of the graph
G is defined component-wise by

+1, ifnode i is the head of edge e,
Bie = ¢ —1, ifnode i is the tail of edge e, (9.1)

0, otherwise.

It is useful to consider the example graph depicted in Figure 9.1.

A7 » A7

Figure 9.1: An arbitrary enumeration and orientation of the 5 edges of a graph with 4 nodes

As depicted on the right, we add an orientation to all edges, we order them and label them as follows: e; = (1, 2),
e2 =(2,3),e3 =(4,2),e4 = (3,4), and e5 = (1, 3). Accordingly, the incidence matrix is

+1 0 0 0 +1
-1 41 -1 0 0 Ax5
B= 0 -1 0 41 -1 € R**°. 9.2)

0 0 +1 -1 0
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Note: 17 B = 0 since each column of B contains precisely one element equal to +1, one element equal to
—1 and all other zeros.

The incidence matrix B can be regarded as a map from edge-based variables in R™ to node-based variables in
R™. Specifically, given an edge-based variable f € R™ andanode i € {1,...,n},

(Bf)z = Z fe - Z fe' (9~3)
e : 1 1is the head of e e : iis the tail of e

When the edge-based variables f are flows along edges, then (B f); is the algebraic sum of the flows outgoing from
node i. Similarly, the transpose of the incidence matrix BT maps node-based variables in R” to edge-based variables
in R™. Specifically, given a node-based variable € R™ and an edge e € {1,...,m} of the form e = (4, j),

(B"x)e = x; — ;. (9.4)

When the node-based variables z are potential variables, then (BT x). is the difference of potential across the

edge e.

Properties of the incidence matrix

Given an undirected weighted graph G with edge set {1, ..., m} and adjacency matrix A, recall
L=D-A, where D is the degree matrix.

Lemma 9.1 (From the incidence to the Laplacian matrix). Let G' be an undirected graph with n nodes, m
edges, and incidence matrix B. Define the weight matrix A € R"™*™ to be the diagonal matrix of edge weights

A= diag({ae}ee{l,, , m}) Then
L =BAB".

Note: In the right-hand side, the matrix dimensions are (n X m) X (m x m) x (m x n) = n x n. Also note
that, while the incidence matrix B depends upon the selected direction and numbering of each edge, the Laplacian
matrix is independent of that.

Proof. Recall that, for matrices O, P and () of appropriate dimensions, we have (OPQ);; = Zk,h Oir Prn Q-
Moreover, if the matrix P is diagonal, then (OPQ);; = ;. Oik PriQk;-
For i # j, we compute

m
(BABT");; = Zezl Bicae(BT)e;
= Zm . BicBjeae (e-th term = 0 unless e is oriented {i, j})
e=
= (+1) - (=1) - aij = b,

where L = {{;;}; jef1,. . .n}> and along the diagonal of B we compute

m n
m
(BABT)ii = E i B?ea6 = g Ae = E Qij,
e=1, e=(i,x) or e=(,i) Jj=1,j#i

where, in the last equality, we counted each edge precisely once and we noted that self-loops are not allowed. W

Lemma 9.2 (Rank of the incidence matrix). Let G be an undirected graph with n nodes, m edges, and incidence
matrix B. Let n. be the number of connected components of G. Then

rank(B) = n — nc.
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Proof. We prove this result for a connected graph with n.. = 1, but the proof strategy extends to 1. > 1. Recall
that the rank of the Laplacian matrix L equals n — n,. = n — 1. Since the Laplacian matrix can be factorized
as . = BABT, where A has full rank m (and m > n — 1 due to connectivity), we have that necessarily
rank(B) > n — 1. On the other hand rank(B) < n — 1 since B'1,, = 0,,. It follows that B hasrankn — 1. B

Here are two examples:

. if Gisatree (m =n — 1 and ne. = 1), we know B € R*(n=1) rank(B) = n — 1 (that is, B is full rank and
has linearly independent columns), kernel(B) = {0,,_1} and image(BT) = R"~ L,

« if G is connected, then rank(B) = n — 1 (that is, B is full rank), image(BT) = R"!, and kernel(B) has
dimension m —n + 1.

Applications of the incidence matrix

The Laplacian flow as a closed-loop control system The factorization of the Laplacian matrix as L = BABT

plays an important role in relative sensing networks. For example, we can decompose the Laplacian flow & = —Lx
into
open-loop plant:  &; = u;, ie{l,...,n}, or &=u,
measurements: Y;; = & — Zj, {i,j} € F, or y=DBz,
control gains:  z;; = aijYij , {i,j} € E, or z=Ay,
control inputs: u; = — Z zij, 1€{l,...,n}, or u=—Bz.
{igtek

In other words we can write
it=u=—-Bz=-BAy=—-BAB"'z = —La.

Indeed, this control structure, illustrated as a block-diagram in Figure 9.2, is required to implement flocking-type
behavior as in Example 1.3. The control structure in Figure 9.2 has emerged as a canonical control structure in
many relative sensing and flow network problems also for more complicated open-loop dynamics and possibly
nonlinear control gains; e.g., see (Bai et al., 2011).

Uu ' d
OoO— 2 Li = U

Figure 9.2: Illustration of the canonical control structure for a relative sensing network.
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Kirchhoff’s and Ohm’s laws We here revisit the electrical resistor network from Section 6.1.2, and re-derive
its governing equations; we refer to (Dorfler et al., 2018) for a more detailed treatment.

First, we let B € R"*™ denote the oriented incidence matrix of electrical network (after introducing an
arbitrary numbering and orientation for each edge). To each node i € {1,...,n} we associate an external current
injection Cipjected at - TO each oriented edge (7, j) € E we associate a positive conductance (i.e., the inverse of the
resistance) a;; > 0, a current flow c¢;_,;, and a voltage drop u;;.

The Kirchhoff’s voltage law (KVL) states that the sum of all voltage drops around each cycle must be zero.
It is well-known and easy to see that KVL implies the existence of potential variables v; at each node such that
u;j = v; — v;, for each oriented edge (4, 7). In other words, recalling the equality (9.4), u;; = (BTv);;. In summary,
given voltage drops u € R™ along the edges KVL states that there exist potentials v € R™ at the nodes such that

uw=BTv.

The Kirchhoff’s current law (KCL) states that the sum of all current injections at every node must be zero. In
other words, for eachnode i € {1,...,n} in the network, we have that cinjected at i = 2?21 Ci—;. Since all oriented
edges incident to node 7 are described by entries in the sth row b; of B, we can write Cinjected ati = Z?Zl Cisj = biTc.
In summary, KCL states that injected currents cipjected € R™ at the nodes and current flows ¢ € R™ along the edges
satisfy

Cinjected = Bec.

Finally, Ohm’s law states that the current c;_,; and the voltage drop u;; over a resistor with resistance 1/a;;
are related as cj_,; = a;;u;;. By combining Kirchhoft’s and Ohm’s laws, we arrive at

Cinjected = Bc= BAu = BABTV = Lv,

where we used Lemma 9.1 to recover the conductance matrix L.

Appendix: Cuts and cycles

Given an undirected unweighted graph with n nodes and m edges, its oriented incidence matrix naturally defines
two useful vector subspaces of R™. With the customary convention to refer to R as the edge space, the incidence
matrix induces a direct sum decomposition of the edge space based on the concepts of cycles and graph cuts. We
develop these concepts in what follows.

Definition 9.3 (Cutset orientation vectors and cutset space). Let G be an undirected graph with nodes
{1,...,n} and with an arbitrary enumeration and orientation of its m edges.
(i) A cut x of G is a strict non-empty subset of the nodes {1, ...,n}. A cut and its complement X define a partition
{x;x°} of {1,...,n}, in the sense that x # 0, x* # 0, x N x* =0, and {1,...,n} = xUX".
(ii) Given a cut x C {1,...,n} of G, the set of edges that have one endpoint in each subset of the partition is called
the cutset of x. The cutset orientation vector vy, € {—1,0,+1}" of x is defined component-wise, for each edge
ee{l,...,m},

+1, if e has its head in x and tail in X,
(Vy)e =14 —1, if e has its head in x© and tail in ,
0, otherwise.

Here the head (resp. tail) of a directed edge (i, j) is the node i (resp j).
(iii) The cutset space of G' is the subspace of R™ spanned by the cutset orientation vectors corresponding to all cuts of
G, that is, span{vy € {—1,0,+1}"™ | x is a cut of G}.
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We illustrate these concepts in Figure 9.3.

x ={1,2,3}
. A digraph with n = 6 nodes and m = 7 edges.
! {4,5,6} A cut x = {1, 2,3} and its complement x° = {4, 5,6}.
1 The cutset of x is {3,4,5,6}.
V; . The cutset orientation vector of y is:
@—

n=1[0 0 +1 +1 +1 +1 0] .

Figure 9.3: An undirected graph with arbitrary edge orientation. A cut with its cutset and cutset orientation vector.

Recall that, in an undirected graph, a walk is simple if no node appears more than once in it, except possibly for
the first and last. A cycle is a simple walk that starts and ends at the same node and has at least three distinct nodes.

Definition 9.4 (Signed walk vectors and cycle space). Let G be an undirected graph with n nodes, m edges, and
with an arbitrary enumeration and orientation of its edges. Let y be a simple undirected walk in G.

(i) The signed walk vector wy € {—1,0,+1}" of v is defined component-wise, for each edgee € {1,...,m},

+1, if e is traversed positively by -,
(wy)e = —1, if e is traversed negatively by -,
0, otherwise.

(ii) The cycle space of G is the subspace of R™ spanned by the signed walk vectors corresponding to all cycles in G,
that is,

span{w, € {—1,0,4+1}" | v is a cycle in G}.

We illustrate these concepts in Figure 9.4.

’\2\_‘> G/D’ The signed walk vector is:
1

V; g 5\’
’\3\,> ./7/V

wy=[+1 -1 +1 0 -1 0 +1]".

Figure 9.4: An undirected graph with arbitrary edge orientation. A directed cycle 7 and its signed walk vector.

With these conventions we are now in a position to state the main result of this section.

Theorem 9.5 (Cycle and cutset spaces). Let G be an connected undirected graph with n nodes, m edges, and
incidence matrix B. The following statements hold:

(i) the cycle space is kernel(B) and has dimensionm —n + 1,
(ii) the cutset space is image(B ) and has dimensionn — 1, and
(iii) kernel(B) L image(B") and kernel(B) @ image(BT) = R™.
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Note that statement (iii) is known as a result in the fundamental theorem of linear algebra (Strang, 1993).
Additionally, statement (iii) is known in circuit theory as Tellegen’s Theorem (Oster and Desoer, 1971).

Proof of Theorem 9.5. The proof of statement (i) is given in Exercise E9.9.
Statement (ii) is proved as follows. For a cut x, let e, € {0, 1}" be the cut indicator vector defined by (e,); = 1
if i € x and zero otherwise. Then, using the definitions, the cutset orientation vector for the cut x is

_pT
vy = B ey.

This equality implies that v, € image(BT) for all y. Next, because G is connected, there are n — 1 independent
cutset orientation vectors corresponding to the cuts {{i} | i € {1,...,n — 1}}. Hence these n — 1 vectors are a
basis of image(B ") and the statement is established.

Finally, statement (iii) is proved in two steps. First, for any subspace V' C R™, we have the direct sum
decomposition of orthogonal subspaces V @ V1 = R™. Second, for any matrix B,

w € kernel(B) <= Yv € R™ (Bw)'v=0
— YWweR™ w'(B™w)=0 < w < (image(B")"*.

Hence, we know kernel(B) = (image(BT)' and the statement follows. [

From the proof of the previous theorem and a bit more work, one can state the following result.

Lemma 9.6 (Bases for the cutset space and the cycle space). Let G = (V| E) be a connected unweighted
undirected graph with nodes {1,...,n} and m edges.

(i) Foreachnodei € {1,...,n—1}, letvgy € {—1,0,+1}"™ denote the cutset orientation vector for the cut {i}, that
is, let vg;y be the transpose of the i-th row of B. Then {v(1y, ..., v{,_1}} is a basis of the cutset space image(BT).

(ii) Given a spanning treeT = (Vr, E1) of G = (V, E), for each edge e € E \ Er, define the fundamental cycle
associated to'I" and e, denoted by yr ., to be the cycle consisting of e and the walk onI’ connecting the endpoints
of e. Let wr . be the associated signed walk vector. Then

a) the fundamental cycle of each edge e € E \ Er exists unique and is simple, and
b) the set of signed walk vectors {wr . | e € E \ Er} is a basis of the cycle space kernel(B).

We illustrate this lemma with the digraph in Figure 9.3, which we reproduce here with its incidence matrix for
convenience.

’\2\,> 6/9. +1 +1 0 0 0 0 7

0
1 0 41 0 0 0 0
1 5 0 -1 0 +1 +1 +1 0
g 1 -1 0 0 +1

0 0
7/\7. o 0 0 0 -1 0 -1
L0 0 0 0 0 -1 0

Figure 9.5: The undirected graph with edge orientation from Figure 9.3 and its incidence matrix B € R%*7,

Regarding a basis for the cutset space image(B7), it is immediate to state that (the transpose of) any 5 of the 6
rows of B form a basis of image(BT). Indeed, since rank(B) = n — 1, any n — 1 columns of the matrix BT form
a basis for the cutset space. Figure 9.6 illustrates the 5 cuts and a corresponding basis for the cutset space.
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& [+1 -1 0 0 0]
{1} \M +1 0 -1 0 O
0O +1 0 -1 0
[y vizy vy vy o] = | 0 0 41 -1 0
{4} 0 0 +1 0 -1
60 0 +1 0 O
0 0 0 +1 -1
Figure 9.6: Five cuts, corresponding to nodes 1,. .., 5, and their cutset orientation vectors generating image(B").

In the proof of Theorem 9.5, we also stated that, for a cut x, e, € {0,1}" is the cut indicator vector defined by
(ey)i = 1if i € x and zero otherwise, and that the cutset orientation vector for x is given by

v, = BTe,. (9.5)

Indeed, one can show the following statement for the example in Figure 9.6: the cut separating nodes {1, 2,3}
from {4, 5,6} has cut indicator vector [1 1100 O] T and cutset vector vg1} + vg2) + vy3) is equal to the
sum of the first three columns of BT .

Next, regarding a basis for the cycle space kernel(B), the spanning tree 7' composed of the edges {1,2,4,5,6}
and the two fundamental cycles associated to edges 3 and 7 are illustrated in Figure 9.7.

ﬁ2$?<56/>. ’\ /p.

1

1 VT 7
L3\,>i/7/v. ;

Figure 9.7: Given a graph with 6 nodes, 7 edges, and hence 2 independent cycles, the left panel depicts a spanning
tree T' (composed of 5 dark edges) and the right panel depicts the two resulting fundamental cycles.

The corresponding signed walk vectors are

+17] 0
-1 0
+1 0
wrz= |—1| ,wr7= |+1|, and kernel(B) = span{wrs,wry}.
0 -1
0 0
| 0 | +1]

Note that the cycle traversing the edges (1,3, 7,5, 2) in counter-clockwise orientation has a signed walk vector
given by the linear combination wr 3 + wr 7.

Appendix: Distributed estimation from relative measurements

In Chapter 1 we considered estimation problems for wireless sensor networks in which each node measures a
scalar “absolute” quantity (expressing some environmental variable such as temperature, vibrations, etc). In this
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section, we consider a second class of examples in which measurements are “relative,” i.e., pairs of nodes measure
the difference between their corresponding variables. Estimation problems involving relative measurements are
numerous. For example, imagine a group of robots (or sensors) where no robot can sense its position in an absolute
reference frame, but a robot can measure other robot’s relative positions by means of on-board sensors. Similar
problems arise in study of clock synchronization in networks of processors.

Problem statement

The optimal estimation based on relative measurement problem is stated as follows. As illustrated in Figure 9.8, we
are given an undirected graph G = ({1, ...,n}, F) with the following properties. First, eachnode i € {1,...,n}
of the network is associated with an unknown scalar quantity z; (the x-coordinate of node ¢ in figure). Second, the

absolute reference
frame

xr
Lj
Ti — Ty
i
Figure 9.8: A wireless sensor network in which sensors can measure each other’s relative distance and bearing. We

assume that, for each link between node 7 and node j, the relative distance along the x-axis x; — z; is available,
where x; is the x-coordinate of node 7.

m undirected edges are given an orientation and, for each edge e = (i, j), e € E, the following scalar measurements
are available:

Yiig) = i — 5+ v ) = (BT@)e + v ),

where B is the graph incidence matrix and the measurement noises v; ), (7, j) € E, are independent jointly-
Gaussian variables with zero-mean E[v(; ;] = 0 and variance E[U(Q )] = U(Qi e 0. The joint matrix covariance

1]
is the diagonal matrix ¥ = diag({a(zi j)}(z‘,j)e g) € R™*™, (For later use, it is convenient to define also y; ;) =
—Y(j,i) = Tj — Ti — V(5).)
The optimal estimate Z* of the unknown vector x € R" via the relative measurements y € R™ is the solution
to

min |BTZ — y||3-.. (F1)
x

Since no absolute information is available about x, we add the additional constraint that the optimal estimate
should have zero mean and summarize this discussion as follows.

Definition 9.7 (Optimal estimation problem based on relative measurements). Given an incidence matrix
B, a set of relative measurements y with covariance ¥, find ¥ satisfying

in ||[B'Z — y||2_.. 9.6
min [ BTZ - y][5- (9-6)
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Optimal estimation via centralized computation

From the theory of least square estimation, the optimal solution to problem 9.6 is obtained as by differentiating the
quadratic cost function with respect to the unknown variable ¥ and setting the derivative to zero. Specifically:

0 ~ . _
0= =|BTE —yl} =285 B3 — 257y, (F2)
A
or equivalently
By 'B'2*=Bxly <« Lz*=BYly, (9.7)

where the Laplacian matrix L is defined by L = BYX~!BT. This matrix is the Laplacian for the weighted graph
whose weights are the inverse noise covariances of the measurement edges.

We now note that equation (9.7) is a Laplacian system, as studied in Section 6.3.2. Recalling the notion of
pseudoinverse Laplacian matrix and the constraint | 1,,, Lemma 6.12 in Section 6.3.2 leads to the following
result.

Lemma 9.8 (Unique optimal estimate). If the undirected graph G is connected, then there exists a unique solution
to the optimization problem (9.6) given by
7= L'Bx1y. (F3)

Optimal estimation via decentralized computation

To compute Z* in a distributed way, we propose the following distributed algorithm. Pick a small o > 0 and let
each node implement the affine averaging algorithm:

. ~ 1 /. ~
Bk +1) =7k —a 3 ——(70) — 50 — i),
JEN() () 9.8)

2:(0) = 0.

This algorithm is interpreted as follows: the estimate at node 7 is adjusted at each iteration as a function of edge
errors, each edge error (difference between estimated and measured edge difference) contributes to a weighted
small correction in the node value.

Lemma 9.9 (Convergence of the affine averaging algorithm). Given a graph G describing a relative measure-
ment problem for the unknown variables x € R", with measurementsy € R™, and measurement covariance matrix
Y= diag({a(?i j)}(i,j)eE) € R™*"™_ The following statements hold:
(i) the affine averaging algorithm can be written as

Z(k+1) = (I, — aL)Z(k) + aBX ™1y,

7(0) = 0, )

(ii) if G is connected and if o < 1/dyax Where dp,y is the maximum weighted out-degree of G, then the solution
k — (k) of the affine averaging algorithm (9.8) converges to the unique solution T* of the optimization
problem (9.6).

Proof. To show fact (i), note that the algorithm can be written in vector form as
Z(k+1) =z(k) — aBX YBTz(k) —y),
and, using L = BY "' BT, as equation (9.9).
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To show fact (ii), define the error signal (k) = z* — (k). Note that (0) = Z* and that average(n(0)) = 0
because 1] 7* = 0. Compute

n(k+1) = (I, — oL 4+ oL)z* — (I, — aL)Z(k) — aBX ™Yy
= (I, — aL)n(k) + a(Lz* — BX ™ 'y)
= (In — aL)n(k).

Now, according to Exercise E6.1, v is sufficiently small so that I,, — a.L is non-negative. Moreover, (I, — L) is
doubly-stochastic and symmetric, and its corresponding undirected graph is connected and aperiodic. Therefore,
Theorem 5.1 implies that, as k diverges, (k) — average(n(0))1, = 0,. [ |

Historical notes and further reading

Standard references on incidence matrices include texts on algebraic graph theory such as (Biggs, 1994; Foulds,
1995; Godsil and Royle, 2001). An extensive discussion about algebraic potential theory on graphs is given by Biggs
(1997).

The algorithm in Section 9.5.3 is taken from (Bolognani et al.,, 2010). For the notion of edge Laplacian and
its properties, we refer to (Zelazo, 2009; Zelazo and Mesbahi, 2011; Zelazo et al., 2013). Additional references on
distributed estimation for relative sensing networks include (Barooah and Hespanha, 2007, 2008; Bolognani et al.,
2010; Piovan et al., 2013).

A comprehensive survey on cycle bases, their rich structure, and related algorithms is given by Kavitha et al.
(2009).
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9.7 Exercises

» E9.1 Relations between incidence and Laplacian matrix. Let G be a weighted undirected graph with n nodes and edge
weights {ac}eeq1,. . . m}- Select an enumeration and orientation for the edges. Let L, B and A denote, respectively,
the Laplacian matrix, incidence matrix, and the weight matrix of G. Show that

(i) for any x and y € R",

Ve = (BT TABT) = Y i — ) - ) (9.1)
(if) for any = € R", (as in equation (6.4))
' Lx = ||BTz||% = Z aij(w; —x4)%; (E9.2)
{i.j}eE
(iii) any = € R"™ satisfies
sign(x)" Lz > 0, (E9.3)

and the inequality is strict if and only if there exists an edge {7, j} such that either ; and x; have opposite sign or
one is zero and the other is non-zero. (Here sign: R” — {—1,0,+1}" is the entry-wise sign function.)

E9.2 The edge Laplacian matrix (Zelazo and Mesbahi, 2011). For an unweighted undirected graph with n nodes and
m edges, introduce an arbitrary orientation for the edges. Recall the notions of incidence matrix B € R™"*" and
Laplacian matrix L = BBT € R"*" and define the edge Laplacian matrix by

Leqge = B'B € R™*™,

(Note that, in general, the edge Laplacian matrix is not a Laplacian matrix.) Select an edge orientation and compute B,

L and Legge for

(i) aline graph with three nodes, and
(if) for the graph with four nodes in Figure 9.1.

Show that, for an arbitrary undirected graph,

(iii) kernel(Legge) = kernel(B);

(iv) rank(L) = rank(Ledge);

(v) for an acyclic graph Legg. is nonsingular (do not assume G is connected); and
(vi) the non-zero eigenvalues of Lcgg. are equal to the non-zero eigenvalues of L.

E9.3 Evolution of the relative disagreement error (Zelazo and Mesbahi, 2011). Consider the Laplacian flow & = — Lz,
defined over an undirected, unweighted, and connected graph with n nodes and m edges. Beside the usual disagreement
vector §(t) = x(t) — average(z(t))1, € R™ (defined in Section 5.3), we can also analyze the relative disagreement
vector e;;(t) = x;(t) — x;(¢), for every edge {1, j}.

(i) Write a differential equation for the relative disagreement errors ¢ — e(t) € R™.
(if) Based on Exercise E9.2, show that the relative disagreement errors converge to zero with exponential convergence
rate given by the algebraic connectivity Ao (L).

E9.4 Out-incidence and in-incidence matrices for digraphs. Consider a weighted directed graph G with nodes
{1,...,n} and edges {1, ..., m}. Asusual, let A, Doy, Din, and L denote the n x n adjacency, weighted out-degree,
weighted in-degree, and Laplacian matrix, respectively, and let A denote the m x m weight matrix. Define the
out-incidence matrix Boy € {0,1}"*™ and in-incidence matrix By, € {0,1}"*™ by

1, ifnode i is the head of edge e,
(Bout)ie = . & (E9.4)
0, otherwise,
1, ifnode i is the tail of edge e,
(Bin)ie = , & (E9.5)
0, otherwise,
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Figure E9.1: For this example digraph, we compute the 4 x 5 matrices
10 0 01 0000

€4
. > 0
01 000 1 1 00 L,
es es €3 Bow = 000 10 and Bj, = 0 00 1l° For comparison’s
00100 00010
€1

_= O

sake, if we regard the edges of GG as the oriented edges of an undirected graph
@', then the oriented incidence matrix B of G’ satisfies B = By — Bin; see
equation (9.2).

for eachnodei € {1,...,n} andedgee € {1,...,m}.
Show that

(i) for each € R™ and each edge e of the form e = (i, j),

(Br)e =z, and (Blz). = z;, (E9.6)
(ii) the following relationships hold:
Dot = BouwABgy, Dy, = BinABy,, (E9.7)
A = BouABy, L = BowA(Bow — Bu)", (E9.8)
(i) || BJylloo = | B |loo = 1 and || Bout||oo and || Bia || are the maximum topological out-degree and in-degree of G,

respectively.

Note: Balbuena et al. (2003) use these incidence matrices to study the line digraph.

E9.5 Unoriented incidence matrix and signless Laplacian. Consider a weighted undirected graph G with nodes
{1,...,n}, edges {1,...,m}, adjacency matrix A and degree matrix D = diag(AL, ). Define the signless Laplacian
matrix Q € RIF" by

Q=A+D (E9.9)

and the unoriented incidence matrix K € {0,1}"*™ by

(E9.10)

K. — 1, if node 7 is incident to the undirected edge e,
' 0, otherwise.

Show that

(i) the degree of node i is equal to (Al,); = (K.A1,,);,
(i) Q = KAKT > 0, where A € R™*™ denotes the weight matrix of G,
(i) z"Qz = 3 >t i1 @ij(xi 4 x;)? for any = € R™, and
(iv) @ has an eigenvalue equal to 0 if and only if G consists of isolated vertices and bipartite connected components.

Note: We refer to (Desai and Rao, 1994; Cvetkovi¢ and Simic, 2009) for early references.

» E9.6 Averaging with distributed integral control. Consider a Laplacian flow implemented as a relative sensing network
over a connected and undirected graph with n nodes, m edges, incidence matrix B € R™*™, and weights a;; > 0 for
(i,j) € E, and subject to a constant disturbance term 17 € R™, as shown in Figure E9.2.
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O—— i = Ui

Figure E9.2: A relative sensing network with a constant disturbance input n € R™.

(i) Derive the dynamic closed-loop equations describing the model in Figure E9.2.
(ii) Show that the state 2:(t) converges asymptotically to a vector * € R™ that depends on the value of the disturbance
71 and that is not necessarily a consensus state.

Consider the system in Figure E9.2 with a distributed integral controller forcing convergence to consensus, as shown
in Figure £9.3.

Figure E9.3: Relative sensing network with a disturbance € R"" and distributed integral action.

(iii) Derive the dynamic closed-loop equations describing the model in Figure E9.3.

(iv) Show that the distributed integral controller in Figure E9.3 asymptotically stabilizes the set of steady states (z*, p*),
with z* € span{1,} corresponding to consensus.
Hint: Study the properties of saddle point matrices in Exercise E9.13.

E9.7 Incidence matrix, cutset and cycle spaces for a triangle. Consider an undirected triangle with nodes {1, 2, 3}. Let
~v = (1,2, 3) be the only simple cycle (i.e., closed walk with three or more nodes). Select the number and orientation
of the three edges as well as three possible cuts as in Figure E9.4. Perform the following steps:

(i) compute the incidence matrix B, the cutset orientation vector Viiy for each cut {i}, and the signed walk vector for

’y’
(i) show vy1y + vgoy + v3y = 03 and span{v(y}, viay,vysy b L span{w, }, and
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\g( = {1} ,\ {2} ® - ) @
FAASW

.—3—l>. af3—'>. @3 ® @ 3——®

Figure E9.4: Three cuts and a cycle in a triangle.

(iii) verify the equality (9.5) between incidence matrix and cutset orientation vectors.

E9.8 Incidence matrix, cutset and cycle spaces for basic graphs. Recall Examples 3.1 and 4.1, and consider the following
unweighted undirected graphs with node set {1,...,4}:

(i) the path graph Py;

(i) the cycle graph Cy;
(iii) the star graph Sy; and
(iv) the complete graph K.

For each graph, select an arbitrary orientation of the edges, compute the incidence matrix, compute a basis for the
cutset space, and compute a basis for the cycle space.

E9.9 Incidence matrix and signed walk vectors. Given an undirected graph G, consider an arbitrary orientation of its
edges, its incidence matrix B € R"*™, and a simple walk -y with distinct initial and final nodes described by a signed
walk vector w? € R™.

(i) Show that the vector y = Bw” € R™ has components

+1, if node i is the initial node of ~,
y; = § —1, ifnode 1 is the final node of 7,
0, otherwise.

(ii) Prove statement (i) in Theorem 9.5.

E9.10 Properties of signed walk vectors. Let GG be an undirected unweighted graph and let x and ¢ be two cuts on G.
Show that:

(1) vye = —vy,
(ii) if x N = 0, then vy + vy = vy Ly, and
(iii) if G has d connected components, then there exist n — d independent cutset orientation vectors.

E9.11 The orthogonal projection onto the cutset space (Jafarpour and Bullo, 2019). Recall the following well-known
facts from linear algebra: a square matrix P € R™*"™ is an orthogonal projection if P = PT and P? = P; given a
full-rank matrix X € R™*" n < m, the matrix P = X (X" X)~!XT is the orthogonal projection onto the image(X).
Prove that

(i) if X is not full rank (i.e., it has a trivial kernel), the matrix P = X (X " X)X is the orthogonal projection onto
image(X), where (X T X)T is the pseudoinverse of X ' X, as defined in Exercise E2.20.

Given an unweighted undirected graph with an oriented incidence matrix B, Laplacian matrix L. = BBT, and
pseudoinverse Laplacian matrix LT, recall that R™ = image(BT) @ kernel(B) is the orthogonal decomposition into

cutset space and cycle space. Show that

(ii) P = BTL'B is an orthogonal projection matrix, and
(iii) P = BTL'B is the orthogonal projection onto the cutset space image(BT).
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E9.12 Sensitivity of Laplacian eigenvalues. Consider an unweighted undirected graph G = (V, E) with incidence matrix

E9.13

E9.14

E9.15

B € R"*™ and Laplacian matrix L. = BBT € R"*". Define a undirected graph G’ by adding one unweighted edge
e ¢ FE to G, thatis, G = (V, E Ue). Show that

)\max(LG) S )\max(LG’) S )\max(LG) + 2.

Hint: Use the edge Laplacian matrix Legge = B' B € R™*™ in Exercise E9.2 and Cauchy’s Interlacing Theorem (e.g., see
(Horn and Johnson, 1985, Theorem 4.3.17)): Let A denote a symmetric matrix with ordered eigenvalues A\ < Ao < ... < A\,
and B denote a principal submatrix of A with ordered eigenvalues 11 < po < ... < p,_1; then the eigenvalues of A
and B interlace, that is, \1 < i1 < Ao < ... < i1 < Ap.

Spectrum of saddle point matrices. Given a positive semidefinite matrix S = ST = 0 in R"*" and a matrix C in
R™*"_ define the saddle point matrix Ay, € RmHm)x(n+m) by

S cT
Asp - |:_C 0m><m:| '

Then each eigenvalue ) of Ay, satisfies

@ R() = 0,
(i) if kernel(S) Nimage(CT) = {0,,}, then either R(\) > 0 or A = 0; moreover, if A = 0, then ) is semisimple, and
(iii) if S is positive definite and kernel(CT) = {0,,}, then R(\) > 0.

Note: Statements (i) and (iii) are (Benzi et al., 2005, Theorem 3.6). Statement (ii) is (Cherukuri et al., 2017, Lemma 5.3).
Additional results on saddle point matrices are given in (Dorfler et al., 2018, Proposition 5.13).

Monotonicity of the Laplacian as a positive semidefinite matrix. As in Lemma 6.9, consider a weighted
undirected graph with symmetric adjacency matrix A and symmetric Laplacian matrix L. Show that

A<A = L=L,

where A’ is a symmetric adjacency matrix with corresponding Laplacian L’ and where L < L’ means that L — L' is
negative semidefinite.

The pseudoinverse of the incidence matrix of a spanning tree. Let T" be a spanning tree of the complete graph
K,, and H be a subgraph of K, with h edges. Given an edge enumeration and orientation, let By € R™*("~1) and

By € R™*" denote the incidence matrices of T and H, respectively. Let B;« € R(®=1x" denote the pseudoinverse
of Br. Show

() BL.Br =1,-1and BrBl. =1, — 11,17,
(if) for any z € R" with .y = 1Ix/n and with the notation fr = B}x eR" land fy = B}}x e R",

(BI)T fr =& — xpely, and  fu = BL(BL)T fr.

Note: Bapat (1997) gives further properties of the pseudoinverse of the incidence matrix of a tree.
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CHAPTER 1 O

Metzler Matrices and Dynamical Flow
Systems

In this chapter we study positive systems, that is, dynamical systems with state variables that are typically
non-negative, and dynamical flow systems (also called compartmental systems), that is, dynamical processes
characterized by conservation laws (e.g., mass, fluid, energy) and by the flow of commodities between units
known as compartments. For simplicity we focus on continuous-time models, though a comparable theory exists
for discrete-time systems. Example dynamical flow systems are transportation networks, queueing networks,
communication networks, epidemic propagation models in social contact networks, as well as ecological and
biological networks. Linear dynamical flow systems and positive systems in continuous time are described by
so-called Metzler matrices; we define and study such matrices in this chapter.

10.1 Example systems

In this section we review some examples of dynamical flow systems.

Ecological and environmental systems The flow of energy and nutrients (water, nitrates, phosphates, etc) in
ecosystems is typically studied using compartmental modeling. For example, Figure 10.1 illustrates a widely-cited
water flow model for a desert ecosystem (Noy-Meir, 1973). Other classic ecological network systems include models
for dissolved oxygen in stream, nutrient flow in forest growth and biomass flow in fisheries (Walter and Contreras,
1999).

precipitation evaporation, drainage, runoff
--------- —p soil

| transpiration
uptake——={ plants

drinking herbivory

. evaporation
animals

\'4

Figure 10.1: Water flow model for a desert ecosystem. The black dashed line denotes an inflow from the outside
environment. The light-gray dashed lines denote outflows into the outside environment.
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168 Chapter 10. Metzler Matrices and Dynamical Flow Systems

Epidemiology of infectious diseases To study the propagation of infectious diseases, the population at risk is
typically divided into compartments consisting of individuals who are susceptible (S), infected (I), and, possibly,
recovered and no longer susceptible (R). As illustrated in Figure 10.2, the three basic epidemiological models
are (Hethcote, 2000) called SI, SIS, SIR, depending upon how the disease spreads. For a review article in the spirit
of these lecture notes, we refer the interested reader to (Mei et al., 2017).

Susceptible | Infected Susceptible < Infected

\'/

Susceptible | Infected

Recovered

\'/

Figure 10.2: The three basic models SI, SIS and SIR for the propagation of an infectious disease

Drug and chemical kinetics in biomedical systems Compartmental model are also widely adopted to
characterize the kinetics of drugs and chemicals in biomedical systems. Here is a classic example (Charkes et al.,
1978) from nuclear medicine: bone scintigraphy (also called bone scan) is a medical test in which the patient is
injected with a small amount of radioactive material and then scanned with an appropriate radiation camera.

rest of the body

radioactive ? $

material urine
________ B| blood _>1 kidneys
bone ECF _>1 bone

Figure 10.3: The kinetics of a radioactive isotope through the human body (ECF = extra-cellular fluid).

10.2 Metzler matrices and positive systems
We start by introducing a new class of matrices.

Definition 10.1 (Metzler matrix). For a matrix M € R™*", n > 2,

(i) M is Metzler if all its off-diagonal elements are non-negative;
(ii) if M is Metzler, its associated digraph is a weighted digraph defined as follows: {1, ... ,n} are the nodes, there
are no self-loops, (i, j), i # j is an edge with weight m;; if and only if M;; > 0; and
(iii) if A is Metzler, A is irreducible if its associated digraph is strongly connected.
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The sign pattern of a Metzler matrix is illustrated in Fig-
ure 10.4. Metzler matrices are sometimes also referred to
as quasi-positive or essentially non-negative.

Note: M is Metzler if and only if there exists a scalar
v > 0 such that M + «I;, is non-negative.

Note: if L is a Laplacian matrix, then —L is a Metzler
Figure 10.4: The sign pattern of a Metzler matrix: + matrix with zero row-sums.

stands for non-negative and * stands for arbitrary.

+ o+ o+ o
+ s+
+ o+
* + + +

Metzler matrices have numerous properties. We start by writing a version of Perron-Frobenius Theorem 2.12
and illustrating it in Figure 10.5.

Theorem 10.2 (Perron-Frobenius Theorem for Metzler matrices). If M € R"*" n > 2, is Metzler, then
(i) there exists a real eigenvalue \ such that A > R(u) for all other eigenvalues p, and

(ii) the right and left eigenvectors of A can be selected non-negative.

If additionally M is irreducible, then

(iii) there exists a real simple eigenvalue X such that X > R(u) for all other eigenvalues p, and
(iv) the right and left eigenvectors of \ are unique and positive (up to rescaling).

‘ spec(M) A A
x : :
x N
———%%—————— %>
x :
x : \

Figure 10.5: Illustrating the Perron-Frobenius Theorem 10.2 for a Metzler matrix M. Left image: for sufficiently
large v, M + ~I,, is non-negative and \ 4 + is its dominant Perron eigenvalue. Right image: the spectrum of M is
equal to that of M + «I,, translated by —~; A is dominant in the sense that A > R(pu) for all other eigenvalues y;
it is not determined whether A < 0 (the imaginary axis is to the right of ) or A > 0 (the imaginary axis is to the
left of \).

Note: As in the case of non-negative matrices, we refer to A as to the dominant eigenvalue. For a Metzler
matrix M, the dominant eigenvalue is equal to the spectral abscissa a(M) (whereas the dominant eigenvalue of a
non-negative matrix A is its spectral radius p(A)). We invite the reader to work out the details of the proof in
Exercise £10.2.

Note: this theorem is consistent with and generalizes the treatment of Laplacian matrices. Specifically we
know that, if L is a Laplacian, the Metzler matrix — L has dominant eigenvalue A = 0.

Next, we give necessary and sufficient conditions for the dominant eigenvalue of a Metzler matrix to be strictly
negative.

Theorem 10.3 (Metzler Hurwitz Theorem). For a Metzler matrix M, the following statements are equivalent:
(i) M is Hurwitz,
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170 Chapter 10. Metzler Matrices and Dynamical Flow Systems

(ii) M is invertible and —M ' > 0, and
(iii) for allb > 0,, there exists a unique x* > 0,, solving Mz* + b = 0,,.

Moreover, if M is Metzler, Hurwitz and irreducible, then —M~1t>0.

Proof. We start by showing that (i) implies (ii). Clearly, if M is Hurwitz, then it is also invertible. So it suffices
to show that —M ! is non-negative. As in Exercise E6.1 and in the proof of Theorem 7.4, pick ¢ > 0 and define
An e = I, + M, thatis, (—eM) = (I, — Aps,<). Because M is Metzler, ¢ can be selected small enough so that
Anr, e > 0. Moreover, because the spectrum of M is strictly in the left half plane, one can verify that, for ¢ small
enough, spec(e M) is inside the disk of unit radius centered at the point —1; as illustrated in Figure 10.6. In turn,

Figure 10.6: For any A € C with strictly negative real part, there exists € such that the segment from the origin to
e is inside the disk of unit radius centered at the point —1.

this last property implies that spec (I, + €M) is strictly inside the disk of unit radius centered at the origin, that is,
p(Anre) < 1. We now adopt the Neumann series as defined in Exercise E2.11: because p(Axz,c) < 1, we know
that (I, — Ap, ) = (—eM) is invertible and that

(—eM) ™' = (I — Apo) = > Al (10.1)
k=0

Note now that the right-hand side is non-negative because it is the sum of non-negative matrices. In summary, we
have shown that M is invertible and that —M ~! > 0. This statement proves that (i) implies (ii).

Next we show that (ii) implies (i). We know M is Metzler, invertible and satisfies — M/ ~! > 0. By the Perron-
Frobenius Theorem 10.2 for Metzler matrices, we know there exists v > 0,,, v # 0y, satisfying Mv = Ayjetzler (M),
where Avetzer (M) = (M) = max{R(\) | A € spec(M)}. Clearly, M invertible implies Ayetz1er (M) # 0 and,
moreover, U = Aetgler (M )M ~tv. Now, we know v is non-negative and M ~!v is non-positive. Hence, Ayiegzier (M)
must be negative and, in turn, M is Hurwitz. This statement establishes the equivalence between (ii) implies (i)

Finally, regarding the equivalence between statement (ii) and statement (iii), note that, if —M~! > 0 and
b > 0, then clearly z* = —M~1'b > 0, is unique and solves M x* + b = 0,,. This proves that (ii) implies (iii). Vice
versa, if statement (iii) holds, then let ] be the non-negative solution of Mz = —e; and let X be the non-negative
matrix with columns z7, ..., z},. Therefore, we know M X = —1I,, so that M is invertible, — X is its inverse, and
—~M~! = —(—X) = X is non-negative. This statement proves that (iii) implies (ii).

Finally, the statement that — M —1 > 0 for each Metzler, Hurwitz and irreducible matrix M is proved as follows.
Because M is irreducible, the matrix Ay . = I,, + €M is non-negative (for ¢ sufficiently small) and primitive.
Therefore, the right-hand side of equation (10.1) is strictly positive. |

Remark 10.4 (Hurwitz Metzler and M -matrices). The following notion is often adopted in the literature, e.g.,

see (Horn and Johnson, 1994, Section 2.5). A matrix U € R™*"™ is an M -matrix if u;; > 0, w;; <0 foralli # 3,U is
invertible, and U~ > 0. It is easy to see that U is an M -matrix if and only if —U is Hurwitz Metzler.
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Continuous-time positive systems

Motivated by the examples of dynamical flow systems in the previous section and by the treatment of Metzler
matrices, we are now ready to introduce the class of positive systems.

Definition 10.5 (Positive systems in continuous time). A dynamical system &(t) = f(x(t),t), z € R", is
positive if x(0) > 0,, implies z(t) > 0,, for allt € R>o.

We are especially interested in linear and affine systems, described by
&(t) = Mz(t), and #(t) = Mxz(t) + b,

where M € R™*". The following theorem characterizes the importance of Metzler matrices for continuous-time
positive systems and extends the results in Exercise E7.2 about convergence of affine systems.

Theorem 10.6 (Positive affine systems and Metzler matrices). For the affine system &(t) = Mx(t) + b, the
following statements are equivalent:
(i) the system is positive, that is, z(t) > 0y, for allt € R>q and all z(0) > 0,,
(ii) M is Metzler and b > 0,,.
Moreover, if the matrix M is Metzler and Hurwitz, then

(iii) the system has a unique non-negative equilibrium point z* € RY,, to which all trajectories converge asymptotically.

Proof. We start by showing that statement (i) implies statement (ii). If 2(0) = 0,,, then & cannot have any negative
components, hence b > 0,,. If any off-diagonal entry (7, j), i # j, of M is strictly negative, then consider an
initial condition x(0) with all zero entries except for x(j) > b;/|M;;|. It is easy to see that #;(0) < 0 whichis a
contradiction.
Next, we show that statement (ii) implies statement (i). It suffices to note that, anytime there exists ¢ such that
z;(t) = 0, the conditions z(t) > 0,, M Metzler and b > 0,, together imply @;(t) = >_,.; Mi;z;(t) + b; > 0.
Statement (iii) follows from the Metzler Hurwitz Theorem 10.3 and Exercise E7.2. [

Table of correspondences between non-negative and Metzler matrices

We conclude this section by highlighting the correspondences between non-negative and Metzler matrices in
Table 10.1.

Dynamical flow systems

In this section, motivated by the examples in Section 10.1 and by the treatment in Section 1.4, we study an important
class of positive affine systems.

A dynamical flow system is a dynamical system in which material is stored at individual locations and is
transferred along the edges of directed graph, called the compartmental digraph; see Figure 10.7b. Dynamical flow
systems are also referred to as compartmental systems. The “storage” nodes are referred to as compartments;
each compartment contains a time-varying quantity ¢;(t). Each directed arc (4, j) represents a mass flow (or flux),
denoted F;_,;, from compartment i to compartment j. The dynamical flow system interacts with its surrounding
environment via inputs and output flows, denoted in figure by black dashed and light-gray solid arcs respectively:
the inflow from the environment into compartment ¢ is denoted by u; and the outflow from compartment ¢ into
the environment is denoted by F;_,o.

In summary, a (nonlinear) dynamical flow system is described by an unweighted digraph, by maps F;_,; for
all edges (i, j) of the digraph, and by inflow and outflow maps. (The compartmental digraph has no self-loops.)
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Non-negative matrices

Metzler matrices

Exercise E10.1: M Metzler <= exp(tM) > 0 for all
t>0

Perron-Frobenius Theorem 2.12: (reducible and irre-
ducible) non-negative matrix A has dominant eigenpair

Perron-Frobenius Theorem 10.2: (reducible and irre-
ducible) Metzler matrix M has dominant eigenpair

Exercise E10.3: A is non-negative and convergent
(p(A) < 1) <= (I,,—A)invertibleand (I,,—A)~! >0

Theorem 10.3: M is Metzler and Hurwitz (a(M) < 0)
<= M invertible and —M ! > 0

Exercise E10.4: A is non-negative < xz(k+ 1) =
Az (k) is positive

Theorem 10.6: M is Metzler <= &(t) = Mxz(t) is
positive

Lemmas 4.9 and 4.10: Bounds and monotonicity of p(A)
for non-negative A

Exercise E10.5: Bounds and monotonicity of a(M) for
Metzler M

Table 10.1: Table of correspondences between non-negative and Metzler matrices

us3 Fy o
" Fio —-—— == g3 Fy_s qa
F3 49
Fy 4
L. F:
Fi; Fio 253 Fy o

(a) A compartment with inflow u;, outflow F;_,0,
and inter-compartmental flows Fj_, ;

U1
-——=—= @ Fio Q2

(b) A compartmental system with two inflows and two outflows

Figure 10.7: Example of a single compartment and of a dynamical flow system

The dynamic equations of the dynamical flow system are obtained by the instantaneous flow balance at each
compartment. In other words, asking that the rate of accumulation at each compartment equals the net inflow rate

we obtain:
n

¢i(t) =
=15

> (Fjoi-

Fiyj) — Fiso + u;. (10.2)

In general, the flow along (4, j) is a function of the entire system state so that F;_,; = F;_,;(q).

Remarks 10.7 (Basic properties of dynamical flow systems). (i) The mass in each of the compartments as
well as the mass flowing along each of the edges must be non-negative at all times (recall we assume u; > 0).
Specifically, we require the mass flow functions to satisfy

Fi;(q) >0 forall (q), and

Fi—,j(q) = 0 for all (q) such that ¢; = 0.

(10.3)

Under these conditions, if at some time to one of the compartments has no mass, that is, gi(to) = 0 and q(to) € R%,
it follows that g;(to) = > "_1 ;. Fj—i(q(to)) +ui > 0 so that q; does not become negative. The dynamical flow
system (10.2) is therefore a positive system, as introduced in Definition 10.5.

Lectures on Network Systems, F. Bullo, edition 1.6 — Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.



10.3. Dynamical flow systems 173

(ii) Let Fiows: RZ, — RLG"™ denote the compartment-to-compartment flow matrix with entries (Faows)ij(q) =
Fi,;(q) (and zero diagonal) and Fyyfiows : RZ, — RZ, denote the outflow vector. Then the equation (10.2) is
written in vector form as

fi = Fﬂows(Q)Tln - Fﬂows(Q)ln - Foutﬂows(Q) + u.
(iii) If M(q) = >, ¢ = 1] q denotes the total mass in the system, then along the solutions of (10.2)

d

n n
M) ==Y Foola®)+ Y w (10.4)
outflow int(;gnvironment inflow from environment

This equality implies that the total masst — M (q(t)) is constant in systems without inflows and outflows. e

Linear dynamical flow systems

Loosely speaking, a dynamical flow system is linear if (i) all flows depend linearly upon the mass in the originating
compartment, except (ii) the inflow from the environment is constant and non-negative. In other words, we assume
that in a linear dynamical flow system,

Fisj(q) = fijqi, forje{l,...,n},
Fi0(q) = fioqi, and
ui(q) = i,
where the f;; and fo coefficients are called flow rates. Indeed, this model is also referred to as donor-controlled

flow. Note that this model satisfies the physically-meaningful constraints (10.3). We illustrate these assumptions in
Figure 10.8.

u3 Fio u3 foaqa
—-———== g3 Fy 3 q4 - =] G |<t—f13q 44
K JAQ\A Fy 44 ifgzqz\A f24G2
Fays fa3q2
u F. Uy ’ f202
_—— q1 Fioo——| ¢ =0 -——a fa—> ¢

Figure 10.8: In a linear dynamical flow system the flows among the compartments and onto the environment are
linear functions of the donor compartment. The compartmental digraph has weights on the edges given by the
corresponding flow rates and, accordingly, its adjacency matrix is called the flow rate matrix.

Definition 10.8 (Linear dynamical flow systems). A linear dynamical flow system with n compartments is a
triplet (F, fo,u) consisting of
(i) a non-negativen x n matrix F' = (fz’j)z‘,je{l,. ...n} With zero diagonal, called the flow rate matrix,
(ii) a vector fo > Oy, called the outflow rates vector, and
(iii) a vector u > 0, called the inflow vector.

For a linear dynamical flow system, it is customary to regard the flow rate matrix F' as the adjacency matrix of the
compartmental digraph (which is now therefore a weighted digraph without self-loops) and denote the compartmental
digraph by G'r.
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With the notion of compartmental matrix, the dynamics of the linear dynamical flow system are

n n
qi(t) = _(in + ) fij)Qi(t) + > Fag(t) + i, (10.5)
J=1,j#i j=1,j#i
or, in vector notation,
q(t) = Cq(t) +u, (10.6)

where the compartmental matrix C' = (¢ij); je(1,.. . n} of a dynamical flow system (F, fo,u) is defined by

o= ) fis if i # j,
N —fio = 2h=1,nzi fins if i =j.

Note that here the components of the vector fy are (fo); = fio, for consistency with the notation above. Equiva-
lently, if Lp = diag(F'1,,) — F' is the Laplacian matrix of the compartmental digraph, then the compartmental
matrix satisfies

C = —L} —diag(fo) = FT — diag(F1,, + fo). (10.7)

Note: since L1, = 0,, we know 1TC = —fI and, consistently with equation (10.4), we know %M (q(t)) =
—fga(t) + 1u.
In what follows it is convenient to introduce the following definition.

Definition 10.9 (Compartmental matrices). A matrix C' € R"*" is compartmental if
(i) the off-diagonal entries are non-negative: c;; > 0, fori # j, (i.e., C' is Metzler)
(ii) the column sums are non-positive: > . ¢;; <0, forallj € {1,...,n}.

In equivalent words, a compartmental matrix C' is Metzler, has non-positive diagonal entries, and is weakly
column diagonally dominant in the sense that [c;;| > > i, ;. cij, for all columns j € {1,...,n}.

Remark 10.10 (Symmetric flows). The donor-controlled model entails a flow f;;q; from i to j and a flow f;iq;
from j toi. If the flow rates are equal f;j = fji, then the resultant flow as measured from i to j is fi;(¢; — q;), i.e.,
proportional to the difference in stored quantities. The flow rate matrix F is often symmetric in physical networks. e

Algebraic and graphical properties of linear dynamical flow systems

In this section we study the algebraic and spectral graph theory of present useful properties of compartmental
matrices. We start with some useful graph-theoretical notions, illustrated in Figure 10.9. In the compartmental
digraph, a set of compartments S is

(i) outflow-connected if there exists a directed walk from every compartment in S’ to the environment, that is, to a
compartment j with a positive flow rate constant fo; > 0,

(i) inflow-connected if there exists a directed walk from the environment to every compartment in S, that is, from
a compartment ¢ with a positive inflow u; > 0,

(iii) a trap if there is no directed walk from any of the compartments in S to the environment or to any compartment
outside S, and

(iv) a simple trap is a trap that has no traps inside it.

It is immediate to realize the following equivalence: the system is outflow connected (i.e., all compartments are
outflow-connected) if and only if the system contains no trap.
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- -H-
(a) An example dynamical flow system and its strongly connected components: this (b) This dynamical flow system is not
system is outflow-connected because its two sinks in the condensation digraph are outflow-connected because one of its sink
outflow-connected. strongly-connected components is a trap.

Figure 10.9: Outflow-connectivity and traps in dynamical flow system

Theorem 10.11 (Algebraic graph theory of dynamical flow systems). Consider the linear dynamical flow
system (F, fo,u) with compartmental matrix C' and condensation of the compartmental digraph C(G ). Then
(i) each eigenvalue of C either is equal to O or has negative real part;
(ii) the following statements are equivalent:
a) C is Hurwitz,
b) there are no traps, that is, the system is outflow-connected, and
¢) each sink of C(GF) is outflow-connected;
(iii) if C is not Hurwitz, then 0 is semisimple with multiplicity equal to the number of simple traps (that is, the number
of sinks of C(G ) that are not outflow-connected).

Proof. The fact that each eigenvalue is either 0 or has strictly negative real part is similar to the result in Lemma 6.5
and can be proved by an application of the Gersgorin Disks Theorem 2.8. We invite the reader to fill out the details
in Exercise £10.7.

The equivalence between statements (ii)b and (ii)c is immediate. To establish the equivalence between (ii)c
and (ii)a, we first consider the case in which G is strongly connected and at least one compartment has a strictly
positive outflow rate. Therefore, the compartmental matrix C' = — L], — diag( fo) is irreducible. As in Exercise E6.1
and in the proof of Theorems 7.4 and 10.3, pick 0 < ¢ < 1/ max; |c;;|, and define the non-negative irreducible
Ac.c = I, +CT. The row-sums of Ac . are:

Ac 1, =1, + e(—Lp — diag(fo))1n = 1, — e fo.

Therefore, Ac, . is row-substochastic and, because A¢ . is irreducible, Corollary 4.13 implies that p(A) < 1. Now,
let A1, ..., A, denote the eigenvalues of A¢, . and recall from Exercise E6.1 that the eigenvalues 7y, ..., 7, of C
satisfy \; = 1+ en; so that max; R(\;) = 1 + € max; R(n;). Finally, p(Ac ) < 1 implies max; R();) < 1 so that

mZaX%(m) = %(mlaxﬂ?()\i) — 1) < 0.

This concludes the proof that if G is strongly connected, then C has eigenvalues with strictly negative real part.
The converse is easy to prove by contradiction: if fo = 0, then the matrix C' has zero column-sums, but this is a
contradiction with the assumption that C' is invertible.

Next, to prove the equivalence between (ii)c and (ii)a for a graph G whose condensation digraph has an
arbitrary number of sinks, we proceed as in the proof of Theorem 6.6 and, more precisely, Theorem 5.2: we reorder
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the compartments as described in Exercise E3.2 so that the Laplacian matrix L is block lower-triangular. We then
consider the matrix Ac . = I, + eCT and proceed as above. We leave the remaining details to the reader. W

Remark 10.12 (Augmenting the compartmental digraph). An alternative clever proof strategy for the equiva-
lence between (ii)c and (ii)a is given as follows. Define the matrix

c 0, n "
Caugmented = |:f6r 0:| S R( +1)x(n+1) 7

and consider the augmented linear system & = Caugmented With T € R™*1. Note that Laugmented = _Cz;ll—lgmented is
the Laplacian matrix of the augmented graph Gaugmented, Whose nodes {1, ... ,n,n + 1} include the n compartments

and the environment as (n + 1)st node, and whose edges are the edges of the compartmental graph G as well as the
outflow edges to the environment node. Note that the environment node n + 1 in the digraph Gaugmented is the only
globally reachable node of G augmented if and only if the compartmental digraph G'r is outflow connected. Assume now
that statement (ii)c is true. Then, Theorem 7.4 implies
] _Lau mentedt T
tlggo e et = o181

C

which, taking a transpose operation, immediately implies lim;_, o, eCagnened’ — ¢, | lI_H. We now can easily compute

it Lfffitﬂ = ennlu [:can?gm]

In other words, all mass in the system reaches asymptotically the environment and the mass in all compartments
converge exponentially fast to zero. This occurs for all initial conditions if and only if the matrix C' is Hurwitz. Hence
we have established that statement (ii)c implies statement (ii)a. We leave the converse to the reader.

Dynamic properties of linear dynamical flow systems

Consider a linear dynamical flow system (F, fy, ) with compartmental matrix C' and compartmental digraph G p.
Assuming the system has at least one trap, we define the reduced compartmental system (Fyd, ford, Urd) as follows:
remove all simple traps from G and regard the edges into the removed compartments as outflow edges into the
environment, e.g., see Figure 10.10.

We now state our main result about the asymptotic behavior of linear dynamical flow systems.

Theorem 10.13 (Asymptotic behavior of dynamical flow systems). The linear dynamical flow system (F, fo,u)
with compartmental matrix C' and compartmental digraph G has the following possible asymptotic behaviors:

(i) ifthe system is outflow-connected, then the compartmental matrix C' is invertible, every solution tends exponentially
to the unique equilibrium ¢* = —C~'u > 0,,, and in the ith compartment gf > 0 if and only if the ith
compartment is inflow-connected to a positive inflow;

(ii) if the system contains one or more simple traps, then:
a) the reduced compartmental system (Fyq, ford, Urd) is outflow-connected and all its solutions converge exponen-
tially fast to the unique non-negative equilibrium —C;ilurd, for Coq = F} — diag(Faly + fora);
b) any simple trap H contains non-decreasing mass along time. If H is inflow-connected to a positive inflow, then
the mass inside H grows linearly with time. Otherwise, the mass inside H converges asymptotically to a scalar
multiple of the right eigenvector corresponding to the eigenvalue 0 of the compartmental submatrix for H.

Proof. Statement (i) is an immediate consequence of Theorem 10.6. We leave the proof of statement (ii) to the
reader. |
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s g P>

(a) A dynamical flow system that is not (b) The corresponding reduced dynamical
outflow-connected flow system

Figure 10.10: An example reduced dynamical flow system

Closed dynamical flow systems

Finally, we elaborate on the last case considered in Theorem 10.13. Specifically, we consider a closed dynamical
flow system, that is, a system without inflows and outflows. The governing equation of such a system is

¢=—LkLq, q(0)>0. (10.8)

For example, these are the equations of a continuous-time Markov chain.

Clearly, the total mass of commodity is conserved in a closed system since the equality 17 LT = 0] implies
that the function ¢ + 17 ¢(t) is constant.

If the compartmental digraph of a closed dynamical flow system contains a globally reachable node, then
Theorem 7.4 implies lim; o, exp(—Lpt) = 1,w" and so

Jlim g(t) = (1,4(0))w,

where w > 0 is the left dominant eigenvector of L and w; > 0 if and only if 7 is globally reachable. In other words,
the commodity present in the system at initial time (1, ¢(0)) concentrates asymptotically in the globally reachable
nodes. For the continuous-time Markov chain case, the probability vector converges to asymptotic positive values
only at the so-called absorbing states.

Appendix: Metzler Hurwitz matrices

In this appendix we present various properties and additional characterization of Metzler Hurwitz matrices. These
selected results have found application for example in the study of epidemic, economic, and network control
problems. For convenience we start by reporting and extending the results in Metzler Hurwitz Theorem 10.3.

Theorem 10.14 (Metzler Hurwitz Theorem: Theorem 10.3 continued). For a Metzler matrix M € R™*", the
following statements are equivalent:

(i) M is Hurwitz,

(ii) M is invertible and —M ' > 0,
(iii) for allb > 0, there exists a unique x* > 0,, solving Mz* + b = 0,
(iv) there exists £ € R™ such that £ > 0, and M& < Oy,

(v) there existsm € R™ such thatn > 0, andn' M < O],
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(vi) there exists a diagonal matrix P >~ 0 such that MTP + PM < 0, and
(vii) for any ¢ > 0,, and { # O, the vector M ( has at least one negative entry.

Note: if the vectors £ and 7 satisfy the conditions of statements (iv) and (v) respectively, then the matrix
P = diag(n1 /&1, . .., nn /&) satisfies the conditions of statement (vi).

Note: a matrix M with a diagonal matrix P as in statement (vi) is said to be diagonally stable.

Note: condition (iv) is equivalently rewritten as a;; < 0 and &;|a;i| > >°7_, ,4; &;laij|. The latter condition is
sometimes referred to (strict row) quasi diagonal dominance. Similar statements hold for condition (v).
Proof. The equivalence between statements (i), (ii), and (iii) is established in the Metzler Hurwitz Theorem 10.3.
We omit the proof of statement (vii) in the interest of brevity.

Statements (iv) and (v) are equivalent because of the following argument and its converse: if statement (iv)
holds with & = £(M), then statement (v) holds with n = £&(MT).

We first prove that (ii) implies (iv). Set ¢ = —M ~'1,,. Because —M ~! > 0 is invertible, it can have no row
identically equal to zero. Hence £ = —M —11,, > 0,. Moreover M¢ = —1,, < 0,,.

Next, we prove that (iv) implies (i). Let A be an eigenvalue of M with eigenvector v. Define w € R" by
w; = v; /&, fori € {1,...,n}, where £ is as in statement (iv). We have therefore A§;w; = Z?Zl a;j§w;. If s
the index satisfying |w¢| = max; |w;| > 0, then

n
w.
Mo =aube+ Y aejﬁjwfza

=1,
which, in turn, implies

n

N —anlel <> agg;

=1l

n
Wy
—| < api& < —a
we| < § NS 0,

j=1,j#0

where the last equality follows from the ¢-th row of the inequality M¢ < 0,,. Therefore, |\ — ag| < —agp. This
inequality implies that the eigenvalue A must belong to an open disc in the complex plan with center as < 0 and
radius |ag|. Hence, A, together with all other eigenvalues of M, must have negative real part.

We now prove that (iv) implies (vi). From statement (iv) applied to M and M ", let £ > 0,, satisfy M¢ < 0,, and
n > 0, satisfy M Ty < 0,,. Define P = diag(n /&1, . .., 1n/En) and consider the symmetric matrix M TP + PM.
This matrix is Metzler and satisfies (M TP + PM)¢ = M+ PM¢ < 0,. Hence, M TP + PM is negative
diagonally dominant and, because (iv) = (i), Hurwitz. In summary, M P + PM is symmetric and Hurwitz,
hence, it is negative definite.

Finally, the implication (vi) = (i) is established in Theorem 15.9. |

Next, we present a result on matrix splitting that is useful for example to understand the concept of reproduction
number in epidemic models, e.g., see (den Driessche and Watmough, 2002). Additional results on matrix splitting
are given, e.g., in (Varga, 1962, Theorem 3.13), and (Dashkovskiy et al., 2011, Lemma 3.1).

Lemma 10.15 (Stability tests for Metzler matrices based on matrix splitting). Let M € R™*" be Metzler
irreducible and have negative diagonal entries. Define a nonnegative matrix A € RZS" with zero diagonal and a

diagonal nonnegative matrix A € RLS™ in such a way that M = —A + A. Then
(i) a(M) < 0 ifand only if p(A~1A) < 1,

(ii) a(M) = 0 ifand only if p(A~*A) = 1, and

(iii) a(M) > 0 if and only if p(A~1A) > 1.

Proof. First, we claim that is suffices to show that
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(F1) a(M) < 0if p(A~1A) < 1,
(F2) a(M) =0if p(A~'A) =1, and
(F3) a(M) > 0if p(A~1A) > 1.
Indeed, assume for example that a(M) < 0 and p(A~1A) > 1. But statement (F2) for p(A~1A) = 1 or state-
ment (F3) for p(A~1A) > 1 immediately lead to a contradiction.
Second, the Perron-Frobenius Theorem applied to the irreducible non-negative matrix A=A implies the
existence of v € R” such that v (A714) = AT, where A = p(A~1A). We then compute

VTATTA) =0T = oTA ) == +0"
— v (L, +A A =AN-1)"
—= VAN AFA)=A—10".

In summary, there exists a positive vector v such that
(A1) M = (p(A71A4) — l)vT. (10.9)

Note that A~!v is also a positive vector.
Finally, we conclude the proof as follows:

(F1) if p(A~1A) < 1, then equation (10.9) implies (A~'v)TM < O or, equivalently, the inequality M T(A~1v) <
0,,. We then apply Exercise E10.5(iii) to the irreducible Metzler matrix M with as = 0 and z = (A=) to
obtain (M T) = a(M) < 0;

(F2) if p(A~1A) = 1, then equation (10.9) implies (A~'v)TM = O]. But then Exercise E2.4 on the “Uniqueness of
the non-negative eigenvector in irreducible non-negative matrices” implies a(M ) = 0; and

(F3) if p(A~1A) > 1, then equation (10.9) implies (A~*v)TM > O] or, equivalently, the inequality M T (A~ v) >
0,,. We then apply Exercise E10.5(iii) to the irreducible Metzler matrix M T with a; = 0 and z = (A~!v) to
obtain a(MT) = (M) > 0.

[

The following properties are also relevant in epidemic problems and are extensions of (Berman and Plemmons,

1994, Exercise (5.2) at page 159), (Horn and Johnson, 1994, Exercise 6b at page 127), (den Driessche and Watmough,
2002, Lemma 5 and Theorem 2) and (Smith and Bullo, 2021).

Lemma 10.16 (More properties of Hurwitz Metzler matrices). Let M be Metzler and Hurwitz and H be Metzler.
Then
(i) if —HM " is Metzler, then H is Hurwitz if and only if —H M ~! is Hurwitz, and
(ii) if —M~'H is Metzler, then H is Hurwitz if and only if —M ~'H is Hurwitz.
Next, let E € Rgé” be a non-negative perturbation matrix. The following statements are equivalent:
(iii) M + E is Hurwitz,
(iv) p(—EM~1Y) < 1, and
) p(-M~'E) < 1.

Proof. Since M is Metzler Hurwitz, Theorem 10.3(ii) implies —M ~1 > 0 and, moreover, no column and no row of
—M ™! can be zero (otherwise M ~! would be singular). Regarding statement (i), we reason as follows

H is Hurwitz <= dn € RY; such that n"H <0 (10.10)
— I € RY suchthatn' H(—M ') <0 (10.11)
— H(—M™') is Hurwitz. (10.12)
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Additionally
H(—M™") is Hurwitz <= 3¢ € R% such that H(—M )¢ < 0 (10.13)
= 3¢ = (—M )¢ € R? such that HE' < 0 (10.14)
<= H is Hurwitz. (10.15)

This proves the statement and (i). We leave statement (ii) to the reader.
Next, we show that statement (iii) is equivalent to (iv) and (v), define H' := M + F and

Al=—-HM ' '=—-(M+EM'=—-1,—-EM, (10.16)
Ay=-M'H = -M'M+E)=-I,- M 'E. (10.17)

Since M is Metzler Hurwitz, Theorem 10.3(ii) implies —M ~* > 0 and so A; = —1I,, + (nonnegative matrix) and
Ay = —I,, + (nonnegative matrix) are Metzler. Then by the statements (i) and (ii), we know H' = M + F'is
Hurwitz if and only if A is Hurwitz if and only if A is Hurwitz.

We proceed as follows. First, if p(—EM 1) < 1, then A; is clearly Hurwitz. One the other hand, if
p(—EM_l) > 1, then A; cannot be Hurwitz. Indeed, since —EM ! > 0, the Perron-Frobenius Theorem

guarantees that its dominant eigenvalue is real and non-negative, so A1 = —1I,, — EM ! has an eigenvalue with
non-negative real part. This completes the proof of the equivalence (iii) <= (iv). We leave the equivalence
with (v) to the reader. |

Next, we consider stability tests based upon Schur complements. The following lemma improves upon (Shorten
and Narendra, 2009, Theorem 4.1) and is a special case of (Ebihara et al,, 2017, Lemma 2). We present the more
general treatment in Exercise E10.15.

Lemma 10.17 (Stability tests for Metzler matrices based on Schur complements). Let M € R™*" be Metzler
and decompose it in the block form

M = [ﬁ- Z] . where A € ROUX(=1) G Metzler, b, ¢ € ]R(Zno_l)Xl, andd € R. (10.18)

When d < 0, the Schur complement of the block A is the matrix A — dbe” € R=DX(=1) [t is easy to see that
A — dbcT is Metzler and satisfies:

A b . 1,1 d=1b] [A — dbe 0,-1 I,—1 0,1
LT d] - [og_1 1 } [ of, d ||t 1] (10.19)
The following statements are equivalent:
(i) M is Hurwitz,
(ii) d < 0 and A — dbc" is Hurwitz.
Proof. We start by rewriting (10.19) in two equivalent format:
I, 4 —d ] [A b . A — dbeT 0,-1 I,_1 0,1
[ozl 1 } { d] B [ of, d a1 (10:20)
A b Inc1 Opq]|  [Inon d7'b] [A—dbeT 0,1
o L =l e oz
. In—l _dilb In—l On—l
> >
and noting [Ol—l 1 } > 0 and [—d_lcT 112 0.
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Regarding (ii) = (i), since the Metzler matrix A — dbc' is Hurwitz, there exists £ € Rzal such that
(A —dbc")¢ < —1,,_1. Pick 0 < ¢ such that b < 1,,_1 and define

[ o5l (]

9 9

Using (10.21) we now compute:

F_ _A b Infl Onfl 5

M¢ = e’ d] [—d_lcT 1 ] [a]

. -In—l d—1v] [A — dbeT 0,-1 f < I, d—1b -1,-1
oy, 1 (VL d el =0, 1 ed

__—ln_1+€b

The Metzler Hurwitz Theorem 10.14(iv) now implies that M is Hurwitz. This completes the proof of (ii) = (i).
The proof of the converse implication is analogous and left to the reader. |

We conclude with the so-called Hicksian stability condition from the classic economics literature (Habibagahi
and Quirk, 1973); to understand the relationship with the nomenclature in the literature we recall that, in the
language of Remark 10.4, the matrix —M is an M-matrix. Also recall that the leading principal submatrices of a
matrix A € R™*"™ are the square submatrices A; € Rt 4 € {1,...,n}, containing the first i rows and i columns
of A. Also recall that the leading principal minors of A are the determinants of the leading principal submatrices.

Lemma 10.18 (Stability tests for Metzler matrices based on leading principal minors). Given a Metzler
matrix M, the following statements are equivalent:

(i) M is Hurwitz, and

(ii) each leading principal minor of —M is positive.

We omit the proof of Lemma 10.18 and refer the reader to (Berman and Plemmons, 1994, Chapter 6) and (Farina
and Rinaldi, 2000, Theorem 13).

Appendix: Examples of nonlinear flow systems

Symmetric physical flow systems

Many physical dynamical flow systems are described by symmetric flows that depend upon effort variables and
energy stored at nodes. For an insightful treatment of physical and port-Hamiltonian network systems we refer
to (van der Schaft, 2015; van der Schaft and Wei, 2012). We here present a brief introduction without outflows and
inflows, for simplicity.

Following (van der Schaft, 2015), we let G be an undirected graph with n nodes and m edges and with oriented
incidence matrix B € R™ ™ and proceed as follows:

(i) for an oriented edge (4, j), let u;; denote the total flow from i to j (that is, u;; = F;,; — Fj_;) so that the
flow vector is u € R™. Given storage ¢; at each node ¢, mass conservation implies ¢§ = Bu € R"; (if instead
the nodes have no storage, then mass conservation implies Bu = 0,,, which is consistent with Kirchhoff’s
current law as stated in Section 9.3.)

(ii) typically, the flow through an edge w;; is proportional to an “effort on the edge” e;;, that is, u;; = —c;je;;, for
a “conductance constant” ¢;; > 0. In vector form, v = —Ce € R™;
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(iii) typically, the edge effort e;; is the difference between node effort variables, that is, e = BTenodes € R™, for
nodal effort variables eo4es € R™;

(iv) finally, node efforts are determined by the storage variables according to:

€nodes = 87q(Q) e R", (10.23)

where H (q) is the total stored energy. Typically, H(q) = Y .-, Hi(g;), where H;(¢;) denotes the energy
stored at node i.

In summary, the symmetric physical dynamical flow system obeys

= Bu=—BCe=—BCB enoqes = —BCBT%JZ(q) = —L‘Z[(q), (10.24)

where L is the conductance-weighted Laplacian matrix of the compartmental graph.

For example, consider a hydraulic flow network among n fluid reservoirs. The liquid stored at the reservoirs
is given by a vector ¢ € R%. Assume there exists an energy function H; (possibly the same function at all
locations) such that %{i" (¢:) is the pressure at reservoir 7. Assume that the liquid flow along the pipe from head
reservoir ¢ to tail reservoir j is proportional to the difference between the pressure at ¢ and the pressure at j. Then
equation (10.24) describes the mass balance equation among the reservoirs.

A static nonlinear flow problem

In this appendix, we consider a static compartmental flow system, where a commodity (e.g., power or water) is
transported through a network (e.g., a power grid or a piping system). We model this scenario with an undirected
and connected graph with n nodes and m edges. With each node we associate an external supply/demand variable
(positive for a source and negative for a sink) y; and assume that the overall network is balanced: >"" | y; = 0.
We also associate a potential variable x; with every node (e.g., voltage or pressure) and, for each undirected edge
{1, j}, we assume that the flow of commodity from node i to node j depends on the potential difference (z; — z;).
Specifically, we assume that the total flow from ¢ to j satisfies

Fij(q) — Fj5i(q) = aijh(x; — x5),

where a;; is akin to a conductance weight for the edge {i, j} and where the function h: R — R is odd, differentiable,
and satisfies 1(0) = 0 and h’(0) = 1. For example, for piping systems and power grids the function h is given
by the empirical Hazen-Williams law and the trigonometric power flow equation, respectively. In both cases the
function h is monotone in the region of interest. By balancing the flow at each node (as we do for network with
nodal storage in equation (10.2)), we obtain at node ¢

n
yi:Zaijh(xi—wj)7 ie{l,...,n}.
j=1

In vector notation, letting f denote the vector of all flows, the combined physical flow model and flow balance
equations read

y=251, (10.25)
f=AnB"z), '
or, equivalently, y = BAR(BTz).

In what follows, we are given the graph topology B, the edge conductances .4, the nonlinearity h, and the
supply/demand vector y. With this information, we are interested in computing the solution equilibrium flows f
and potential variables x.
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Linear setting. We consider now the associated linear problem, where h(J) = § and y = BABTx = Lz, where
L is the network Laplacian matrix. In other words, the linearized problem is a Laplacian system, as studied in
Section 6.3.2. Letting LT denote the pseudoinverse of L, the equilibrium potential variables and equilibrium flows
in the linear problem are, respectively,

o =Ly,  f*=ABTLly.

(Recall from Lemma 6.12(ii) that the potential variable 2* = LTy is only one solution to Lz = y; for a connected
graph and a balanced supply/demand vector, all solutions are of the form z* + 1, for 8 € R.)

Nonlinear acyclic setting. Next, we consider an acyclic network, i.e., the graph is a tree, and show that the
nonlinear equilibrium solution has similarities with the solution of the linear problem. We also assume, for
simplicity, that / is monotonic increasing and unbounded. We introduce the normalized flow variable v = h(B'x)
and rewrite the physical flow balance equation (10.25) as

y= BAv, (10.26a)
v="h(B"z). (10.26b)

In the acyclic case, we know kernel(B) = {0,,_1} and necessarily v € image(B") since image(B") = R"~!. In
turn, there must exist w € R™ such that or v = BT w. Thus, equation (10.26a) reads y = BAv = BABTw = Lw
and its solution is w* = L'y. Equation (10.26b) then reads h(B"z) = v = BTw = BT L1y, and its unique solution
(due to the monotonicity of h) is

BTz* = Y(BTLy).

Left-multiplying by B.A, we obtain BAB"2* = BAh~' (BT Ly). In summary, the equilibrium potential variables
and equilibrium flows in the nonlinear acyclic problem are, respectively,

* = L'BAR"Y(BTLy), f*=ABTL'y.

Appendix: Tables of asymptotic behaviors for averaging and positive systems

We conclude this chapter with Tables 10.2 and 10.3 summarizing numerous results presented in this and previous
chapters.

Historical notes and further reading

Metzler matrices are widely studied. For a comprehensive treatment of M-matrices (i.e., minus Metzler Hurwitz
matrices), we refer to (Berman and Plemmons, 1994, Chapter 6) and (Horn and Johnson, 1994, Section 2.5). We refer
the interested readers to (Farina and Rinaldi, 2000; Kaczorek, 2001) for a detailed study of linear positive systems.
As example recent extensions, (Narendra and Shorten, 2010) studies an iterative method based on the Schur
complement to check the Hurwitzness of Metzler matrices and (Ebihara et al., 2017) provides a comprehensive
analysis of interconnected positive systems. Additionally, Blanchini et al. (2012) study switched Metzler systems
and convex combinations of Metzler Hurwitz matrices; see also in (Meng et al.,, 2017). Finally, Duan et al. (2021)
provide graph-theoretic stability conditions based on small-gain concepts.
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Dynamics

Assumptions & Asymptotic Behavior

References

averaging system
z(k+1) = Az(k)

A row-stochastic

the associated digraph has a globally reachable node

=

limg o0 (k) = (w' x(0))1,, where w > 0 is the left eigen-
vector of A with eigenvalue 1 satisfying 17w = 1

T

Convergence properties: Theo-
rem 5.1

Examples: opinion dynamics &
averaging in Chapter 1

affine system
x(k+1)=Az(k)+0b

A convergent (that is, its spectral radius is less than 1)

=

limy, o0 2(k) = (I, — A)~'b

Convergence properties: Exer-
cise E2.9

Examples: Friedkin-Johnsen
system in Exercise £5.26

positive affine system
z(k+1)=Axz(k)+b
A>0,b0>0,

Dynamics

z(0) >0, = z(k) > 0, for all k, and

A convergent (that is, |A| < 1 for all A € spec(A))
limy_yo0 (k) = (I, — A)71b >0,

=

Table 10.2: Discrete-time systems

Assumptions & Asymptotic Behavior

Positivity properties: Exer-
cise E10.4

Examples: Leslie population
model in Exercise E4.19

References

averaging system
z(t) = —Lx(t)
L Laplacian matrix

the associated digraph has a globally reachable node

—

limy— 00 2(t) = (w'x(0))1,, where w > 0 is the left eigen-
vector of L with eigenvalue 0 satisfying 1] w = 1

T

Convergence properties: Theo-
rem 7.4

Examples: Flocking system in
Section 1.3

affine system

(t) = Az(t) + b

A Hurwitz (that is, its spectral abscissa is negative)

=

limg oo 2(t) = =A™t

Convergence properties: Exer-
cise £7.2

positive affine system
z(t) = Mx(t)+ b
M Metzler, b > 0,

z(0) > 0, = x(t) > 0, forall ¢, and

M Hurwitz (that is, R(\) < 0 for all A € spec(M))

—

limg oo 2(t) = —M 10 >0,

Positivity properties: Theo-
rem 10.6

Example: dynamical flow sys-
tems in Section 10.1

dynamical flow system
4(t) = Cq(t) +u
C compartmental,
u >0,

q(0) >0, = q(t) >0, forallt, and

system is outflow-connected

—

limg .o q(t) = —C~'u > 0,

Table 10.3: Continuous-time systems

Algebraic graph theory: Theo-
rem 10.11
Asymptotic behavior: Theo-
rem 10.13

The treatment of compartmental systems is inspired by the excellent text by Walter and Contreras (1999) and
the tutorial treatment by Jacquez and Simon (1993); see also the texts (Luenberger, 1979; Farina and Rinaldi, 2000;

Haddad et al., 2010).

For nonlinear extensions of the material in this chapter, including recent studies of traffic networks, we refer
to (Como et al,, 2013; Coogan and Arcak, 2015). The survey by Sontag (2007) reviews theoretical results and
applications of interconnected monotone systems.
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10.8 Exercises

E10.1 The matrix exponential of a Metzler matrix. In this exercise we extend and adapt Theorem 7.2 about the matrix
exponential of a Laplacian matrix to the setting of Metzler matrices. Let M be an n x n Metzler matrix with minimum
diagonal entry muyi, = min{m;y, ..., M, }. As usual, associate to M a digraph G without self-loops in the natural
way, that is, (7, j) is an edge if and only if m;; > 0. Prove that

(i) exp(M) > e™min [, >0, for any digraph G,
(i) exp(M)e; > 0, for a digraph G whose j-th node is globally reachable,
(ili) exp(M) > 0, for a strongly connected digraph G (i.e., for an irreducible M).

Moreover, prove that, for any square matrix A,
(iv) exp(At) > 0forallt > 0 if and only if A is Metzler.

» E10.2 Proof of the Perron-Frobenius Theorem for Metzler matrices. Prove Theorem 10.2.

E10.3 Non-negative convergent matrices and inverse positivity. This exercise is the discrete-time equivalent of
Metzler Hurwitz Theorem 10.3. For a non-negative matrix A, show that the following statements are equivalent:

(i) A is convergent (p(A) < 1),

(ii) (I, — A) is invertible and (I,, — A)~! > 0, and

(iii) for all b > 0, there exists a unique 2* > 0,, solving z* = Az* + b.
Moreover, show that

(iv) if A is non-negative, convergent and irreducible, then (I,, — A)~1 > 0.

E10.4 Discrete-time positive affine systems and non-negative matrices. This exercise is the discrete-time equivalent
of Theorem 10.6. For the affine system x(k + 1) = Ax(¢) + b, the following statements are equivalent:

(i) the system is positive, that is, (k) > 0,, for all k € N and all (0) > 0,
(if) A is non-negative and b > 0,,.

Moreover, if the matrix A is non-negative and convergent, then

(iii) the system has a unique non-negative equilibrium point z* € RY, to which all trajectories converge asymptoti-
cally.

» E10.5 Bounds and monotonicity of the spectral abscissa of Metzler matrices. Let M € R" be Metzler. For a;,as > 0
and z € R%, x # 0,,, show

(i) ifayz < Mz, thena; < (M),
(i) if Mz < asx and x € RZ, then a(M) < ao,
(iii) if ayz < Ma < asx, a1z # Mx # asx, and M is irreducible, then a; < a(M) < ag and z € RZ,.
Moreover, let M’ be a Metzler matrix of the same dimension as M. Show
(iv) if M < M’, then o(M) < a(M’),
(v) if additionally M # M’ and M’ is irreducible, then (M) < a(M).
Hint: Recall Lemmas 4.9 and 4.10 for non-negative matrices.

E10.6 Monotonicity properties of positive systems. Consider the two continuous-time positive affine system

t=Mzx+b, and ' =M<z +V,
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where M and M’ are Metzler and b and b’ are non-negative. Let 2 (¢) and 2’(¢) denote the solutions of the respective
systems from initial conditions x( € Rgo and xj, € R’ZLO at time 0. Assume both matrices are Hurwitz and let z, and
!, denote the equilibrium points of the two systems. Show that

zo <y, M<M, and bV
implies
x(t) <2'(t), and m, <zl

E10.7 Establishing the spectral properties of compartmental matrices. Given a compartmental matrix C, show that
if A € spec(C), then either A = 0 or R(\) < 0.

E10.8 Simple traps and strong connectivity. Show that a dynamical flow system that has no outflows and that is a
simple trap, is strongly connected.

E10.9 Decompositions of a Metzler matrix and sufficient conditions to be Hurwitz. Given a Metzler matrix
M € R**™ n > 2, show that

(i) there exists a unique Laplacian matrix L, and a vector v, = M1,, such that M = —L, + diag(v,),
(ii) there exists a unique Laplacian matrix L. and a vector v. = M1, such that M = —LT + diag(v.),
(iii) if M is irreducible and the vector v, = M1, satisfies v, < 0,, and v, # 0,, (or v. = M "1, satisfies v. < 0,, and
ve # 0y,), then M is Hurwitz, and
(iv) if M is an irreducible Metzler matrix with M1,, = 0, then, for any i € {1,...,n} and € > 0, all eigenvalues of
M — ee;e] are negative.

E10.10 On Metzler matrices and dynamical flow systems with growth and decay. Let M be an n x n symmetric
Metzler matrix. As in Exercise E10.9, decompose M into M = —L + diag(v), where v = M1, € R" and Lisa
symmetric Laplacian matrix. Show that:

(i) if M is Hurwitz, then 17v < 0.

Next, assume n = 2 and assume v has both non-negative and non-positive entries. (If v is non-negative, lack of
stability can be established from statement (i); if v is non-positive, stability can be established via Theorem 10.11.)
Show that

(i) there exist non-negative numbers f, d and g such that, modulo a permutation, M can be written in the form:

_ L =1, Jg 0] _1{(g—1) f
e e B A i
(iii) M is Hurwitz if and only if
d
d>g and f> 92
d—g
Note: The inequality d > g (forn = 2) is equivalent to the inequality 1Tv < 0 in statement (i). In the interpretation
of dynamical flow systems with growth and decay rates, f is a flow rate, d is a decay rate and g is a growth rate.
Statement (iii) is then interpreted as follows: M is Hurwitz if and only if the decay rate is larger than the growth rate
and the flow rate is sufficiently large.

E10.11 Grounded Laplacian matrices. This exercises is a followup and generalization of Exercise E6.15 about grounded
spring networks. Let G be a weighted undirected graph with Laplacian L € R™*". Select a set S of s > 1 nodes
and call them grounded nodes. Given S, the grounded Laplacian matrix Lgrounded € R(=5)x(n=5) i5 the principal
submatrix of L obtained by removing the s rows and columns corresponding to the grounded nodes. In other words,

if the grounded nodes are nodes {n — s+ 1,...,n} and L is partitioned in block matrix form
L=t Bzl i L e RO and 1y, € RS,
Lis Lo

then Lgrounded = L11. Show the following statements:
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(i) If G is connected, then

a) Lgrounded is positive definite,
b) Lg:gunded is non-negative, and
c) the eigenvector associated with the smallest eigenvalue of Lgounded can be selected non-negative.

(if) If additionally the graph obtained by removing from G the nodes in S and all the corresponding edges is connected,
then

d) Lg:;unde 4 is positive, and
e) the eigenvector associated with the smallest eigenvalue of Lgounded is unique and positive (up to rescaling).

Hint: Show that — Lgrounded is a compartmental matrix.

Note: For more information on grounded Laplacian matrices we refer to (Dorfler and Bullo, 2013; Pirani and Sundaram,
2016; Xia and Cao, 2017).

E10.12 Mean residence time for a particle in a dynamical flow system. Consider an outflow-connected dynamical
flow system with irreducible matrix C' and spectral abscissa «(C) < 0. Let v is the dominant eigenvector of C, that
is, Cv = a(C)v, 1Tv = 1,and v > 0.
Assume a tagged particle is randomly located inside the compartmental system at time 0 with probability mass
function v. The mean residence time (mrt) of the tagged particle is the expected time that the particle remains inside
the dynamical flow system. Using the definition of expectation, the mean residence time is

oo
mrt = / t P[particle leaves at time t] dt.
0

Let us also take for granted that: P[particle leaves at time t] = — (%P[particle inside at time t}) Show that

1
mrt = ———-.
a(C)

E10.13 Resistive circuits as dynamical flow systems (Dorfler et al., 2018). Consider a resistive circuit with shunt
capacitors at each node as in figure below (see also in Section 7.1.2). Assume that the circuit is connected. Attach to
at least one node j € {1,...,n} a current source generating an injected current Cipjected at ; > 0, and connect to at
least one node i € {1,...,n} a positive resistor to ground.

(i) Model the resulting system as a dynamical flow system, i.e., identify the conserved quantity and write the
compartmental matrix, the inflow vector and the outflow rate vector, and
(if) show that there exists a unique steady state that is positive and globally-asymptotically stable.

current
source

E10.14 Discretization of the Laplace partial differential equation (Luenberger, 1979, Chapter 6). The electric
potential V' within a two-dimensional domain is governed by the partial differential equation known as the Laplace’s

equation:
o?V 9V
-+ — =0 E10.1
92z T oz 0 (E10.1)
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combined with the value of V' along the boundary of the enclosure; see the left image in Figure E10.1. (A similar
setup with a time-varying spatial quantity and free boundary conditions was described in Section 7.1.3.)

b1 ba b3 by

-

BN § :

2V 82V [ S Vi Ve M Va by,
5ty =0 T
2 2 . . . |

y N b Vo Ve Vo Ve Ly

L»x by b b1 bio

Figure E10.1: Laplace’s equation over a rectangular enclosure and a mesh graph.
For arbitrary enclosures and boundary conditions, it is impossible to solve the Laplace’s equation in closed form.
An approximate solution is computed by (i) introducing an appropriate mesh graph (i.e., a two-dimensional grid graph
without corner nodes) whose nodes are physical locations with spacing h, e.g., see the right image in Figure E10.1,

and (ii) approximating the second-order derivatives by second-order finite differences. Specifically, at node 2 of the
mesh, we have along the z direction

0*V 1 1 1
(‘@)”ﬁ(‘@—%)—ﬁ(‘@—m)zﬁ

022 (Vg + Vi — 2V2),

so that equation (E10.1) is approximated as follows:

0*V 0%V 1
- + G (R~

(Vi + V3 4+ Vo + by — 4V3)

= AV =Vi+ Vs + Vs +bo.

This approximation translates into the matrix equation:

4V = AmeshV + C1mesh—boundaryb7 (ElO.Z)

where V' € R" is the vector of unknown potentials, b € R™ is the vector of boundary conditions, Apesy € {0, 1}7%™
is the binary adjacency matrix of the (interior) mesh graph (that is, (Amesh);; = 1 if and only if the interior nodes
i and j are connected by an edge), and Cresh-boundary € {0, 1}™*™ is the connection matrix between interior and

boundary nodes (that is, (Cmesh-boundary)m = 1 if and only if mesh interior node ¢ is connected with boundary node
«). Show that

(i) Amesh is irreducible but not primitive,
(ii) p(Amesh) < 4,
Hint: Recall Theorem 4.11.
(iii) there exists a unique solution V* to equation (£10.2),
(iv) the unique solution V* satisfies V* > 0,, if b > 0,,, and b # 0,,,, and
(v) each solution to the following iteration converges to V*:

4V(k + 1) - Ameshv(k) + C’mesh—boundauryb'

Note that, at each step of this iteration, the value of V' at each node is updated to the average of the values at its
neighboring nodes.

E10.15 Stability tests for Metzler matrices based on Schur complements (Ebihara et al., 2017, Lemma 2). Let M
be Metzler and block partitioned as M = [1\]\?1 ]]\\?2] . Clearly M1, and Moo are Metzler and Mj5 and Mo, are
21 22

nonnegative. Show that the following statements are equivalent:

(i) M is Hurwitz,
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(ii) the Metzler matrices My1 and Moy — Moy MﬁlM 12 are Hurwitz,
(iii) the Metzler matrices Moo and M1 — M- 12M231 Moy are Hurwitz.

E10.16 Stabilizing Metzler matrices via balancing (Ma et al., 2022). Consider an irreducible Metzler matrix A € R™*",
a target spectral abscissa 77 € R, and positive weights w € RZ,. Let d* € A,, denote the balancing vector for the
matrix diag(w)A, as given in Theorem 4.14, and define

0* = diag(d*) "' Ad* —nl, €R"™ (E10.3)
Show that

(i) the Metzler matrix A — diag(¢*) has spectral abscissa 7 and right Perron eigenvector d*,
(if) ¢* is the solution to the optimization problem

min  w'/,
tern (E10.4)
st alA—diag()) <7

(iti) if A — nl,, > 0, then £* > 0.
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CHAPTER 1 1

Convergence Rates, Scalability and
Optimization

In this chapter we discuss the convergence rate of averaging algorithms. We focus on discrete-time systems and
their convergence factors. The study of continuous-time systems is analogous. We also perform a scalability
analysis for an example system and discuss some interesting optimization problems.

Before proceeding, we recall a few basic facts from Chapter 2, Exercise E4.17 and Section 5.3. Given a square
matrix A,

(i) the spectral radius of A is p(A) = max{|A| | A € spec(A4)};
(ii) the p-induced norm of A, for p € NU{oo}, is

Az |
A = 1m A (= RTL d frmd 1 = 1m ,
H Hp aX{H xHP | x an Hl‘Hp } 3375%)5 Hx”p

and, specifically, the induced 2-norm of A is ||A||2 = max{v/A | A € spec(ATA)};
(i) for any p, p(4) < || Al
(iv) if A = AT, then || A2 = p(A); and

(v) the essential spectral radius of a row-stochastic matrix A is

pess(A) = { 0, if Spech) = {]‘7“‘71}7
max{|A| | A € spec(4) \ {1}}, otherwise.

11.1 Some preliminary calculations and observations

The convergence factor for symmetric row-stochastic matrices To build some intuition about the general
case, we review the calculations perfomed in Section 5.3 on the quadratic disagreement error. We consider a
weighted undirected graph G with symmetric adjacency matrix A that is row-stochastic and primitive. We consider
the corresponding discrete-time averaging algorithm

z(k+1) = Ax(k).

Since A is symmetric, A has real eigenvalues Ay > Ao > ... > A, and corresponding orthonormal eigenvectors
v1,...,U,. Because A is row-stochastic, \; = 1 and v; = 1,,/+/n. As discussed in Remark 2.3 and Section 5.3, the
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solution satisfies
(k) = average(z(0))1, + X (vg 2(0))va + ... + A (v 2(0))v,.

Moreover, A being primitive implies that max{|\2], ..., |A,|} < 1. Specifically, for a symmetric and primitive A,
we have pess(A) = max{|Az2|, |\n|} < 1. Therefore, as predicted by Theorem 5.1

lim z(k) = 1,17 2(0)/n = average(z(0))1,.

k—o00
To upper bound the error, since the vectors vy, . . ., v, are orthonormal, we compute
n n 9
||z(k) — average(x(0))1n|, = || D M (v]2(0)v;], = | D 1IN 1P¥]| (0] 2(0))v; 5
j=2 Jj=2

< pess () | S [T (0))0; 2 = pess (A)[[2(0) — average(@(0))Lu |, (111
j=2

where the second and last equalities are Pythagoras Theorem.

In summary, we have learned that, for symmetric matrices, the essential spectral radius pess(A) < 1 is the
convergence factor to average consensus, i.e., the factor determining the exponential convergence of the error to
zero. (The wording “convergence factor” is for discrete-time systems, whereas the wording “convergence rate” is
for continuous-time systems.)

A note on convergence factors for asymmetric matrices The behavior of asymmetric row-stochastic matrices
is more complex than of symmetric ones. For large even n, consider the asymmetric positive matrix

1 1
Alarge-gain = %]%11 =+ 5 (11:71/28-1'- + 1n/2:ne7-|;)7

where 1;.,, /5 (resp. 1, 2.,) is the vector whose first (resp. second) n/2 entries are equal to 1 and whose second
(resp. first) n/2 entries are equal to 0. The digraph associated to 1., /QEI +1, /Qme;'; is depicted in Figure 11.1.

SR

SO O O oo
S OO O oo
OO OO oo
S OO O OO
_ = =0 O O

oo~~~

Figure 11.1: The unweighted digraph associated to the matrix llzn/QeI + 1,,,/2:,7,6;, for n = 6. This digraph is the
union of two disjoint stars. The weighted digraph associated to Ajarge-gain i the superposition of these two stars
with a complete digraph.

The matrix Ajarge gain is row-stochastic because, given 11171 = n and e]Tln = 1 for all j, we compute

1 1
Alarge—gainln = iln + 5(11%/2 + 1n/2n)1 =1,.
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Therefore, Theorem 5.1 implies that every solution to 2(k + 1) = Ajarge-gain(k) converges to consensus and
Exercise E1.1 implies that & +— Vipay-min(2(k)) is non-increasing. Nevertheless, the quadratic disagreement (that it,
the 2-norm of the disagreement vectors) can easily increase. For example, take x(0) = e; — e,, and compute

1 1
w(l) = Alarge—gainx(o) = ill:n/Z - §1n/2:n-

Because average(z(0)) = average(z(1)) = 0, we compute

|2(0) — average(z(0))1,[|2 = V2,
1 1
(1) — average(@(1)1all2 = 3112 = Lujznllz = 5.

In other words, the quadratic disagreement (2-norm of z:(k) —average(x(k))1,) along the averaging system defined
by Alarge-gain grows to be at least of order \/n (starting from O(1));' compare this behavior with equation (11.1)
for the symmetric case. The problem is that the eigenvalues (alone) of an asymmetric matrix do not fully describe
the state amplification that may take place during a transient period of time.

Convergence factors for row-stochastic matrices

Consider a discrete-time averaging algorithm (distributed linear averaging)
2(k+1) = Ax(k),

where A is doubly-stochastic and not necessarily symmetric. If A is primitive (i.e., the associated digraph is
aperiodic and strongly connected), we know

lim x(k) = average(z(0))1, = (1,1} /n)z(0).

k—o0
We now define two possible notions of convergence factors. The per-step convergence factor is

H‘T(k + 1) - xﬁnaIHQ
2(k)#Tfinal |2(k) — Zfinal |2

T'step (A) -

where xg,, = average(x(0))1,, = average(z(k))1, and where the supremum is taken over any possible sequence.
Moreover, the asymptotic convergence factor is

1/k
Tasym(A) = sup  lim [[(k) = finalll2 .
(0)7#Tfinal k—o0 Hl‘(O) - -rﬁnalHQ

Given these definitions and the preliminary calculations in the previous Section 11.1, we can now state our
main results.

Theorem 11.1 (Convergence factor and solution bounds). Let A be doubly-stochastic and primitive.
(i) The convergence factors of A satisfy

rotep(A) = [|A — 1,17 /nl|a,
Tasym(A) = ,Oess(A) = p(A - 1n11/n) <1

Moreover, T'siep(A) > Tasym(A), and rsiep(A) = Tasym(A) if A is symmetric.

(11.2)

"Here and in what follows, O(z) is a scalar function upper bounded by a constant times .
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(ii) For any initial condition x(0) with corresponding xa,. = average(z(0))1,,

Hl‘(k) - xﬁnalHQ < rstep(A)ka(O) - xﬁnalHQa (11-3)
Hl’(k) - mﬁnalHQ < Cs(rasym(A) + E)kH«T(O) - mﬁnalHQa (11.4)

where € > 0 is an arbitrarily small constant and c. is a sufficiently large constant independent of x(0).

Note: A sufficient condition for 7gep(A) < 1 is given in Exercise E11.1.
Before proving Theorem 11.1, we review the notion of disagreement vector and some relevant properties from
Section 5.3. For xgn, = average(z(0))1,, the disagreement vector is the error signal

(k) = (k) — Tfinal. (11.5)

The following lemma collects various useful properties; we do not include its proof since it only slightly generalizes
Lemma 5.3 in Section 5.3.

Lemma 11.2 (Convergence of disagreement vector). Given a doubly-stochastic matrix A, the disagreement
vector § (k) satisfies

(i) 6(k) L 1, forallk,
(i) 0(k + 1) = (A —1,1] /n)d(k),
(iii) the following properties are equivalent:

a) limy_,oo A = 1,11 /n, (that is, the averaging algorithm achieves average consensus)
b) A is primitive, (that is, the digraph is aperiodic and strongly connected)
¢) p(A— 1,11 /n) < 1. (that is, the error dynamics is convergent)

We are now ready to prove the main theorem in this section.
Proof of Theorem 11.1. Regarding the equalities (11.2), the formula for r.p, is an consequence of the definition of
induced 2-norm:
z(k+ 1) — Zgnall2 O(k+ 1)
()= sp D il D)
o) #zgma |T(E) = Tfinal[|2 s(k)L1,  0(K)[2

wp 1A= 1AL/ (A= 13T/l
YR (2] B o Tl

)

where the last equality follows from (A — 1,17 /n)1, = 0,.

The equality 7asym(A) = p(A — 1,1} /n) is a consequence of the error dynamics in Lemma 11.2, statement (ii),
and of Gelfand’s formula p(A) = limy_, o || A*||'/¥; see Exercise E4.17.

Next, note that p(A) = 1 is a simple eigenvalue and A is semi-convergent. Hence, by Exercise E2.2 on the
Jordan normal form of A, there exists a nonsingular 7" such that

_ 1 07_4]
A=yl O

where B € R("=D* (1) js convergent, that is, p(B) < 1. Moreover we know pess(A4) = p(B).
Usual properties of similarity transformations imply

Lor,

T
0n—1 O(nfl)x (n—1)

Ab—p| 1 05 71 — lim A* =T
On—l Bk ’ k—o0
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Because A is doubly-stochastic and primitive, we know limy,_ Ak = 1nll— /n so that A can be decomposed as

A=1,1T/n+T 0 O 7!
n-=-n Onfl B 9

and conclude with pess(A) = p(B) = p(A — 1,1 /n). This concludes the proof of the equalities (11.2).

The bound (11.3) is an immediate consequence of the definition of induced norm.

Finally, we leave to the reader the proof of the bound (11.4) in Exercise E5.10. Note that the arbitrarily-small
positive parameter ¢ is required because the eigenvalue corresponding to the essential spectral radius may have an
algebraic multiplicity strictly larger than its geometric multiplicity. |

Cumulative quadratic disagreement for symmetric matrices

The previous convergence metrics (per-step convergence factor and asymptotic convergence factor) are worst-case
convergence metrics (both are defined with a supremum operation) that are achieved only for particular initial
conditions, e.g., the performance predicted by the asymptotic metric 7a5ym(A) is achieved when :(0) — Zgnal is

aligned with the eigenvector associated to pess(A) = p(A — 1,1 /n).
In what follows we study an appropriate average transient performance. We consider an averaging algorithm

z(k+1) = Ax(k),
defined by a row-stochastic matrix A and subject to random initial conditions x( satisfying
E[zo]) =0,, and E[zoz)] = I,.
Recall the disagreement vector (k) defined in (11.5) and the associated disagreement dynamics
5(k+1) = (A—1,1} /n)é(k),
and observe that the initial conditions of the disagreement vector §(0) satisfy
E[6(0)] =0, and E[6(0)5(0)"] =1, —1,17/n.

To define an average transient and asymptotic performance of this averaging algorithm, we define the cumulative
quadratic disagreement of the matrix A by

1 K
Jem(4) = lim — > E[[a(k)[3] (11.6)
k=0

Theorem 11.3 (Cumulative quadratic disagreement for symmetric matrices). The cumulative quadratic
disagreement (11.6) of a row-stochastic, primitive, and symmetric matrix A satisfies

Jam(A) == Y

n
Aespec(A)\{1}

1
— 3
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Proof. Pick a terminal time K € N and define Jx (A) = 1 Zszo E[[6(k)||3]. From the definition (11.6) and the
disagreement dynamics, we compute

Tk (A) = iitrace(E [(5(k)5(k)T]>
k=0
= % itrace( (A — 1nll/n)kE[5(0)5(0)T] ((A — 1n11/n>k>T)
k=0

— iitrace( (A — 1n17TL/”)k <<A - 1"11/n>k>T) ’

k=0

Because A is symmetric, also the matrix A—1,, 1T /n is symmetric and can be diagonalized as A—1,1 /n = QAQT,
where ( is orthonormal and A is a diagonal matrix whose diagonal entries are the elements of spec(A — 1,1} /n) =
{0} Uspec(A) \ {1}. It follows that

K
Tr(4) = =3 trace (QAQT(QA'QT)T)
k=0

K
_ Z trace (Ak . Ak) (because trace(AB) = trace(BA))
n
k=0

]‘K 2k
=) > A

k=0 Aespec(A)\{1}

| 1 220
S Z -

2 (because of the geometric series)
" espec(AN{1} N

The formula for Jum follows from taking the limit as K — oo and recalling that A primitive implies pess(A) <
1. |

Note: All eigenvalues of A appear in the computation of the cumulative quadratic disagreement (11.6), not
only the dominant eigenvalue as in the asymptotic convergence factor.

Circulant network examples and scalability analysis

In general it is difficult to compute explicitly the second largest eigenvalue magnitude for an arbitrary matrix.
There are some graphs with constant essential spectral radius, independent of the network size n. For example, a
complete graph with identical weights and doubly stochastic adjacency matrix A = 1,17 /n has pess(A) = 0. In
this case, the associated averaging algorithm converges in a single step.

Next, we present an interesting family of examples where all eigenvalues are known. Recall the cyclic balancing
problem from Section 1.6, where each bug feels an attraction towards the closest counterclockwise and clockwise
neighbors, Exercise E4.3 on circulant matrices, and the results in Table 4.1. Given the angular distances between
bugs d; = 0;4+1 — 6;, for i € {1,...,n} (with the usual convention that d,,+1 = dj and dy = d,,), the closed-loop
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systemis d(k + 1) = A,, .d(k), where £ € [0,1/2], and

[1— 2k K 0 0 K
K 1—-2k K 0
A= O K 1-2k
0 k 1-—2k K
i 0 0 K 1—2k]

This matrix is circulant, that is, each row-vector is equal to the preceding row-vector rotated one element to the

S P
VN

9
Figure 11.2: Digraph associated to the circulant matrix A4,, ., for n = 6.

right. The associated digraph is illustrated in the Figure 11.2. From Exercise E4.3, the eigenvalues of A, ,; can be
computed to be (not ordered in magnitude)

2r(i — 1)

n

i = 2k cos +(1—2k), forie{l,...,n}. (11.7)

An illustration is given in Figure 11.3. For n even (similar results hold for n odd), plotting the eigenvalues on the

Afr(z) =2k cos(2mz) + (1 — 2k)

10 1“ Xi=fo((i—1)/n),ie{l,...,n},n="5

AL = \ _/
K=.4
A2 = A5

T T T T T
02 4) ) 0.8 1.0 T T —>

0.5 -

0.0

\

05 k=.5 Az =M

-1.0 |

Figure 11.3: The eigenvalues of A,, ,; as given in equation (11.7). The left figure includes the case of k = .5, even if
that value is strictly outside the allowed range x € [0, .5].

segment [—1, 1] shows that
Pess(An,x) = max{|Aa|, P‘n/?-ﬁ-l’}:
where

P
Ao = 2k cos — + (1 — 2&), and A, o,y = 1 — 4k,
n

Lectures on Network Systems, F. Bullo, edition 1.6 — Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.



11.5

200 Chapter 11. Convergence Rates, Scalability and Optimization

If we fix x € ]0,1/2[ and consider sufficiently large values of n, then [Aa| > |\, /241 In the limit of large graphs
n — 0o, the Taylor expansion cos(z) = 1 — 2%/2 4+ O(z*) leads to

1 1
Pess(Ank) =1 — 47r2/<ﬁ + (9<¥>. (11.8)

Note that pess(An, ) < 1 for any n, but the separation from pess(Ay, ;) to 1, called the spectral gap, shrinks with
1/n2.

In summary, this discussion leads to the broad statement that certain sparse large-scale graphs have slow
convergence factors.

Appendix: Accelerated averaging algorithm

The averaging algorithm x(k + 1) = Az(k) may converge slowly as seen in Section 11.4 due to a large pess(A). In
this section we propose a simple modification of averaging that is known to be faster. The accelerated averaging
algorithm is defined by

2(k+1)=BAx(k)+ (1— B a(k—1),  fork € Zsq, (11.9)

where the initial conditions are 2(0) = z(—1) := x(, the matrix A € R™*" is symmetric, primitive, and row-
stochastic, and 8 € R is a parameter to be chosen.
This iteration has some basic properties. We define the iteration matrix

_ ﬁA (1_/8)In 2nXx2n
T/g = [In 0 eR .

One can show that Tgly,, = 1, for all 5, and that T} is semi-convergent if and only if pess(73) < 1. Moreover,
similar to the result in (11.4) one can show that, for an appropriate value of 3, the asymptotic convergence factor
for this accelerated iteration is equal to pess(73). Accordingly, in what follows, we optimize the convergence
speed of the algorithm by minimizing pess(73) with respect to 3. We formally state these results and more in the
following theorem.

Theorem 11.4 (Convergence and optimization of the accelerated averaging algorithm). Consider the
accelerated averaging algorithm (11.9) with x(0) = x(—1) = xo, A € R™*™ symmetric, primitive, and row-stochastic
matrix, and 3 € R. The following statements hold:
(i) forall € R, the set of fixed points of Tp is {aday, | « € R} and, iflimy_, x(k) exists, then it is equal to
average(zo)l,;
(ii) the following conditions are equivalent:
a) T is semi-convergent,
b) pess(T) < 1, and
¢) B €(0,2);

(iii) for B € (0,2), along the accelerated averaging iteration (11.9)
|z (k) — average(a:o)lnH2 < Ce(pess(Tp) + E)ka(O) - average(xo)lnHQ,

where ¢ > 0 is an arbitrarily small constant and c. is a sufficiently large constant independent of z(;
(iv) the optimal convergence rate of the accelerated averaging algorithm is

. ess A
min_ pess(T3) = Pess(4) 5
B€(0,2) 14+ V1 — pess(A)
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11.5. Appendix: Accelerated averaging algorithm 201

which is obtained at
2
B = argminge oo Pess(Tp) = €
(0.2) 1+ Vl_pess(A)2

Note: A key advantage of the accelerated averaging algorithm is it is faster than standard averaging in two

senses: First, it is immediate to see that pess(7j+) = G Pess(A). Second, Exercise E11.8 shows

14V 1*pess(A)2
that performance improves also in its asymptotic order; for example, for averaging algorithms over circulant
matrices, the spectral gap of order 1/n instead of order 1/n2. One important drawback of the accelerated averaging

algorithm is that computation of optimal gain requires knowledge of the essential spectral radius of A.

(1,2). (11.11)

Proof of Theorem 11.4. Regarding statement (i), we let * = limy_,~ 2(k) and take the limit in both left and right
hand side of the accelerated averaging algorithm (11.9) to obtain z* = SAz* 4+ (1 — )™, that is, after simple
manipulations * = Ax*. Under the given assumptions on the matrix A and by employing the Perron-Frobenius
Theorem, we obtain that #* = a1,, for some a € R. Observe also that z(¢) = al,, is a conserved quantity for the
accelerated averaging algorithm (11.9). Thus, when left-multiplying z(t) = a1, by 1] and evaluating the result
for t = 0, we obtain « = average(zg). This concludes the proof of statement (i).

Next, we prove statement (ii). We start by analyzing the matrix T3 with methods similar to those adopted
for the second-order Laplacian flow in Section 8.1.1. The symmetric matrix A can be expressed as A = UAUT,
where U is a unitary matrix and A = diag({\;}}";) collects the eigenvalues of the matrix A. Because A is
row-stochastic, symmetric and primitive, we set A,, = 1 and we know —1 < \; < 1,fori € {1,...,n—1}. A
similarity transformation with the matrix U leads us to

R RPN [P N ]

By appropriately permuting the entries of this matrix, we arrive at

ry o ... 0O
0 I's ... O . _

= | . 2 _ . wheref‘i:[ﬂl/\Z 105},2'6{1,...,71}.
o 0 ... I,

Note that, after the similarity transformation via the matrix U and the permutation (which is itself a similarity
transformation), the spectra of I and 73 remain identical. We can, hence, analyze the matrix I' to investigate the

convergence rates. For a given index ¢ € {1,...,n}, the eigenvalues of I'; are the roots of
pi— (B +B—-1=0, (11.12)
which are given by
BAit /B3N —4B+4
H1,2; = . (11.13)
2
For the system to converge to steady-state consensus, all eigenvalues y1 2,4, ¢ € {1,...,n}, should lie within

the unit disc, with only one eigenvalue on the unit circle. For I', with A, = 1, we note that the eigenvalues are
{1, B — 1}. Therefore, a necessary convergence condition for § € R is

—1<f—-1<1 or 0<pB<2. (11.14)

For the other block matrices I';, 7 € {1,...,n — 1}, the eigenvalues are given by equation (11.13) and we note
that: the sum of the roots is y1,; + p12,; = B \;, and the product of the roots is yi1.; - p12.;; = B — 1. We consider the
following cases:
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a) Assume I'; has real-valued roots: For the roots to lie within the unit circle, we require |11.| < 1, [p2i] < 1,
and pf,; + p3,; < 2foralli € {1,...,n — 1}. Regarding the latter:

P+t = (pgi + p2yi)? = 2 pgi - oy < 2
= BN -28+2<2
— [?-28<0 (for arbitrary |\;| < 1)
— [(B-2)<0 or Fe€(0,2). (11.15)

We now verify |p1.4| < 1, |po,i] < 1. ForI';, i € {1,...,n — 1}, with |\;| < 1, it can be calculated explicitly
that |M1;i‘ <1, Mg;i‘ <1lifp € (0,2).

b) Assume I'; has complex conjugate roots: As the coefficients of equation (11.12) are all real (3 is real and ); is
real as the matrix A is symmetric), the complex-conjugate roots have the same magnitude. We require the
magnitudes to be strictly less than 1:

|/L1;i|:‘ﬂ2;i|:\/ﬁ_1<l — O<(5—1)<10rﬂ€(0,2) (11.16)

Equations (11.14), (11.15), and (11.16) together imply that the iteration converges for values of 5 € (0,2). This
concludes the proof of statement (ii).

Regarding statement (iii), it is an immediate consequence of Exercise E5.10 and some ad-hoc bounds. We leave
it to the reader to fill out the details.

Finally, we prove statement (iv). In order to minimize the modulus of the eigenvalues of I';, we choose /3 such
that the discriminant in the expression (11.13) becomes zero:

BN —454+4=0. (11.17)

Let us keep the index ¢ € {1,...,n — 1} fixed. Two possible values of 3 arise from equation (11.17):

2 2
/6E 9y ?
14+ /1-22 1—/1- N2

Because the second root may lead to a value of 3 outside the existence interval (0, 2), we restrict ourselves to the
optimal selection (for the index ) of the gain (5 as

2

14 4/1—X2

Among all choices of the gain § for differenti € {1,...,n — 1}, we note that
pr= 2/(1 +v1- pess(A)2)7

as in equation (11.11), is the optimal choice to minimize the maximum magnitude of |11 2| fori € {1,...,n —1}.
Furthermore, since 1 > pess(A) > 0, we have 2 > §* > 1, and thus the magnitudes of all eigenvalues of I is
strictly less than 1, except for the the eigenvalue at 1. The magnitudes of the other eigenvalues of I for § = 3* are

8=

{1187 = 1), (VB =11, VB =11},

Fn anl

{pin—2(89), [pon—2(B7)]; - - Ll (B9, \ufz;l(ﬂ*)!}-

I'p_2 Iy
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Furthermore, it can be verified that for 5 = * we have identical magnitudes |x1,,(8)| = |p2.4(8*)| = vVB* — 1
foralli € {1,...,n — 2}. Finally, note that /3* — 1 > |5* — 1| = * — 1 so that

* — CSS(A)
pess(TB*) = pess(r) =V ﬁ —-1= 1+ \/pl—pew < peSS(A)'

Appendix: Design of fastest distributed averaging
We are interested in optimization problems of the form:

minimize 7asym(A) or ryep(A)
subject to A compatible with a digraph G, doubly-stochastic and primitive
where A is compatible with G if its only non-zero entries correspond to the edges E of the graph. In other words, if
E;; = eie;r is the matrix with entry (4, j) equal to one and all other entries equal to zero, then A = Z(i’ J)eE a;; i
for arbitrary weights a;; € R. We refer to such problems as fastest distributed averaging (FDAs) problems.
Note: In what follows, we remove the constraint A > 0 to widen the set of matrices of interest. Accordingly,

we remove the constraint of A being primitive. Convergence to average consensus is guaranteed by (1) achieving
convergence factors less than 1, (2) subject to row-sums and column-sums equal to 1.

Problem 11.5 (Asymmetric FDA with asymptotic convergence factor).

minimize p(A — 1,17/ n)
subject to A = Z ai; By, Al, = 1,, 1;A = 11
(i,J)eE

The asymmetric FDA is a hard optimization problem. Even though the constraints are linear, the objective function,
i.e,, the spectral radius of a matrix, is not convex (and, additionally, not even Lipschitz continuous).

Problem 11.6 (Asymmetric FDA with per-step convergence factor).

minimize HA - lnll/nH2
subject to A = Z a;jFEij, Al, =1,, 1IA = l;';
(i.j)ek

Problem 11.7 (Symmetric FDA problem).

minimize p(A — 1,17/ n)
subject to A = Z a;jFij, A= AT, Al, =1,
(i.7)eE
Recall here that A = AT implies p(A) = || Al|2.
Both Problems 11.6 and 11.7 are convex and can be rewritten as so-called semidefinite programs (SDPs); see (Xiao
and Boyd, 2004). An SDP is an optimization problem where (1) the variable is a positive semidefinite matrix, (2) the

objective function is linear, and (3) the constraints are affine equations. SDPs can be efficiently solved by software
tools such as CVX; see (Grant and Boyd, 2014).
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Historical notes and further reading

The main ideas in Sections 11.1 and 11.2 are standard in the literature on row-stochastic matrices and Markov
chains. Example recent treatments in taken in the control literature include (Olshevsky and Tsitsiklis, 2009; Garin
and Schenato, 2010; Fagnani, 2014).

Recent work has focused on achieving finite-time or linear-time average consensus; we here mention only the
works by (Cortés, 2006; Wang and Xiao, 2010; Olshevsky, 2017).

The cumulative quadratic disagreement in Section 11.3 is taken from (Carli et al., 2009). Theorem 11.3 may be
extended to the setting of normal matrices, as opposed to symmetric, as illustrated in (Carli et al., 2009); it is not
known how to compute the cumulative quadratic disagreement for arbitrary doubly-stochastic primitive matrices.

Regarding Section 11.4, for more results on the study of circulant matrices and on the elegant settings of Cayley
graphs we refer to (Davis, 1979; Carli et al., 2008b).

The accelerated consensus algorithm (11.9) is rooted in momentum methods for optimization (Polyak, 1964),
and it has been applied to averaging algorithms for example in (Muthukrishnan et al., 1998; Bof et al., 2016).
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Exercises

E11.1 Induced norm of deflated doubly stochastic, primitive matrices with positive diagonal. Assume A is doubly
stochastic, primitive and has a strictly-positive diagonal. Show that

Tsiep(A) = [|A — 1,17 /n||s < 1.

E11.2 Spectrum of deflated doubly-stochastic, primitive, and symmetric matrices. Consider a matrix A doubly
stochastic, primitive and symmetric. Let 1 = Ay > ... > )\, denote its real eigenvalue with corresponding
orthonormal eigenvectors vy, . . ., v,. Show that the matrix A — 1,,1] /n has eigenvalues 0, Ay > ... > )\, with
eigenvectors vy, . . ., Up.

E11.3 Spectral gap of regular cycle graphs. A k-regular cycle graph is an undirected cycle graph with n-nodes each
connected to itself and its 2k nearest neighbors with a uniform weight equal to 1/(2k + 1). The associated doubly-
stochastic adjacency matrix A,, ;. is a circulant matrix with first row given by

1 1 1 1
Using the results in Exercise E4.3, compute
(i) the eigenvalues of A,, j, as a function of n and k;
(ii) the limit of the spectral gap for fixed k as n — oo; and
(iii) the limit of the spectral gap for 2k =n —lasn — oo .
E114 H, performance of balanced averaging in continuous time (Young et al., 2010). Consider the continuous-time
averaging dynamics with disturbance
z(t) = —Lx(t) + w(t),
where L = LT is the Laplacian matrix of an undirected and connected graph and w(t) is an exogenous disturbance
input signal. Pick a matrix € RP*" satisfying 1,, = 0,, and define the output signal y(t) = Qz(t) € R? as the
solution from zero initial conditions 2(0) = 0,,. Let £, o denote the input-output system from w to y and define its
Ho norm by
(o]
IS0l = trace ( / H(t)TH(t)dt> , (E11.1)
0
where H(t) = QeiLt is the so-called impulse response matrix. Show that

(@) 1ZL,0ll#, = /trace(P), where P is the solution to the Lyapunov equality
LP+PL=Q'Q; (E11.2)

(i) |52.0lln, = Vtrace (LTQTQ) /2, where L' is the pseudoinverse of L; and
(iii) defining short-range and long-range output matrices Qg and Qi by QI Qs = L and QEer =1, — %lnll,

respectively, we have
n_17 forQ:QSH
IZrolf, =4 5~ _ 1
’ for Q = Q-
; )\i (L) ) © Q er
Hint: The Ho norm has several interesting interpretations, including the total output signal energy in response to a unit
impulse input or the root mean square of the output signal in response to a white noise input with identity covariance.
You may find useful Theorem 7.4 and Exercise E6.10.

E11.5 Convergence rate for the Laplacian flow. Consider a weight-balanced, strongly connected digraph G with self-

loops, degree matrices Doy = Diy = I,, doubly-stochastic adjacency matrix A, and Laplacian matrix L. Consider
the associated Laplacian flow
z(t) = —Lx(t).

For z,ye 1= %, define the disagreement vector by §(t) = x(t) — Zaveln.
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(i) Show that the average ¢ — @ is conserved and that, consequently, 17 §(t) = 0 for all ¢t > 0.

(if) Derive the matrix E' describing the disagreeement dynamics

o(t) = Eé(t).
(iii) Describe the spectrum spec(E) of E as a function of the spectrum spec(A). Show that spec(FE) has a simple

eigenvalue at A = 0 with corresponding normalized eigenvector v1 := 1,,/y/n.
(iv) The Jordan form J of E can be described as follows

0
0

o O O

riei ol )

where ¢; is the first column of P and ry is the first row of P~1. Show that

cococo
co S o

0 Jn

8(t) = cexp(Jt)R5(0).
(v) Use statements (iii) and (iv) to show that, for all € > 0, there exists c¢. > 0 satisfying
18 < ec(e” +e)*[16(0)]),
where p1 = max{R(A\) — 1| A € spec(A4)\{1}} < 0. Show that, if A = AT, then y < pes(A4) — 1.

Hint: Use arguments similar to those in Exercise E5.10 and in the proof of Theorem 7.4.

E11.6 Convergence factors in digraphs with equal out-degree. Consider the unweighted digraphs in the figure below
with their associated discrete-time averaging systems z(t + 1) = Az (t) and 2(t + 1) = Asz(t). For which digraph
is the worst-case discrete-time consensus protocol (i.e., the evolution starting from the worst-case initial condition)
guaranteed to converge faster? Assign to each edge the same weight equal to %

(a) Digraph 1 (b) Digraph 2

E11.7 Convergence estimates. Consider a discrete-time averaging system with 4 agents, state variable z € R*, dynamics
x(k + 1) = Az(k), and averaging matrix A = E?:1 avv] € R¥*4 with

1 0 1
1 1 1 11 1 1 110

a1 = o = —,. (Xq = — V1 = — Vo = ——= Vq = —=
1 s (X2 27 3 4) 1 2 1> 2 \/5 0 s U3 \/i -1
1 1 0

(i) Verify A is row-stochastic, symmetric and primitive.

(ii) Suppose x(0) = [0,8,2,2]T. It is possible that z(3) = [4, 3,2, 3]T?
E11.8 Scalability of accelerated consensus.

(i) Prove the following series expansion around x = 0:

11—z
flz) = 1+m:1—\/§ﬁ+o(:¢).
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Next, consider a sequence of row-stochastic matrices {A,, € R"*"}, cy of increasing dimension, and the corre-
sponding accelerated consensus algorithms with sequence of optimal iteration matrices {7+ ,, € R*"*2"}, .

(i) Prove that, if pess(A4,) = 1 — g(n) with g(n) = o(n) as n — oo, then the following series expansion holds as

n — o0:
pess(Tﬂ*,n) =1- \/5\/ g(n) + O(g(n))

(ili) Show that, for circulant matrices { A, },, with spectral radius given in equation (11.8) in Section 11.4, there exists
a constant ¢ such that the accelerated consensus algorithm satisfies

1 1
ess *n =1-c— 0(7)
P (jﬁ ) ) CTL n2
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CHAPTER ] 2

Time-varying Averaging Algorithms

In this chapter we discuss time-varying averaging systems, that is, systems in which the row-stochastic matrix is
a function of time. We provide sufficient conditions on the sequence of digraphs associated to the sequence of
row-stochastic matrices for consensus to be achieved. We focus mainly on the discrete-time setting, but present
the main result also for continuous-time systems.

It is well known that, for time-varying systems, the analysis of eigenvalues is not appropriate anymore. In the
following example, two matrices with spectral radius equal to 1/2 are multiplied to obtain a spectral radius larger

than 1:
1 1 5
z 1z O _ |7 O
0 Oof|1 O 0 0

This example explains how it is not possible to predict the convergence of arbitrary products of matrices, just
based on their spectral radii. Convergence proofs in this chapter will be based upon ergodicity coeflicients and
contraction inequalities.

12.1 Examples and models of time-varying discrete-time algorithms

In time-varying or time-varying algorithms the averaging row-stochastic matrix is not constant throughout
time, but instead changes values and, possibly, switches among a finite number of values. Here are examples of
discrete-time averaging algorithms with switching matrices.

Example 12.1 (Shared Communication Channel). We consider a shared communication digraph Gghared-comm
whereby, at each communication round, only one node can transmit to all its out-neighbors over a common bus
and every receiving node will implement a single averaging step. For example, if agent j receives the message
from agent ¢, then agent j will implement:

1
mj = 5(:@ + ;). (12.1)

Each node is allocated a communication slot in a periodic deterministic fashion, e.g., in a round-robin scheduling,
where the n agents are numbered and, for each ¢, agent ¢ talks only at times ¢,n +17,2n 414, ..., kn+ifor k € Z>o.
For example, in Figure 12.1 we illustrate the communication digraph and in Figure 12.2 the resulting round-robin
communication protocol.

209



12.2

210 Chapter 12. Time-varying Averaging Algorithms

Gshared—comm

Figure 12.1: Example communication digraph

.—>: ... .. I_D..:

time =1,5,9,... time = 2,6, 10, . .. time = 3,7,11,... time = 4,8,12,...

Figure 12.2: Round-robin communication protocol.

Formally, let A; denote the averaging matrix corresponding to the transmission by agent ¢ to its out-neighbors.
With round robin scheduling, we have

l‘(n + 1) =A,An_1... All‘(l) °

Example 12.2 (Asynchronous Execution). Imagine each node has a different clock, so that there is no common
time schedule. Suppose that messages are safely delivered even if transmitting and receiving agents are not
synchronized. Each time an agent wakes up, the available information from its neighbors varies. At an iteration

instant for agent ¢, assuming agent ¢ has new messages/information from agents i1, . . . , i,,, agent ¢ will implement:
1 1
+ .
T, = T; + Tip + -+ T5,,).
: m+1""" m+ 1( " im)

Given arbitrary clocks, one can consider the set of times at which one of the n agents performs an iteration.
Then the system is a discrete-time averaging algorithm. It is possible to carefully characterize all possible sequences
of events (who transmitted to agent ¢ when it wakes up). °

Models of time-varying averaging algorithms

Consider a sequence of row-stochastic matrices { A(k)}rez. . or equivalently a time-varying row-stochastic matrix
k +— A(k). The associated time-varying averaging algorithm is the discrete-time dynamical system

w(k+1) = A(k)z(k), k€ Zso. (12.2)

Let {G(k)}rez, be the sequence of weighted digraphs associated to { A(k) }rez.,-

Note that (1, 1,) is an eigenpair for each matrix A(k). Hence, all points in the consensus set {al, | « € R}
are equilibria for the algorithm. We aim to provide conditions under which each solution converges to consensus.

We start with a useful definition, for two digraphs G = (V, E) and G’ = (V', E’), union of G and G’ is defined
by

GUG = (VUV' EUE).

In what follows, we will need to compute only the union of digraphs with the same set of nodes; in that case, the
graph union is essentially defined by the union of the edge sets. Some useful properties of the product of multiple
row-stochastic matrices and of the unions of multiple digraphs are presented in Exercise E12.1.
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Convergence over time-varying graphs connected at all times

Let us first consider the case where each A(k) is symmetric and induces an undirected digraph G (k) with possible
self-loops. (Recall that a digraph is undirected if (v, u) is an edge if and only if (u, v) is an edge.)

Theorem 12.3 (Convergence under connectivity at all times). Let {A(k)}kez., be a sequence of symmetric
and doubly-stochastic matrices with associated digraphs {G(k)} ez, so that

(AC1) each non-zero edge weight a;;(k), including the self-loops weights a;;(k), is larger than a constant € > 0; and
(AC2) each digraph G(k) is strongly connected and aperiodic.

Then the solution to x(k + 1) = A(k)x(k) converges exponentially fast to average(z(0))L,.

Note: In Assumption (AC2) strong connectivity is equivalent to connectivity of the undirected digraph G (k)
regarded as a graph (by removing any possible self-loop).

Note: Assumption (AC1) prevents the weights from becoming arbitrarily close to zero as k¥ — oo and, as we
show below, ensures that pess(A(k)) is upper bounded by a number strictly lower than 1 at every time k € Z>.
To gain some intuition into what can go wrong, consider a sequence of symmetric and doubly-stochastic averaging
matrices { A(k) }rez., with entries given by

Ay = [L e/ R+ D?)exp(=1/(k +1)%)
exp(—1/(k+1)*) 1 —exp(=1/(k+1)%)

for k € Z>( and exponent o > 1. These matrices fail to satisfy Assumption (AC1). For any o > 1 and for k, we
know the pess(A(k) < 1. For any a > 1 and for k — oo, this matrix converges to Ao, = [} }] with spectrum
spec(As) = {—1,+1} and essential spectral radius pess(Aoc) = 1. One can show that,

(i) for o = 1, the convergence of A(k) to A is so slow that {x(k)}x converges to average(x(0))1,,
(ii) for a > 1, the convergence of A(k) to A is so fast that {z(k)} oscillates indefinitely.’

Proof of Theorem 12.3. First, we reason as follows. At fixed n, there exist only a finite number of possible connected
unweighted graphs and, for each given graph, the set of matrices with edge weights in the interval [e, 1] is compact.
It is known that the following maps are continuous: the function from a matrix to its eigenvalues, the function
from a complex number to its magnitude, and the function from n — 1 non-negative numbers to their maximum.
Hence, by composition, the essential spectral radius pess is a continuous function of the matrix entries defined
over a compact set and, therefore, it attains its maximum value. Because each digraph is strongly connected and
aperiodic, each matrix is primitive. Because the essential spectral radius of each possible matrix is strictly less than
1, so is its maximum value. In summary, we now know that, under assumptions (AC1) and (AC2), there exists a
c € ]0,1] so that pess(A(k)) < ¢ < 1forall k € Z>o.

Second, From Section 5.3, we recall the notion of the disagreement vector §(k) = (k) — average(x(0))1,

and quadratic disagreement function V' (§) = ||§]|3. We also recall
72(A(k)) = i [A(R)yll2 = pess(A(K)) < e < 1. (12.3)
Yllo=1,yL1ln

Combining these two sets of ideas, it is immediate to compute
V(6(k +1)) = V(AK)S(K)) = |AR)OR)IE < pess(A(R)*[0(k)3 < ¢V (5(k))-

It follows that V (6(k)) < ¥V (5(0)) or [|6(k)||l2 < ¢¥|6(0)]|2, that is, §(k) converges to zero exponentially fast.
Equivalently, as k — oo, z(k) converges exponentially fast to average(z(0))1y,. [

'A simplified version of this example is the scalar iteration z(k + 1) = exp(—1/(k + 1)*)z(k) whose solution satisfies log(z(k)) =
— Z’:;é W + log(zo). For @ = 1, limy_ 0 log(z(k)) diverges to —oo, and limy o (k) converges to zero. Instead, for o > 1,
limy— o0 log(z(k)) exists finite, and thus limg .« x(k) does not converge to zero.
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This proof is based on a positive “energy function” that decreases along the system’s evolutions (we postpone
a careful discussion of Lyapunov theory to Chapter 15). The same quadratic function is useful also for sequences
of primitive row-stochastic matrices { A(k) }rez.,, with a common dominant left eigenvector, see Exercise E12.5.
More general cases require a different type (not quadratic) of “decreasing energy” functions.

Convergence over time-varying digraphs connected over time
We are now ready to state the main result in this chapter.

Theorem 12.4 (Consensus for time-varying algorithms). Let { A(k)} keZs, be a sequence of row-stochastic
matrices with associated digraphs {G(k)}kez..,- Assume that

(A1) each digraph G (k) has a self-loop at each node;

(A2) each non-zero edge weight a;;(k), including the self-loops weights a;;(k), is larger than a constant ¢ > 0; and

(A3) there exists a duration 6 € N such that, for all times k € Z>¢, the union digraph G(k)U.. . UGk +0 — 1)
contains a globally reachable node.

Then

(i) there exists a non-negative vector w € R™ normalized to wy + - - - + wy,, = 1 such thatlimy_, o, A(k)-A(k —1) -
CA(0) = 1w
(ii) the solution to x(k + 1) = A(k)z(k) converges exponentially fast to (w'z(0))1,;
(iii) if additionally each matrix in the sequence is doubly-stochastic, then w = %ln so that

lim z(k) = average(z(0))1,.
k—o0
Note: In a sequence with property (A2), edges can appear and disappear, but the weight of each edge (that
appears an infinite number of times) does not go to zero as k — oo.
Note: This result is analogous to the time-invariant result that we saw in Chapter 5. The existence of a globally
reachable node is the connectivity requirement in both cases.
Note: Assumption (A3) is a uniform connectivity requirement, that is, any interval of length § must have
the connectivity property. In equivalent words, the connectivity property holds for any contiguous interval of
duration 4.

Example 12.5 (Shared communication channel with round robin scheduling). Consider the shared commu-
nication channel model with round-robin scheduling. Assume the algorithm is implemented over a communication
graph Gghared-comm that is strongly connected.

Consider now the assumptions in Theorem 12.4. Assumption (A1) is satisfied because in equation (12.1) the
self-loop weight is equal to 1/2. Similarly, Assumption (A2) is satisfied because the edge weight is equal to 1/2.
Finally, Assumption (A3) is satisfied with duration J selected equal to n, because after n rounds each node has
transmitted precisely once and so all edges of the communication graph Ggpared-comm are present in the union
graph. Therefore, the algorithm converges to consensus. However, the algorithm does not converge to average
consensus since it is false that the averaging matrices are doubly-stochastic.

Note: round robin is not necessarily the only scheduling protocol with convergence guarantees. Indeed,
consensus is achieved so long as each node is guaranteed a transmission slot once every bounded period of time.e®

Next, we provide a second theorem on convergence over time-varying averaging systems, whereby we assume
the matrix to be symmetric and the corresponding graphs to be connected over time.
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Theorem 12.6 (Consensus for symmetric time-varying algorithms). Let {A(k)}iez., be a sequence of
symmetric row-stochastic matrices with associated graphs {G (k) }kez.,- Let the matrix sequence { A(k)}rez-,
satisfy Assumptions (A1) and (A2) in Theorem 12.4 as well as
(A4) forallk € Z>g, the graph U;>i, G(T) is connected.
Then
(i) limy oo A(k)- Ak —1)- ... - A(0) = 11,1T;
(ii) each solution to x(k + 1) = A(k)z(k) converges exponentially fast to average (z(0))1,.

Note: this result is analogous to the time-invariant result that we saw in Chapter 5. For symmetric row-
stochastic matrices and undirected graphs, the connectivity of an appropriate graph is the requirement in both

cases.
Note: Assumption (A3) in Theorem 12.4 requires the existence of a finite time-interval of duration J so that

the union graph Up<,<x46—1 G(7) contains a globally reachable node for all times & > 0. This assumption is
weakened in the symmetric case in Theorem 12.6 to Assumption (A4) requiring that the union graph U;>;, G(7) is
connected for all times & > 0.

Finally, we conclude this section with an instructive example.

Example 12.7 (Uniform connectivity is required for non-symmetric matrices). We have learned that, for
asymmetric matrices, a uniform connectivity property (A3) is required, whereas for symmetric matrices, uniform
connectivity is not required (see (A4)). Here is a counter-example from (Hendrickx, 2008, Chapter 9) showing that
Assumption (A3) cannot be relaxed for asymmetric graphs. Initialize a group of n = 3 agents to

r1 < —1, x2< -1, x3>+41.

Step 1: Perform oy := (x1 + 13)/2, 3 = T2, x5 := 23 a number of times J; until
x> +1, x99 < -1, x3>+1.

Step 2: Perform xf := z1, 23 1= x2, 23 := (22 + x3)/2 a number of times Jy until
1 >+1, x2< -1, z3<—1.

Step 3: Perform mf =1, x; = (1 +x2)/2, :c3+ := x3 a number of times d3 until
1> +1, x9>+4+1, x3<—1.

And repeat this process.

Q o ©) Q

© ® ® ® 0} ® ©) ©®
Step 1 Step 2 Step 3 union

By design, on steps 1,4, 7, ..., the variable 1 is changed to become larger than +1 by computing averages with
x3 > +1. However, note that, every time this happens, the variable 3 > +1 is increasingly smaller and closer to
+1. Hence, the durations of steps 1,4, 7, ... increase: §; < d4 < d7 < ..., since more updates of x; are required
for x1 to become larger than +1. Indeed, one can formally show the following:
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(i) The agents do not converge to consensus so that one of the assumptions of Theorem 12.4 must be violated.

(ii) Itis easy to see that (A1) and (A2) are satisfied.

(iii) Regarding connectivity, note that, for all k¥ € Z>, the digraph U,>; G(7) contains a globally reachable node.
However, this property is not quite equivalent to Assumption (A3).

(iv) Assumption (A3) in Theorem 12.4 must be violated: there does not exist a duration § € N such that, for all
k € Z>o, the digraph G(k)U...UG(k + 0 — 1) contains a globally reachable node.

(v) Indeed, one can show that limy_, ., 6 = o0 since, as we keep iterating steps 1, 2 and 3, their duration grows
unbounded. °

Appendix: Proofs

Connectivity over time

Before presenting the convergence to consensus proof for time-varying averaging systems, we provide one more
useful result. This result allows us to manipulate our assumption of connectivity over time.

Lemma 12.8 (Global reachability over time). Given a sequence of digraphs {G(k)}rez., such that each digraph

G (k) has a self-loop at each node, the following two properties are equivalent: -

(i) there exists a duration § € N such that, for all times k € Z>¢, the union digraph G(k)U.. . UG(k+0 — 1)
contains a directed spanning tree;

(ii) there exists a duration A € N such that, for all times k € Z>, there exists a node j = j(k) that reaches all
nodesi € {1,...,n} over the interval {k,k + A — 1} in the following sense: there exists a sequence of nodes
{j,h1,...,ha_1,i} such that (j, hy) is an edge at time k, (h1, ho) is an edge at timek + 1, ..., (ha—2,ha—1)
is an edge at time k + A — 2, and (ha_1,1) is an edge at time k + A — 1;

or, equivalently, for the reverse digraph,

(iii) there exists a duration § € N such that, for all times k € Z>, the union digraph G(k)U.. . UG(k+ ¢ — 1)
contains a globally reachable node;

(iv) there exists a duration A € N such that, for all times k € Z>q, there exists a node j reachable from all
nodesi € {1,...,n} overthe interval {k,k + A — 1} in the following sense: there exists a sequence of nodes
{j,h1,...,ha_1,i} such that (hy,j) is an edge at time k, (ha, h1) is an edge at timek + 1, ..., (ha—1,ha_2)
is an edge at time k + A — 2, and (i, ha_1) is an edge at time k + A — 1.

Note: It is sometimes easy to see if a sequence of digraphs satisfies properties (i) and (iii). Property (iv) is
directly useful in the analysis later in the chapter. Regarding the proof of the lemma, it is easy to check that (ii)
implies (i) and that (iv) implies (iii) with 6 = A. The converse is left as Exercise E12.3.

Proof of Theorem 12.4: the max-min function is exponentially decreasing

We are finally ready to prove Theorem 12.4. We start by noting that Assumptions (A1) and (A3) imply property
Lemma 12.8(iv) about the existence of a duration A with certain properties. Next, without loss of generality, we
assume that at some time hA, for some h € N, the solution z(hA) is not equal to a multiple of 1,, and, therefore,
satisfies Viax-min (z(RA)) > 0. Clearly,

z((h+1)A)=A((h+1)A—=1)... A(hA+1) - A(hA) z(hA)
=: Az(hA).

By Assumption (A3), we know that there exists a node j reachable from all nodes i over the interval {hA, (h +
1)A — 1} in the following sense: there exists a sequence of nodes {j, h1, ..., ha_1,%} such that all following edges
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exist in the sequence of digraphs: (h1, j) at time hA, (ha, h1) at time hRA + 1, ..., (i, ha—1) at time (h + 1)A — 1.
Therefore, Assumption (A2) implies

ahyj(hA) > €, apyp (RA+1) >e, ..., aipy , (R+1)A=1) >¢,
and therefore their product satisfies
Qi hp_q ((h + 1)A — 1) *Qha_1,hA—s ((h + I)A — 2) -+ Qhy by (hA + 1) “ Qhy,j (hA) > 2.

Remarkably, this product is one term in the (i, j) entry of the row-stochastic matrix 4 = A((h+1)A—1)... A(hA).
In summary, Assumption (A3) implies that there exists a node j such that, for all 7, A;; > £ or, in other words,
the row-stochastic matrix A has a positive column lower bounded by e*1,,.

We now invoke Lemma 5.5 from Section 5.3 to obtain that the row-stochastic matrix A is scrambling with
71(A) < 1 — € and that the max-min disagreement function decreases according to

Vinax-min (I‘((h + 1)A)) < (1 - 6A)vaax—min(x(hA))-

This inequality proves exponential convergence of the cost function k +— Vipax-min(2(k)) to zero and, together
with the positive definiteness property of the Vijax-min function, convergence of (k) to a multiple of 1,,. We leave
the other statements in Theorem 12.4 to the reader and refer to (Moreau, 2005; Hendrickx, 2008) for further details.

Time-varying algorithms in continuous-time

We now briefly consider the continuous-time linear time-varying system

We associate a time-varying graph G(t) (without self loops) to the time-varying Laplacian L(¢) in the usual manner.
For example, in Chapter 7, we discussed how the heading in some flocking models is described by the
continuous-time Laplacian flow:

6=—L6,
where each 0 is the heading of a bird, and where L is the Laplacian of an appropriate weighted digraph G' each bird
is a node and each directed edge (i, j) has weight 1/d,y (7). We discussed also the need to consider time-varying
graphs: birds average their heading only with other birds within sensing range, but this sensing relationship may
change with time.
Recall that the solution to a continuous-time time-varying system can be given in terms of the state transition
matrix:

z(t) = ©(t,0)x(0),
We refer to (Hespanha, 2009) for the proper definition and study of the state transition matrix.

Theorem 12.9 (Consensus for time-varying algorithms in continuous time). Lett — A(t) be a time-varying
adjacency matrix with associated time-varying digrapht — G(t), t € R>q. Assume

(A1) each non-zero edge weight a;;(t) is larger than a constant e > 0,
(A2) there exists a durationT" > O such that, for allt € R>¢, the digraph associated to the adjacency matrix

/tHT L(t)dr

contains a globally reachable node.

Lectures on Network Systems, F. Bullo, edition 1.6 — Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.



12.7

216 Chapter 12. Time-varying Averaging Algorithms

Then

(i) there exists a non-negative w € R™ normalized to wy + - - - + wy, = 1 such that the state transition matrix ®(t,0)
associated to —L(t) satisfies lim;_,, ®(¢,0) = 1,wT,
(ii) the solution to :(t) = —L(t)x(t) converges exponentially fast to (w'z(0)) 1,
(iii) if additionally, the LTL(t) = O] for almost all times t (that is, the digraph is weight-balanced at all times, except
a set of measure zero), then w = %171 so that

lim z(t) = average(z(0))1,.

t—o00

Historical notes and further reading

For historical notes on ergodicity coefficients we refer to Chapter 5.

The main result in this chapter, namely Theorem 12.4, appeared in the control literature in Moreau (2005).
Note that Theorem 12.4 provides only sufficient condition for consensus in time-varying averaging systems. For
results on necessary and sufficient conditions we refer the reader to the recent works (Blondel and Olshevsky,
2014; Xia and Cao, 2014) and references therein.

In the context of time-varying averaging systems, other relevant references on first and second order, discrete
and continuous time systems include (Tsitsiklis, 1984; Tsitsiklis et al., 1986; Hong et al., 2006, 2007; Cao et al., 2008;
Carli et al., 2008D).

For references on time-varying continuous-time averaging systems we refer to (Moreau, 2004; Lin et al., 2007,
Hendrickx and Tsitsiklis, 2013).
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12.8 Exercises

E12.1 On the product of stochastic matrices (Jadbabaie et al., 2003). For k > 2, consider non-negative n X n matrices
Ay, Ag, ..., Ay with positive diagonal entries. Let apin (resp. amax) be the smallest (resp. largest) diagonal entry of
Ay, Ag, ..., A andlet Gy, . .., Gy be the digraphs associated with Ay, ..., A.

Show that
a2' k—1
(1) AlAQ...AkZ (2amm> (A1+A2+"'+Ak')’and

(ii) if the digraph G1 U. ..U G}, is strongly connected, then the matrix A; ... Ay is irreducible.

Hint: Set A; = aminl,, + B; for a non-negative B;, and show statement (i) by induction on k.

E12.2 Products of primitive matrices with positive diagonal. Let A and Ay, Ao, ..., A,,_1 be primitive n X n matrices
with positive diagonal entries. Let z € RY ) be a non-negative vector with at least one zero entry. Show that

(i) the number of positive entries of Az is strictly larger than the number of positive entries of x, and
(11) A1A2 . An—l > 0.

E12.3 A simple proof. Prove Lemma 12.8.
Hint: You will want to use Exercise E3.3.

E12.4 Alternative sufficient condition. As in Theorem 12.4, let { A(k) }rez., be a sequence of row-stochastic matrices
with associated digraphs {G (k) }rez. . Prove that the same asymptotic properties in Theorem 12.4 hold true under
the following Assumption (A5), instead of Assumptions (A1), (A2), and (A3):

(A5) there exists a node j such that, for all times k € Z>, each edge weight a,;(k), i € {1,...,n}, is larger than a
constant € > 0.

In other words, Assumption (A5) requires that all digraphs G (k) contain all edges a;;(k), 7 € {1,...,n}, and that
all these edges have weights larger than a strictly positive constant.
Hint: Modify the proof of Theorem 12.4.

E12.5 Convergence over digraphs strongly-connected at all times. Consider a sequence of row-stochastic matrices
{A(k)}rezs, with associated digraphs {G/(k) } ez, so that

(A1) each non-zero edge weight a;;(k), including the self-loops weights a,;(k), is larger than a constant ¢ > 0;
(A2) each digraph G(k) is strongly connected and aperiodic point-wise in time; and
(A3) there is a positive vector w € R satisfying 1Jw = 1 and w" A(k) = w for all k € Z>,.

Without relying on Theorem 12.4, show that

(i) the function § — V(§) = 6T diag(w) satisfies V (A(k)§) < V (9) for allk € Z>o and § # 0, and
(ii) the solution to z(k + 1) = A(k)z(k) satisfies to limy_,o. (k) = (wTx(0))1,.

Hint: To establish (ii), adopt the following version of the Lyapunov Theorem: Let Q,, be an equilibrium for the smooth
discrete-time system x(k + 1) = f(x(k)). Suppose there exists a continuous function V: R™ — Rxq satisfying
V(0,)=0,V(z) >0and V(f(x)) < V(z) forall x # 0,,. Then 0,, is asymptotically stable (which also means that

every trajectory converges to 0,,). A comprehensive discussions of Lyapunov theory is postponed to Chapter 15.
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CHAPTER 1 3

Randomized Averaging Algorithms

In this chapter we discuss averaging algorithms defined by sequences of random stochastic matrices. In other words,
we imagine that at each discrete instant, the averaging matrix is selected randomly according to some stochastic
model. We refer to such algorithms as randomized averaging algorithms. Randomized averaging algorithms are
well behaved and easy to study in the sense that much information can be learned simply from the expectation of
the averaging matrix.

13.1 Examples of randomized averaging algorithms

Consider the following models of randomized averaging algorithms.

Uniform Symmetric Gossip. Given an undirected graph G, at each iteration, select uniformly likely one of the
graph edges, say agents i and j talk, and they both perform (1/2,1/2) averaging, that is:

(zi(k) + (k).

N —

ri(k+1)=x;(k+1):=

Packet Loss in Communication Network. Given a strongly connected and aperiodic digraph, at each com-
munication round, packets travel over directed edges and, with some likelihood, each edge may drop the
packet. (If information is not received, then the receiving node can either do no update whatsoever, or adjust
its averaging weights to compensate for the packet loss).

Broadcast Wireless Communication. Given a digraph, at each communication round, a randomly-selected
node transmits to all its out-neighbors. (Here we imagine that simultaneous transmissions are prohibited by
wireless interference.)

Opinion Dynamics with Stochastic Interactions and Prominent Agents. Given an undirected graph and a
probability 0 < p < 1, at each iteration, select uniformly likely one of the graph edges and perform: with
probability p both agents perform the (1/2,1/2) update, and with probability (1 — p) only one agent performs
the update and the “prominent agent” does not.

Note that, in the second, third and fourth example models, the row-stochastic matrices at each iteration are not
symmetric in general, even if the original digraph was undirected.
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13.2 A brief review of probability theory

We briefly review a few basic concepts from probability theory and refer the reader for example to (Breiman, 1992).

« Loosely speaking, a random variable X : ) — E is a measurable function from the set of possible outcomes §2
to some set F which is typically a subset of R.

+ The probability of an event (i.e., a subset of possible outcomes) is the measure of the likelihood that the event
will occur. An event occurs almost surely if it occurs with probability equal to 1.

+ The random variable X is called discrete if its image is finite or countably infinite. In this case, X is described
by a probability mass function assigning a probability to each value in the image of X.

Specifically, if X takes value in {z1,...,z)} C R, then the probability mass function p: {z1,..., 2y} —
0, 1] satisfies px (x;) > 0and >_;" | px(x;) = 1, and determines the probability of X being equal to x; by
P[X = IL’Z] = px(xi).

+ The random variable X is called continuous if its image is uncountably infinite. If X is an absolutely continuous
function, X is described by a probability density function assigning a probability to intervals in the image of X.

Specifically, if X takes value in R, then the probability density function fx: R — R>¢ satisfies f(z) > 0 and
Jz f(x)dz = 1, and determines the probability of X taking value in the interval [a, b] by Pla < X < b] =

b
fa f(x)dx.
« The expected value of a discrete variable is E[X] = sz\i1 ripx (z;).
The expected value of a continuous variable is E[X]| = [~z fx(z)dz.

A (finite or infinite) sequence of random variables is independent and identically distributed (i.i.d.) if each
random variable has the same probability mass/distribution as the others and all are mutually independent.

13.3 Randomized averaging algorithms

In this section we consider random sequences of row stochastic sequences. Accordingly, let A(k) be the row-
stochastic averaging matrix occurring randomly at time k and G(k) be its associated graph. We then consider the
randomized averaging algorithm

o(k+1) = Alk)z (k).

We are now ready to present the main result of this chapter.

Theorem 13.1 (Consensus for randomized algorithms). Let {A(k)}icz., be a sequence of random row-
stochastic matrices with associated digraphs {G (k) }rez.,. Assume B
(A1) the sequence of variables { A(k)}rez., is iid,
(A2) at each time k, the random matrix A(k) has a strictly positive diagonal so that each digraph in the sequence
{G(k)}rez-, has a self-loop at each node, and
(A3) the digraph associated to the expected matrix E[A(k)], for any k, has a globally reachable node.

Then the following statements hold almost surely:

i) there exists a random non-negative vector w € withwy + -+ 4+ wy, = 1 such tha
i) th ist d gati 11 R™ with + + 1 h that

lim A(k)-A(k—1)-...-A0) =1,w"  almost surely,

k—ro00
(ii) as k — oo, each solution x(k) of x(k + 1) = A(k)x(k) satisfies

lim z(k) = (wT:c(O))ln almost surely,

k—o0
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(iii) if additionally each random matrix is doubly-stochastic, then w = %171 so that

lim z(k) = average(z(0))1,.

k—oo

Note: if each random matrix is doubly-stochastic, then E[A(k)] is doubly-stochastic. The converse is easily
seen to be false.

Note: Assumption (A1) is restrictive and more general conditions are sufficient; see the discussion below in
Section 13.4.

Additional results on uniform symmetric gossip algorithms
Recall: given undirected graph G, at each iteration, select uniformly likely one of the graph edges, say agents 7 and
j talk, and they both perform (1/2,1/2) averaging, that is:

1

Corollary 13.2 (Convergence for uniform symmetric gossip). If the graph G is connected, then each solution
to the uniform symmetric gossip converges to average consensus with probability 1.

Proof based on Theorem 13.1. The corollary can be established by verifying that Assumptions (A1)-(A3) in Theo-
rem 13.1 are satisfied. Regarding (A3), note that the graph associated to the expected averaging matrixis G. W
We provide also an alternative elegant proof.

Proof based on Theorem 12.6. For any time ko > 0 and any edge (¢, j), consider the event “the edge (3, j) is not
selected for update at any time larger than k(. Since the probability that (i, j) is not selected at any time k is
1 — 1/m, where m is the number of edges, the probability that (7, j) is not selected at any times after &y is

k—k
lim (1 _ i) -

k—o0 m

With this fact one can verify that all assumptions in Theorem 12.6 are satisfied by the random sequence of
matrices almost surely. Hence, almost sure convergence follows. Finally, since each matrix is doubly stochastic,
average(z(k)) is preserved, and the solution converges to average(z(0))1,,. [

Additional results on the mean-square convergence factor

Given a sequence of stochastic averaging matrices { A(k)}rez., and corresponding solutions x(k) to z(k + 1) =
A(k)x(k), we define the mean-square convergence factor by

1/k

Tmean—square({A(k)}kez>0) = sup limsup (E {Hx(k) — average(a:(k))lﬂ]%]) .
a x(0)7éxﬁnal k—oco

We now present upper and lower bounds for the mean-square convergence factor.

Theorem 13.3 (Upper and lower bounds on the mean-square convergence factor). Under the same assump-
tions as in Theorem 13.1, the mean-square convergence factor satisfies

pess(EAM)])” < Timeansuare < p(E [AGK)T (I = 12T /m)A(R)] ).
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Historical notes and further reading

In this chapter we present results from (Fagnani and Zampieri, 2008; Tahbaz-Salehi and Jadbabaie, 2008; Garin and
Schenato, 2010) that build on classic references such as (Chatterjee and Seneta, 1977; Cogburn, 1984). Specifically,
references for the main Theorem 13.1 are (Tahbaz-Salehi and Jadbabaie, 2008) and (Fagnani and Zampieri, 2008).
Note that Assumption (A1) is restrictive and more general conditions are sufficient. For example, Tahbaz-Salehi
and Jadbabaie (2010) treat the case of a sequence of row-stochastic matrices generated by an ergodic and stationary
random process. Related analysis and modeling results are presented in (Hatano and Mesbahi, 2005; Bajovic et al.,
2013; Matei et al., 2013; Touri and Nedi¢, 2014; Ravazzi et al., 2015).

For a comprehensive analysis of the mean-square convergence factor we refer to (Fagnani and Zampieri, 2008,
Proposition 4.4).

Frasca and Hendrickx (2013) provide an upper bound on the mean square deviation of the consensus value
from the initial average and show that, when the network size grows, the deviation tends to zero.

A detailed analysis of the uniform symmetric gossip model is given by Boyd et al. (2006). A detailed analysis
of the model with stochastic interactions and prominent agents is given by (Acemoglu and Ozdaglar, 2011); see
also (Acemoglu et al., 2013).

In this book we will not discuss averaging algorithms in the presence of quantization effects, we refer the
reader instead to (Kashyap et al., 2007; Nedi¢ et al., 2009; Frasca et al., 2009). Similarly, regarding averaging in the
presence of noise, we refer to (Xiao et al., 2007; Bamieh et al., 2012; Lovisari et al., 2013; Jadbabaie and Olshevsky,
2019). Finally, regarding averaging in the presence of delays, we refer to (Olfati-Saber and Murray, 2004; Hu and
Hong, 2007; Lin and Jia, 2008).

Table of asymptotic behaviors for averaging systems
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Dynamics Assumptions & Asymptotic Behavior References
discrete-time: G has a globally reachable node Thm 5.1
x(k+1) = Az(k), subgraph of globally reachable nodes is aperiodic
A row-stochastic adjacency matrix =—-
of digraph G limy,_s00 (k) = (wT2(0))1,,
where w > 0, w' A = w7, and 1Iw =1
continuous-time: G has a globally reachable node Thm 7.4
z(t) = —Lx(t), =
L Laplacian matrix of digraph G limy 0o (t) = (w'2(0))1,,
where w > 0, w'L =0, and 1Jw = 1
time-varying discrete-time: (i) at each time k, G(k) has self-loop at each node, Thm 12.4
x(k+1) = A(k)x(k), (ii) each a;j(k) > 0 is larger than € > 0,
A(k) row-stochastic adjacency (iii) there exists duration 9 s.t., for all time £,
matrix of digraph G(k), k € Z>y G(k)U...UG(k+ ¢ — 1) has a globally reachable node
=
limy, 00 2(k) = (w'2(0))1,, where w >0, 1w =1
time-varying symmetric (i) at each time k, G(k) has self-loop at each node, Thm 12.6
discrete-time: (ii) each a;j(k) > 0 is larger than € > 0,
z(k+1) = A(k)z(k), (iii) for all time k, U;>1 G(7) is connected
A(k) symmetric stochastic =
adjacency of G(k), k € Z>¢ limy_,0o (k) = average(z(0))1,
time-varying continuous-time: (i) each a;;(t) > 0 is larger than € > 0, Thm 12.9
z(t) = —L(t)x(t), (ii) there exists duration T s.t., for all time ¢,
L(t) Laplacian matrix of digraph associated to tt+TL(T)dT has a globally reachable node
digraph G(t), t € R>g =
limy o0 2(t) = (wT2(0))1,, where w > 0, 11w =1
randomized discrete-time: (@) {A(k) }rezs, isiid, Thm 13.1

z(k+1) = A(k)x(k),
A(k) random row-stochastic
adjacency matrix
of digraph G(k), k € Z>¢

(ii) each matrix has strictly positive diagonal,
(iii) digraph associated to E[A (k)] has a globally reachable node,
N
limy,—00 z(k) = (w'2(0))1,, almost surely,
where w > 0 is random vector with 1] w = 1

Table 13.1: Averaging systems: definitions, assumptions, asymptotic behavior, and reference
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CHAPTER 1 4‘

Motivating Problems and Systems

In this chapter we begin our study of nonlinear network systems by introducing some example models and
problems. Although the models presented are simple and their mathematical analysis is elementary, these models
provide the appropriate notation, concepts, and intuition required to consider more realistic and complex models.

14.1 Lotka-Volterra population models

The Lotka-Volterra population models are one the simplest and most widely adopted frameworks for modeling the
dynamics of interacting populations in mathematical ecology. These equations were originally developed in (Lotka,
1920; Volterra, 1928). In what follows we introduce various single-species and multi-species model of population
dynamics. We start with single-species models. We let z(t) denote the population number or its density at time t.
The ratio @/ is the average contribution of an individual to the growth of the population.

Single-species constant growth model In a simplest model, one may assume &/ is equal to a constant growth
rate r. This assumption however leads to exponential growth or decay x(t) = z(0) ¢" depending upon whether
r is positive or negative. Of course, exponential growth may be reasonable only for short periods of time and
violates a reasonable assumption of bounded resources for large times.

Single-species logistic growth model Inlarge populations it is natural to assume that resources would diminish
with the growing size of the population. In a very simple model, one may assume & /x = (1 — z/k), where r > 0
is the intrinsic growth rate and x > 0 is called the carrying capacity. This assumption leads to the so-called logistic
system

i(t) =rz(t)(1—z(t)/k). (14.1)

This dynamical system has the following behavior:

(i) there are two equilibrium points 0 and &,

(ii) the solution is
kx(0) e’
K+ x(0) (e —1)’

x(t) =

(iii) all solutions with 0 < z(0) < k are monotonically increasing and converge asymptotically to x,

(iv) all solutions with x < x(0) are monotonically decreasing and converge asymptotically to «.

The reader is invited to show these facts and related ones in Exercise E14.1. The evolution of the logistic equation
from multiple initial values is illustrated in Figure 14.1.
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> 1

1./7' 2)1" 3./7“ 4/7" 5./7“

Figure 14.1: Solutions to the logistic equations from 10 initial conditions

Multi-species Lotka-Volterra model with signed interactions Finally, we consider the case of n > 2
interacting species. We assume logistic growth model for each species with an additional term due to the interaction
with the other species. Specifically, we write the growth rate for species i € {1,...,n},
i -
2
ZL'_z‘ =7r;+ aix; + . Z .(lijl‘j,
J=1,57#i

(14.2)

where the first two terms are the logistic equation (so that a;; is typically negative because of bounded resources
and the carrying capacity is k; = —r;/a;;), and the third term is the combined effect of the pairwise interactions
with all other species. The vector r is called the intrinsic growth rate, the matrix A = [a;;] is called the interaction
matrix, and the ordinary differential equations (14.2) are called the Lotka-Volterra model for n > 2 interacting

species. For x € R, this model is written in vector form as

(a) Common clownfish (Amphiprion ocel-
laris) near magnificent sea anemones (Het-
eractis magnifica) on the Great Barrier Reef,
Australia. Clownfish and anemones pro-
vide an example of ecological mutualism
in that each species benefits from the activ-
ity of the other. Public domain image from
Wikipedia.

i = diag(z) (Az + 1) = fv(z).

(14.3)

(b) The Canadian lynx (Lynx canadensis)
is a major predator of the snowshoe hare
(Lepus americanus). Historical records of
animals captures indicate that the lynx
and hare numbers rise and fall periodi-
cally; see (Odum, 1959). Public domain im-
age from Rudolfo’s Usenet Animal Pictures
Gallery (no longer in existence).

(c) Subadult male lion (Panthera Leo) and
spotted hyena (Crocuta Crocuta) compete
for the same resources in the Maasai Mara
National Reserve in Narok County, Kenya.
Picture "Hyédnen und Léwe im Morgen-
licht" by lubye134, licensed under Creative
Commons Attribution 2.0 Generic (BY 2.0).

Figure 14.2: Mutualism, predation and competition in population dynamics
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As illustrated in Figure 14.2, for any two species ¢ and j, the sign of a;; and a;; in the interaction matrix A is
determined by which of the following three possible types of interaction is being modeled:

(+, +) = mutualism: for a;; > 0 and aj; > 0, the two species are in symbiosis and cooperation. The presence of
species ¢ has a positive effect on the growth of species j and vice versa.

(+,-) = predation: for a;; > 0 and a;; < 0, the species are in a predator-prey or host-parasite relationship. In
other words, the presence of a prey (or host) species j favors the growth of the predator (or parasite) species 1,
wheres the presence of the predator species has a negative effect on the growth of the prey.

(--) = competition: for a;; < 0 and aj; < 0, the two species compete for a common resources of sorts and have
therefore a negative effect on each other.

Note: the typical availability of bounded resources suggests it is ecologically meaningful to assume that the
interaction matrix A is Hurwitz and that, to model the setting in which species live in isolation, the diagonal
entries a;; are negative.

Scientific questions of interest include:

(i) Does the Lotka-Volterra system have equilibrium points? Are they stable?

(if) How does the presence of mutualism, predation, and/or competition affect the dynamic behavior?

(iii) Does the model predict extinction or periodic evolution of species?

Kuramoto coupled-oscillator models

In this section we introduce network of coupled oscillators and, in particular, phase-coupled oscillators. We start
with two simple definitions. Given a connected, weighted, and undirected graph G = ({1,...,n}, E, A) and

angles 01, . .., 0, associated to each node in the network, define the coupled oscillators model by
. n
0; :wi—Zaijsin(Qi—Oj), 1€ {1,...,77,}. (14.9)
j=1

A special case of this model is due to (Kuramoto, 1975); the Kuramoto coupled oscillators model is characterized by
a complete homogeneous graph, i.e., a graph with identical edge weights a;; = K/nforall4,j € {1,...,n} and
for some coupling strength K. The Kuramoto model is

0; :wi—;‘zsm(ei—ej), ie{l,...,n}. (14.5)
7j=1
Note: for n = 2, adopting the notation w = w; — w9 and a = a2 + a9, the coupled oscillator model can be
written as a one-dimensional system in the difference variable § = 6; — 65 as:
0 = w — asin(9). (14.6)

Coupled oscillator models arise naturally in many circumstances; in what follows we present three examples
taken from (Dérfler and Bullo, 2014).
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Example #1: A spring network on a ring We start by studying a system of n dynamic particles constrained to
rotate around a unit-radius circle and assumed to possibly overlap without ever colliding. Each particle is subject to
(1) a non-conservative torque 7;, (2) a linear damping torque, and (3) a total elastic torque. This system is illustrated
in Figure 14.3.

We assume that pairs of interacting particles ¢ and j are coupled through elastic springs with stiffness k;; > 0;
we set k;; = 0 if the particles are not interconnected. The elastic energy stored by the spring between particles at
angles ¢; and 0; is

U;;(0;,05) = ?]distance2 = 7]((005 0; — cos0;)® + (sin0; — sin6;)?)
= kij (1 — cos(8;) cos(0;) — sin(;) sin(0;)) = ki; (1 — cos(6; — 6;)),
so that the elastic torque on particle ¢ is

0 .
T;(0;,05) = _ﬁUij(eiaej) = —ki;sin(0; — 0;).

Newton’s Law applied to this rotating system implies that this spring network obeys the dynamics
. . n
m;0; + d;0; = 7, — Zj:l k‘ij sin(@i — Hj),

where m; and d; are inertia and damping coefficients. In the limit of small masses m; and uniformly-high viscous
damping d = d;, that is, m; /d = 0, the model simplifies to the coupled oscillator network (14.4)

éi:wi—Zaijsin(ﬁi—Qj), i€{17---7n}'
7j=1

with natural rotation frequencies w; = 7;/d and with coupling strengths a;; = k;;/d.

Example #2: The structure-preserving power network model As second example we consider an AC power
network, visualized in Figure 14.4, with n buses including generators and load buses. We present two simplified
models for this network, a static power-balance model and a dynamic continuous-time model.

The transmission network is described by an admittance matrix Y € C™*" that is symmetric and sparse with
line impedances Z;; = Zj; for each branch {i,j} € E. The network admittance matrix is sparse matrix with

73

k34

N

Figure 14.3: Mechanical analog of a coupled oscillator network
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nonzero off-diagonal entries Y;; = —1/Z;; for each branch {7, j} € E; the diagonal elements Y;; = — Z?:L jzi Yij
assure zero row-sums.

The static model is described by the following two concepts. Firstly, according to Kirchhoff’s current law, the
current injection at node ¢ is balanced by the current flows from adjacent nodes:

n n
1
=Y :Z(W—W)Z R
j=1"" j=1

Here, I; and V; are the phasor representations of the nodal current injections and nodal voltages, so that, for
example, V; = |V;| e corresponds to the signal |V;| cos(wot +6;). (Recall i = v/—1.) The complex power injection
Si; = V; - I; (where Z denotes the complex conjugate of z € C) then satisfies the power balance equation

Si=Vi- ) YiVi=) YilVillvle'® ).
=1 j=1

Secondly, for a lossless network the real part of the power balance equations at each node is

n
F; = E Qij - sin(6; —Oj) , 1e{l,...,n}, (14.7)
. o i—1
active power injection J=% active power flow from i to j

where a;; = |V;||V}||Y;;| denotes the maximum power transfer over the transmission line {7, j}, and P; = R(S;)
is the active power injection into the network at node ¢, which is positive for generators and negative for loads.
The systems of equations (14.7) are the active power flow equations at balance; see Figure 14.5.

Next, we discuss a simplified dynamic model. Many appropriate dynamic models have been proposed for
each network node: zeroth order (for so-called constant power loads), first-order models (for so-called frequency-
dependent loads and inverter-based generators), and second and higher order for generators; see (Bergen and Hill,
1981). For extreme simplicity, we here assume that every node is described by a first-order integrator with the
following intuition: node ¢ speeds up (i.e., f; increases) when the power balance at node ¢ is positive, and slows

Canada

0o ||
cNW T North 41—'—\ @ @
@ @_&_ ‘ \|_T_[ @ __l\rlontana

NoCal

Utah

(a) Line diagram (b) Equivalent graph representation

Figure 14.4: A simplified aggregated model with 16 generators and 25 load busses of the Western North American
power grid, ofter referred to as the Western Interconnect. This model is often studied in the context of inter-area
oscillations (Trudnowski et al., 1991). In the equivalent graph representation, generators are represented by light
disks and load buses by dark boxes.
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O O fi j A
P; O fis i

O 0; — 0;
O 0 wv/2 =

(a) The active power satisfies a conserva- (b) Along each edge, the amount of active power

tion law at each node: P; = Zn ) fij transfered is proportional to the power angle: f;; =
i= ¥
Aij bln(ei — 9])

Figure 14.5: Interpretation of the active power flow equations (14.7).

down (i.e., ; decreases) when the power balance at node 7 is negative. This assumption leads immediately to the
coupled-oscillators model (14.4) written as:

éi = R — Z [ Sin(t% — 9]) (14.8)
j=1

The systems of equations (14.8) are a first-order simplified version of the so-called coupled swing equations;
see (Bergen and Hill, 1981). A more realistic model of power network necessarily include higher-order dynamics
for the generators, uncertain load models, mixed resistive-inductive lines, and the modeling of reactive power.

Example #3: Flocking, schooling, and vehicle coordination As third example, we consider a set of n
kinematic particles in the plane R?, which we identify with the complex plane C. Each particlei € {1,...,n} is
characterized by its position r; € C, its heading angle 6; € S!, and a steering control law u;(r, §) depending on
the position and heading of itself and other vehicles, see Figure 14.6.(a). For simplicity, we assume that all particles
have unit speed. The particle kinematics are then given by

’f‘z‘ = eiai y
: (14.9)
H’Z = Uy (7.7 9) )

fori € {1,...,n}. If no control is applied, then particle i travels in a straight line with orientation ¢;(0), and if

u; = w; € R is a nonzero constant, then particle ¢ traverses a circle with radius 1/|w;|.

The interaction among the particles is modeled by a graph G = ({1,...,n}, E, A) determined by commu-
nication and sensing patterns. As shown by Vicsek et al. (1995), motion patterns emerge if the controllers use
only relative phase information between neighboring particles. As we will discuss later, we may adopt potential
gradient control strategies (i.e., a negative gradient flow) to coordinate the relative heading angles 6;(t) — 0;(t).
As shown in Example #1, an intuitive extension of the quadratic elastic spring potential to the circle is the function
Uj;: St x St — R defined by

Ul-j(Oi, 9]) = aij(l - COS(@Z' - Gj)),
for each edge {7, j} of the graph. Note that the potential U;;(6;, ;) achieves its unique minimum value if the

heading angles 6; and ¢; are synchronized and its unique maximum when 6¢; and 6; are out of phase by an angle 7.
These considerations motivate the affine gradient control law

éi:wO_K;;- Z Uij(el-—@j) :wO—KZ::l Qjj Sin(ei—ej), 1€ {1,...,71}. (14.10)
' {ij}eE
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to synchronize the heading angles of the particles for K > 0 (gradient descent), respectively, to disperse the heading
angles for K < 0 (gradient ascent). The term wy can induce additional rotations (for wy # 0) or translations (for
wo = 0). A few representative trajectories are illustrated in Figure 14.6.

The controlled phase dynamics (14.10) give rise to elegant and useful coordination patterns that mimic animal
flocking behavior (Leonard et al.,, 2012) and fish schools. Inspired by these biological phenomena, scientists
have studied the controlled phase dynamics (14.10) and their variations in the context of tracking and formation
controllers in swarms of autonomous vehicles (Paley et al., 2007).

® ©

4

e

Figure 14.6: Figure (a) illustrates the particle kinematics (14.9). Figures (b)-(e) illustrate the controlled dynam-
ics (14.9)-(14.10) with n = 6 particles, a complete interaction graph, and identical and constant natural frequencies:
wo(t) = 0 in figures (b) and (c) and wy(t) = 1 in figures (d) and (e). The values of K are K = +1 in figures (b) and
(d) and K = —1 in figure (c) and (e). The arrows depict the orientation, the dashed curves show the long-term
position dynamics, and the solid curves show the initial transient position dynamics. As illustrated, the resulting
motion displays synchronized or dispersed heading angles for K = +1, and translational motion for wy = 0,
respectively circular motion for wg = 1. Image reprinted from (Dérfler and Bullo, 2014) with permission from
Elsevier.

oy

Yo

Scientific questions of interest for coupled oscillator model include:

(i) When do the oscillators asymptotically achieve frequency synchronization, that is, when do they asymptotically
reach an equal velocity?

(i) When do they reach phase synchronization?

(iii) Are frequency (or phase) synchronized solutions stable and attractive in some sense?
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14.3 Exercises

E14.1 Logistic ordinary differential equation. Given a growth rate » > 0 and a carrying capacity x > 0, consider the
logistic equation (14.1) defined by
z=rz(l —z/k),

with initial condition 2(0) € R>(. Show that

(i) there are two equilibrium points 0 and x,
(ii) the solution is
kz(0) e
K+ 2(0)(em —1)’

z(t) =

(E14.1)

and it takes value in R>,
(iii) all solutions with 0 < z(0) <  are monotonically increasing and converge asymptotically to x,
(iv) all solutions with £ < x(0) are monotonically decreasing and converge asymptotically to «, and
(v) if 2(0) < k/2, then the solution z(¢) has an inflection point when z(t) = /2.

E14.2 Simulating coupled oscillators. Simulate in your favorite programming language and software package the
coupled Kuramoto oscillators in equation (14.5). Set n = 10, define a vector w € R1? with entries deterministically
uniformly-spaced between —1 and 1. Select random initial phases.

(i) Simulate the resulting differential equations for K = 10 and K = 0.1.
(if) Find the approximate value of K at which the qualitative behavior of the system changes from asynchrony to
synchrony.

Turn in your code, a few printouts (as few as possible), and your written responses.
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CHAPTER 1 5

Stability Theory for Dynamical Systems

In this chapter we provide a brief self-contained review of stability theory for nonlinear dynamical systems. We
review the key ideas and theorems in stability theory, including the Lyapunov Stability Criteria and the Krasovskii-
LaSalle Invariance Principle. We then apply these theoretical tools to a number of example systems, including
linear and linearized systems, negative gradient systems, continuous-time averaging dynamics (i.e., the Laplacian
flow) and positive linear systems described by Metzler matrices.

This chapter is not meant to provide a comprehensive treatment, e.g., we leave out matters of existence and
uniqueness of solutions and we do not include proofs. Section 15.10 below provides numerous references for
further reading. We start the chapter by introducing a running example with three prototypical dynamical systems.

Example 15.1 (Gradient and mechanical systems). We start by introducing a differentiable function V: R — R;
for example see Figure 15.1. Based on V' and on two positive coefficients m and d, we define three instructive and

V(z) Figure 15.1: A differentiable function V' playing the role of a po-
tential energy function (i.e., a function describing the potential
energy stored) in a negative gradient system, a conservative me-
chanical systems or a dissipative mechanical systems. Specifically,

V(z)=—ze™®/(1+e %) + (z —10)2/(1 + (z — 10)2).

x
. >
prototypical dynamical systems:
ov
negative gradient system: = —a—(aj), (15.1)
x
: . . ov
conservative mechanical system: ~ mZ = —8—(33), (15.2)
x
o . . ov .
dissipative mechanical system: mi = —%(m) —di. (15.3)

In the study of physical systems, the parameter m is an inertia, d is a damping coeflicient, and the function V is
the potential energy function, describing the potential energy stored in the system.

These example are also know as a (first order, second order, or second order dissipative) particle on an energy
landscape, or the “rolling ball on a hill” examples. According to Newton’s law, the correct physical systems are
models (15.2) and (15.3), but we will also see interesting examples of first-order negative gradient systems (15.1).e
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236 Chapter 15. Stability Theory for Dynamical Systems

15.1 On sets and functions

Before proceeding we review some basic general properties of sets and functions. First, we recall that a set W C R"
is bounded if there exists a constant K that each w € W satisfies ||w|| < K, closed if it contains its boundary (or,
equivalently, if it contains all its limit points), and compact if it is bounded and closed.
Second, given a differentiable function V': R™ — R, a critical point of V' is a point * € R" satisfying
a—V(x"‘) =0,.
ox

A critical point z* is a local minimum point (resp. local strict minimum point) of V' if there exists a distance ¢ > 0
such that V(z*) < V(z) (resp. V(2*) < V(z)) for all x # x* within distance ¢ of 2*. The point z* is a global
minimum if V' (z*) < V(x) for all x # z*. Local and global maximum points are defined similarly.

Given a constant ¢ € R, we define the /-level set of V' and the (-sublevel set of V by

V) ={yeR" | V(y)=¢}, and V_'(6)={yeR"|V(y) <{}.

These notions are illustrated in Figure 15.2.

Ty T2 123 T4

V(o) = {z | V(z) < £}

T
>

Figure 15.2: A differentiable function, its sublevel set and its critical points. The sublevel set V- ' (£1) = {z | V() <
(1} is unbounded. The sublevel set V! (f5) = [21, 5] is compact and contains three critical points (z3 and x4

are local minima and z3 is a local maximum). Finally, the sublevel set V- 1(¢3) is compact and contains a single
critical point, the global minimum 4.

Third, given a point zg € R", a function V': R” — Riis
(i) locally positive-definite (resp. positive-semidefinite) about xq if V (x¢) = 0 and if there exists a neighborhood U
of zp such that V(z) > 0 (resp. V(x) > 0) forall z € U \ {zo},
(il) globally positive-definite about ¢ if V(x¢) = 0 and V(z) > 0 for all z € R™ \ {z(}, and
(iii) locally (resp. globally) negative-definiteif —V is locally (resp. globally) positive-definite; and negative-semidefinite

if =V is positive-semidefinite.

Note: Assume a differentiable V' is locally positive-definite about . Pick av > V' (x(). One can show that the
sublevel set V- 1(04) contains a neighborhood of x. Indeed, in Figure 15.2, V' is locally positive-definite about x4

and V- L(ey) and Vo 1(¢3) are both compact intervals containing 4.

Fourth and finally, a non-negative continuous function V': X — R is

(i) radially unbounded if X = R™ and V' (z) — oo along any trajectory such that ||z|| — oo, that is, any sequence
{y, }nen with the property that lim,, . ||2,|| = oo satisfies lim,, o, V (z,,) = 00, and
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(if) proper if, for all ¢ € R, the ¢-sublevel set of V' is compact.
We illustrate these concepts in Figure 15.3 and state a useful equivalence without proof.

Lemma 15.2. A continuous function V: R"™ — R>q is proper if and only if it is radially unbounded.

A e " (x — 10)2 A Viog-lin() =  — 1 — log(z
‘7 og-lin - g( )
(2) xl +e~ " 1+ (x —10)2 ¢

i i
> >

(a) This function V': R — R is not radially unbounded because (b) The function Visg1inR>0 — R is proper on X = R since
limg 400 V() = 1. each sublevel set is a compact interval.

Figure 15.3: Example proper and not proper functions

Dynamical systems and stability notions

Dynamical systems

A (continuous-time) dynamical system is a pair (X, f) where X, called the state space, is a subset of R and f,
called the vector field, is a map from X to R". Given an initial state x¢ € X, the solution (also called trajectory or
evolution) of the dynamical system is a curve ¢ — x(t) € X satisfying the differential equation

#(t) = f(z(t)), 2(0) = xo.

A dynamical system (X, f) is linear if x — f(x) = Az for some square matrix A.

Typically, the map f is assumed to have some continuity properties so that the solution exists and is unique
for at least small times. Moreover, some of our examples are defined on closed submanifolds of R” (e.g., the
Lotka-Volterra model (14.3) is defined over the positive orthant RY ), and the coupled oscillator model (14.4) is
defined over the set of n angles) and additional assumptions are required to ensure that the solution exists for all
times in X. We do not discuss these topics in great detail here, we simply assume the systems admit solutions
inside X for all time, and refer to the references in Section 15.10 below.

Equilibrium points and their stability

An equilibrium point for the dynamical systems (X, f) is a point z* € X such that f(z*) = 0,,. If the initial state
is (0) = 2*, then the solution exists unique for all time and is constant: z(t) = x* for all t € R>.
An equilibrium point z* for the dynamical system (X, f) is

(i) stable (or Lyapunov stable) if, for each ¢ > 0, there exists 6 = d(¢) > 0 so that if ||2(0) — z*|| < J, then
|z(t) — «*|| < eforallt >0,
(ii) unstable if it is not stable, and

(iil) locally asymptotically stable if it is stable and if there exists § > 0 so that lim;_,~ x(t) = x™* for all trajectories
satisfying ||z(0) — 2*|| < 0.
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These three concepts are illustrated in Figure 15.4.

r*e o 2"
(a) Stable equilibrium: for all ¢, each solu- (b) Unstable equilibrium: no matter how (c) Asymptotically stable equilibrium: solu-
tion starting inside a sufficiently small §-  small § is, at least one solution starting in-  tions starting in a sufficiently small §-disk
disk remains inside the e-disk. side the J-disk diverges. converge asymptotically to the equilibrium.

Figure 15.4: Illustrations of a stable, an unstable and an asymptotically stable equilibrium.

These first three notions are local in nature. To characterize global properties of a dynamical system (X, f),
we introduce the following notions. Given a locally asymptotically stable equilibrium point z*,

(i) the set of initial conditions ¢ € X whose corresponding solution x(t) converges to =* is called the region of
attraction of z*,

(if) z* is said to be globally asymptotically stable if its region of attraction is the whole space X, and

(iii) «* is said to be globally (respectively, locally) exponentially stable if it is globally (respectively, locally) asymp-
totically stable and there exist positive constants c; and ¢y such that all trajectories starting in the region of
attraction satisfy

lz(t) — 2| < e1l|2(0) — 27| e

Example 15.3 (Gradient and mechanical systems: Example 15.1 continued). It is instructive to report
some numerical simulations of the three dynamical systems and state some conjectures about their equilibria and
stability properties. These conjectures will be established in the next section.

The Lyapunov Stability Criteria

We are now ready to provide a critical tool in the study of the stability and convergence properties of a dynamical
system. Roughly speaking, Lyapunov’s idea is to use the concept of an energy function with a local/global minimum
that is non-increasing along the system’s solution.

Before proceeding, we require one final useful notion. The Lie derivative (also called the directional derivative)
of a differentiable function V': R” — R with respect to a vector field f: R” — R" is the function Z5V : R"” — R
defined by

n

ov ov
ZyV(x) = %(x)f(x) = %(x) i(z). (15.4)
i=1 "
Along the flow of a dynamical system (X, f), we have
d .
—V(z(t)) =V(x(t)) = LV (x(t)). (15.5)

dt
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With this notation we note that V': R™ — R is non-increasing along every trajectory z: R>g — X of (X, f) if
V(a(t) = 25V (x(1) <0,

or, equivalently, if each point z € X satisfies £V (x) < 0. Because of this last inequality, when the vector field f
is clear from the context, it is customary to adopt a slight abuse of notation and write V' (z) = £V ().
We are now ready to present the main result of this section.

Theorem 15.4 (Lyapunov Stability Criteria). Consider a dynamical system (R"™, f) with differentiable vector
field f and with an equilibrium point x* € R". The equilibrium point x* is
stable if there exists a continuously-differentiable function V : R" — R, called a weak Lyapunov function, satisfying

(L1) V is locally positive-definite about x*,
(L2) Z;V is locally negative-semidefinite about x*;
locally asymptotically stable if there exists a continuously-differentiable function V : R™ — R, called a local Lya-
punov function, satisfying Assumption (L1) and
(L3) Z;V is locally negative-definite about x*;
globally asymptotically stable if there exists a continuously-differentiable function V: R" — R, called a global
Lyapunov function, satisfying
(L4) V is globally positive-definite about x*,
(L5) Z;V is globally negative-definite about =™,
(L6) V is proper.

Note the immediate implications: (L4) => (L1) and (L5) = (L3) = (L2).

Note: Theorem 15.4 assumes the existence of a Lyapunov function with certain properties, but does not provide
constructive methods to design or compute one. In what follows we will see that Lyapunov functions can be
designed for certain classes of systems. But, in general, the design of Lyapunov function is challenging. A common
procedure is based on trial-and-error: one selects a so-called candidate Lyapunov function and verifies which, if
any, of the properties (L1)-(L6) is satisfied.

Example 15.5 (Gradient and mechanical systems: Example 15.3 continued). We now apply the Lyapunov
Stability Criteria in Theorem 15.4 to the example dynamical systems in Example 15.1. Based on the properties of
the function V' in Figure 15.2 with local minimum points x5 and x4, we establish most of the conjectures from
Example 15.3. Note that the vector fields and the Lyapunov functions we adopt in what follows are all continuously
differentiable.

Negative gradient systems: For the dynamics & = —9V/0x, we select the function V' (z) — V(x2) as candidate
Lyapunov function about x3. We compute

V(z) = —|oV/0z| < 0.

Note that V — V(1) is locally positive definite about 5 (Assumption (L1)) and V' is locally negative definite
about x5 (Assumption (L3)); hence V' — V' (x5) is a local Lyapunov function for the equilibrium point 5. An
identical argument applies to 4. Hence, both local minima x5 and x4 are locally asymptotically stable;

Conservative and dissipative mechanical systems: Given an inertia coefficient m > 0 and a damping coefficient
d > 0, we write the conservative and the dissipative mechanical systems in first order form as:

T=v, mv=—dv——(x),

ox
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where (x,v) € R? are the position and velocity coordinates. As candidate Lyapunov function about the
equilibrium point (z2, 0), we consider the mechanical energy E: R x R — R>( given by the sum of kinetic
and potential energy:

1
E(z,v) = imUQ + V(x).
We compute its derivative along trajectories of the considered mechanical system as follows:

E(z,v) = mvi + al@m = U( —dv - 8l($)> * (?9‘;

= _dv? <
9 9 (x)v dv® <0.

This calculation, and x2 being a local minimum of V| together establish that, for d > 0, the function E — V' (x3)
is locally positive definite about 5 (Assumption (L1)) and E is locally negative semidefinite about (3, 0)
(Assumption (L2)). Hence, the function E — V' (z2) is a weak Lyapunov function for the equilibrium point
(x2,0) and, therefore, the point (x2,0) is stable for both the conservative and the dissipative mechanical
system. An identical argument applies to the point (24, 0).

Note that we obtain the correct properties, i.e., consistent with the simulations in the previous exercise, for
negative gradient system and for the conservative mechanical system. But more work is required to show that the
local minima are locally asymptotically stable for the dissipative mechanical system. .

Example 15.6 (The logistic equation). As second example, we consider the logistic equation (14.1):

z(t)

K

#(t) :r:c(t)<1 - ) = frogistic (),

with growth rate r and carrying capacity x. We neglect the possible initial condition z(0) = 0 (with subsequent
equilibrium solution x(¢) = 0 for all ¢ > 0) and restrict out attention to solutions in X = R.
For x > 0, define the logarithmic-linear function Vigg1inx : R>0 — R, illustrated in Figure 15.6, by

Vioglinx(2) =2 — Kk — nlog(%).

In Exercise E15.1 we ask the reader to verify that

(1) Viog-lin,x is continuously differentiable with %Vlog_hnﬁ(m) = (r—K)/x,
(i) Viogin,x(z) > 0 for all z > 0 and Viggiin «(x) = 0 if and only if z = &, and
(iii) lim,, o+ Viog—lin,n(l') = limg 00 Viog—lin,n(l') = +00.

Next we compute

r— K x r 2
gflogistic‘/log'limﬁ(x) = T : 7".’1](1 - ;) = _E(x - F"’) .

In summary, we have established that fjogistic is a differentiable vector field, 2* = & is an equilibrium point, Viog 1in,«
is globally positive definite about &, fﬁogm Wog-lin, is globally negative definite about #, and Vieg.1in x is proper.
Hence, Viog-1in,» is a global Lyapunov function and 2* = & is globally asymptotically stable. (This result is consistent
with the behavior characterized in Exercise E14.1.) °

The Krasovskii-LaSalle Invariance Principle

While the Lyapunov Stability Criteria are very useful, it is sometimes difficult to find a Lyapunov function with a
negative-definite Lie derivative. To overcome this obstacle, in this section we introduce a powerful tool for the
convergence analysis, namely the Krasovskii-LaSalle Invariance Principle.

Before stating the main result, we introduce two useful concepts:
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(i) A curvet — z(t) approaches a set S C R™ as t — +oo0 if the distance' from x(t) to the set S converges to 0
ast — 4o0.

If the set S consists of a single point s and ¢t — z(t) approaches S, then ¢ — x(t) converges to s in the
usual sense: lim;_, ;o x(t) = s. If the set S consists of multiple disconnected components and ¢ — x(t)
approaches S, then ¢ — x(t) must approach one of the disconnected components of S. Specifically, if the set
S is composed of a finite number of points, then ¢ — z(¢) must converge to one of the points.

(i) Given a dynamical system (X, f), aset W C X is invariant (or f-invariant) if each solution starting in W
remains in W, that is, if 2(0) € W implies z(¢) € W for all t > 0.

For example, any sublevel set of a function is invariant for the corresponding negative gradient flow.
We are now ready to present the main result of this section.

Theorem 15.7 (Krasovskii-LaSalle Invariance Principle). For a dynamical system (X, f) with differentiable f,
assume that

(KL1) all trajectories of (X, f) are bounded,

(KL2) there exists a closed invariant set W C X, and

(KL3) there exists a continuously-differentiable function V: W — R satisfying Z§V (x) < 0 forallz € W.
Then for each solution t — x(t) starting in W there exists ¢ € R such that x converges to the largest invariant set
contained in

{zeW | ZLV(z) =0} NV=1(c).

Note: if the closed invariant set W C X in Assumption (KL2) is also bounded, then Assumption (KL1) is
automatically satisfied.

Note: unlike in the Lyapunov Stability Criteria, the Krasovskii-LaSalle Invariance Principle does not require
the function V' to be locally positive definite and establishes certain asymptotic convergence properties without
requiring the Lie derivative of V' to be locally negative definite.

Note: in some examples it is sufficient for one’s purposes to show that z(t) — {z € W | £}V (z) = 0}. In
other cases, however, one really needs to analyze the largest invariant set inside {x eW | ZV(x) = 0}.

Note: If the largest invariant set is the union of multiple disjoint non-empty sets, then the solution to the
negative gradient flow must converge to one of these disjoint sets.

Example 15.8 (Gradient and mechanical systems: Example 15.5 continued). We continue the analysis of
the example dynamical systems in Examples 15.1 and 15.5. Specifically, we sharpen here our results about the
dissipative mechanical system about a local minimum point x5 (or x4) based on the Krasovskii-LaSalle Invariance
Principle.
First, we note that the assumptions of the Krasovskii-LaSalle Invariance Principle in Theorem 15.7 are satisfied:
(i) the function E and the vector field (the right-hand side of the mechanical system) are continuously differentiable;
(i) the derivative E is locally negative semidefinite; and
(iii) for any initial condition (zg,vo) € R? sufficiently close to (z2,0) the sublevel set {(z,v) € R? | E(x,v) <
E(zo,vo)} is compact due to the local positive definiteness of V" at 2.

It follows that (z(t),v(t)) converges to largest invariant set contained in
C= {(1‘,’0) € R | E(.Z’,U) < E(l‘o,vo),?} = 0} = {(l‘, O) € R | E(SL‘,O) < E(l‘o,’(}o)}-

A subset of C' is invariant if any trajectory initiating in the subset remains in it. But this is only true if the
starting position 7 satisfies B%V(f) = 0, because otherwise the resulting trajectory would experience a strictly

"Here we define the distance from a point y to a set Z to be inf,cz ||y — 2||.

Lectures on Network Systems, F. Bullo, edition 1.6 — Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.



15.5

242 Chapter 15. Stability Theory for Dynamical Systems

non-zero ¥(0) and hence leave C. In other words, the largest invariant set inside C'is {(z,0) € R? | E(z,0) <
E(z0,v0), 6%V(x) = 0}. But the local minimum point z is the unique critical point in the sublevel set and,
therefore,

lim (z(t),v(t)) = (x2,0). o

t——+o0

Application #1: Linear and linearized systems

It is interesting to study the convergence properties of a linear system. Recall that a symmetric matrix is positive
definite if all its eigenvalues are strictly positive.

Theorem 15.9 (Convergence of linear systems). For a matrix A € R™*", the following properties are equivalent:

(i) each solution to the differential equation & = Awx satisfies limy_, 1 oo 2(t) = Op,
(ii) A is Hurwitz, i.e., all the eigenvalues of A have strictly-negative real parts, and
(iii) for every positive-definite matrix (), there exists a unique solution positive-definite matrix P to the so-called
Lyapunov matrix equation:

AP+ PA=—Q.

Note: one can show that statement (iii) implies statement (i) using the Lyapunov Stability Criteria with quadratic
Lyapunov function V () = 27 Pz, whose Lie derivative along the systems solutions is V = 2T (ATP 4+ PA)x =
—2TQz <0.

Next, we show a very useful way to apply linear stability methods to analyze the local stability of a nonlinear
system.

The linearization at the equilibrium point z* of the dynamical system (X, f) is the linear dynamical system
defined by the differential equation ¢ = Ay, where

_of .

A
Theorem 15.10 (Convergence of nonlinear systems via linearization). Consider a dynamical system (X, f)
with an equilibrium point x*, with twice differentiable vector field f, and with linearization A at x*. The following
statements hold:
(i) the equilibrium point x* is locally exponentially stable if all the eigenvalues of A have strictly-negative real parts;
and
(ii) the equilibrium point x* is unstable if at least one eigenvalue of A has strictly-positive real part.

Example 15.11 (Two coupled oscillators). For § € R, consider the dynamical system (14.6) arising from two
coupled oscillators: .
0 = f(0) =w —sin(0).

If w € [0, 1], then there are two equilibrium points inside the range 6 € [0, 27[:

07 = arcsin(w) € [0,7/2], and 05 = m — arcsin(w) € |7/2,+7].
Moreover, for 6 € R, the 27-periodic set of equilibria are {67 + 2k7w | k € Z} and {05 + 2kn | k € Z}. The
linearization matrix A(6}) = %(9;) = —cos(#;) for i € {1,2} shows that ] is locally exponentially stable and
05 is unstable. o

Example 15.12 (A third order scalar system). Pick a scalar c and, for x € R, consider the dynamical system

&= flx)=c- 2>
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The linearization at the equilibrium z* = 0 is indefinite: A(z*) = 0. Thus, Theorem 15.10 offers no conclusions
other than the equilibrium cannot be exponentially stable. On the other hand, the Krasovskii-LaSalle Invariance
Principle shows that for ¢ < 0 every trajectory converges to z* = 0. Here, a non-increasing and differentiable

function is given by V(z) = 22 with Lie derivative .Z;V (z) = —2ca? < 0. Since V/(z(t)) is non-increasing
along the solution to the dynamical system, a compact invariant set is then readily given by any sublevel set
{z | V(xz) < ¢} forl > 0. o

Application #2: Positive linear systems and Metzler matrices

In this short section we study the positive linear system 2 = Mz, x € RY,, with equilibrium point Oy, and with
matrix M being Metzler matrix. -

The following corollary is based upon Theorem 10.14 and illustrates how each of the conditions (iv), (v), and (vi)
corresponds to a Lyapunov function of a specific form for a Hurwitz Metzler system.

Corollary 15.13 (Lyapunov functions for positive linear systems). Let M be a Hurwitz Metzler matrix. The
positive linear system & = Mz, x € RY), with equilibrium point On, admits the following global Lyapunov functions:

Vi(z) = maxeqy,. . ny vi/&is for& > 0, satisfying M€ < 0,
Vao(z) =n'z, forn > 0, satisfyingn' M < 0, and
Vs(x) = 2! P, for a diagonal matrix P 0 satisfying M P + PM < 0.

We illustrate the level sets of these three global Lyapunov functions in Figure 15.7.

Application #3: Negative gradient systems

We now summarize and extend the analysis given in Example 15.3 of the stability properties of negative gradient
systems. Recall for convenience that, given a differentiable function V' : R” — R, the negative gradient flow defined
by V is the dynamical system

(t) = —z‘;(a;(t)). (15.6)

We start by noting that, as in the Exercise, the Lie derivative of V along the negative gradient flow is

2
<0

— )

ov

L vV (z) = - } (@)

and that, therefore, each sublevel set V! (¢), for £ € R is invariant (provided it is non-empty).

Given a twice differentiable function V: R” — R and a point x € R", the Hessian matrix of V', denoted
by Hess V(z) € R™ ", is the symmetric matrix of second order partial derivatives at z: (HessV);;j(z) =
0*V/0x;0x(s). Given a critical point z* of V/, if the Hessian matrix Hess V' (z*) is positive definite, then * is an
isolated local minimum point of V. The converse is not true; as a counterexample, consider the function V (z) = x4
and the critical point z* = 0.

Theorem 15.14 (Convergence of negative gradient flow). Let V': R" — R be twice-differentiable and assume
its sublevel set V-1 (0) = {x € R™ | V() < £} is compact for some £ € R. Then the negative gradient flow (15.6)
has the following properties:

Lectures on Network Systems, F. Bullo, edition 1.6 — Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.



15.8

244 Chapter 15. Stability Theory for Dynamical Systems

(i) each solutiont — x(t) starting in Vgl(ﬁ) satisfies lim;_, o V(2(t)) = ¢, for some ¢ < ¢, and approaches the
set of critical points of V :

{x e R"” ‘ g—‘;(:r) = On},

(ii) each local minimum point x* is locally asymptotically stable and it is locally exponentially stable if and only if
Hess V' (z*) is positive definite,

(iii) a critical point x* is unstable if at least one eigenvalue of Hess V' (x*) is strictly negative,

(iv) if the function V' is analytic, then every solution starting in a compact sublevel set has finite length (as a curve in
R™) and converges to a single equilibrium point.

Proof. To show statement (i), we verify that the assumptions of the Krasovskii-LaSalle Invariance Principle are
satisfied as follows. First, as set W we adopt the sublevel set V_ 1(6) which is compact by assumption and is
invariant. Second we know the Lie derivative of V' along the vector field is non-positive. Statement (i) is now an
immediate consequence of the Krasovskii-LaSalle Invariance Principle.

The statements (ii) and (iii) follow from observing that the linearization of the negative gradient system at the
equilibrium z* is the negative Hessian matrix evaluated at * and from applying Theorem 15.10.

Regarding statement (iv), we refer to the original source (Lojasiewicz, 1984) and to the review in (Absil et al.,
2005, Section 2). |

Note: If the function V has isolated critical points, then the negative gradient flow evolving in a compact set
must converge to a single critical point.

Application #4: Continuous-time averaging systems and Laplacian matrices
In this section we revisit the continuous-time averaging system, i.e., the Laplacian flow,

T =—Lx.
As in Section 12.5, we define the max-min function Vipax-min: R™ — R>¢ by

Viax-min(Z) = max x; — min  ay,
1e{l,...,n} ie{l,...,n}

and that Vipax-min (%) > 0, and Viax-min(2) = 0 if an only if x = a1,, for some o € R.

Lemma 15.15 (The max-min function along the Laplacian flow). Let L € R"*"™ be the Laplacian matrix of a
weighted digraph G. Let x(t) be the solution to the Laplacian flow & = —Lx. Then

(i) t — Vinax-min(2(t)) is non-increasing,

(ii) if G has a globally reachable node, then, for some o € R,

tlg(r)lo Vinax-min(z(t)) =0 and tlggo z(t) = al,.
Numerous proofs for these results are possible (e.g., statement (ii) is established in Theorem 7.4). A second
approach is to use the properties of the row-stochastic matrix exp(—Lt), t € R>, as established in Theorem 7.2.
Here we pursue a strategy based on adopting Vijax-min as a weak Lyapunov function and, because Viax-min
is not continuously-differentiable, applying an appropriate generalization of the Krasovskii-LaSalle Invariance
Principle in Theorem 15.7. For our purposes here, it suffices to present the following concepts.
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Definition 15.16. The upper right Dini derivative and upper left Dini derivative of a continuous function f : Ja,b[ — R
at a point t € |a, b[ are defined by, respectively,

DH(t) = limsup f(HAt)—f(t)’ and D~ f(t) = Timsup f(t+ A8 — f(t)
At>0,At—0 At At<0,At—0 At

Recall that the limit superior of a real sequence {a, },en is defined by

limsupa, = lim sup ap,.
n—00 N—=00 1 >n

Similarly, the limit superior of a function f: ]0,e[— R is defined by

limsup f(h) = inf sup f(z). (15.7)
h—0,h>0 h>0 3]0,

Since the sup operator is always well defined (possibly equal to 4+00), so are the Dini derivatives.

Lemma 15.17 (Properties of the upper Dini derivatives). Given a continuous function f: ]a,b[ — R,

(i) if f is differentiable at t € ]a, b[, then DT f(t) = D™ f(t) = %f(t) is the usual derivative of f att, and

(ii) if DY f(t) <0or D™ f(t) <0 forallt € ]a,b|, then f is non-increasing on ]a, b|.

Morever, given differentiable functions fi,..., f;: ]a,b] — R, the max function fuax(t) = max{f;(t) | i €
{1,...,m}} satisfies

(iii) D frnae(1) = max {% Fi(t) | i € argmax( fmax(t))},

d
D™ fiax(t) = min {%fz(t) KAS argmax(fmax(t))}, and
(iv) if DT finax(t) < 0 forallt € Ja, b[, then fuay is non-increasing on la, b|.

Note: statement (i) follows from the definition of derivative of a differentiable function. Statement (ii) is a
consequence of Theorem 1.14 in (Giorgi and Komlosi, 1992), to which we refer for all proofs. Statement (iii) is
known as Danskin’s Lemma.

Proof of Lemma 15.15. Define the quantities ax(t) = max(z(t)) and zin(t) = min(x(t)) as well as argmax(z(t)) =
{i e{l,...,n} | zi(t) = Tmax(t)} and argmin(z(¢)) = {i € {1,...,n} | ;(t) = Tmin(t)}. Along the Laplacian
flow z; = Z?:1 a;j(z; — x;), Lemma 15.17(iii) (Danskin’s Lemma) implies

D Viaxemin(2(t)) = max{z;(t) | i € argmax(x(t))} — min{i;(t) | i € argmin(z(¢))}

= max { Z ij(2j — Tmax) | i € argmax(z(t))}
j=1

— min { Z ij(Z; — Tmin) | @ € argmin(z(t))},
j=1

where we have used — min(z) = max(—x). Because 2; — Zmax < 0 and 2; — zmin > O0forall j € {1,...,n},
we have established that D" Vjyax-min((¢)) is the sum of two non-positive terms. This property, combined with
Lemma 15.17(iv), implies that ¢ — Vipay-min(2(¢)) is non-increasing, thereby completing the proof of statement ().

To establish statement (ii) we invoke a generalized version of the Krasovskii-LaSalle Invariance Principle 15.7.
First, we note that statement (i) implies that any solution is bounded inside [Zmyin(0), Zmax(0)]™; this is a sufficient
property (in lieu of the compactness of the set W). Second, we know the continuous function Viay-min along the
Laplacian flow is non-increasing (in lieu of the same property for a Lie derivative of a continuously-differentiable
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function). Therefore, we now know that there exists ¢ such that the solution starting from x(0) converges to the
largest invariant set C' contained in

{:c € [min(0), Tmax (0)]™ | D+Vmax_min(:1:)‘ e = 0} N Vrgai_min(c).

r=

Because Vipax-min is non-negative, we know ¢ > 0. We now assume by absurd that ¢ > 0, we let y(¢) be a trajectory
originating in C, and we aim to show that Viy.y-min(y(t)) decreases along time (which is a contradiction because C'
is invariant).

Let k be a globally reachable node. Let i (resp. j) be an arbitrary index in argmax(y(0)) (resp. argmin(y(0)))
so that y;(0) — y;(0) = ¢ > 0. Without loss of generality we assume y;(0) < y;(0). (Otherwise it would need
to be y;(0) > y;(0) and we would proceed similarly.) Recall we know 7;(0) < 0. We now note that, if 7;(¢t) = 0
forall t € (0,¢) for a positive ¢, then the equation §; = }_; ai;(y; — v;) and the property y;(0) = maxy(0)
together imply that y;(t) = y;(t) for all ¢ € (0, €) and for all j such that a;; > 0. Iterating this argument along the
directed walk from i to k, we get the contradiction that y(t) = y;(¢) for all £ € (0, e). Therefore, we know that
¥i(t) < 0 for small times. Because i is an arbitrary index in argmax(y(0)), we have proved that ¢ — max y(t) is
strictly decreasing for small times. This establishes that C' is not invariant if ¢ > 0 and completes the proof of
statement (ii). [ |

Application #5: Interconnected stable systems
We consider the interconnection of n dynamical systems
& = fi(t,zi,x—;), forie{l,...,n}, (15.8)
where z; € RVi, N = Z?:l N, and z_; € RV=Ni. We assume the origin is an equilibrium, that is,
fi(t,0n,,0n_n,) =Op,, forallt. (15.9)

We assume that there exist positive definite and differentible functions V;(t, x;) an positive definite functions
¢i(x;), fori € {1,...,n}, such that, for all t, z; € RV and 2_; € RN~V

Vi ov;

(A1) %(t,xi) + fit,zi,On_n,) < —ci¢i(:):z-)2, for some ¢; > 0,

ox;
v g
(A2) H%(t,%) < ¢i(xi) and || fi(t, zi, 2 i) — filt, 2, On-n) | <) 7ij5(x;) for some ;5 > 0.
’ =L

Note that Assumption (A1) is a Lie derivative assumption and Assumption (A2) contains two Lipschitz boundedness
conditions.
Next, define the gain matrix

—C1 .- Yn

1l ..o —Cn

Theorem 15.18 (Stability of interconnected stable system). Consider the interconnected system (15.8) satisfying
the equilibrium condition (15.9), as well as Assumptions (A1) and (A2). If the Metzler gain matrix I is Hurwitz, then
(i) V(t,z) =S I, piVi(t, ;) is alocal Lyapunov function for any diag(p) > 0 satisfying diag(p)I'+I'T diag(p) <
05
(ii) the origin is locally asymptotically stable, and
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(iii) if additionally each V; is proper, then'V is a global Lyapunov function and the origin is globally asymptotically
stable.

Proof. Regarding statement (i), we start by noting that such diagonal matrices exist because I' is Hurwitz Metzler

and Theorem 10.14(vi) applies. Define ¢(z) = [¢1(z1) ... gbn(xn)}-r and compute the Lie derivative of the
candidate Lyapunov function V (¢, ) = > | p;Vi(t, z;) as follows:

—V t,x) En:pl( t, ;) +g::fi(7f,l‘i,$i))

__§3%< tah—%gZﬁ@J%Oqu»

n

oV;
- Zpi%(fi(tv zi,w—;) — fi(t,z,0n_n,))
i=1 v

n n a‘/z
< - Zpi0i¢i($i)2 + Zpi 87 '(t, T, 33_1') — fi(t, x;, ON—Ni) ‘ (15.10)
< —szcm (i) +Z Z pivij$i(@i)5(x;) (15.11)
1=1 j=1,j#1i

:id@(ﬂP+PDM@<Q

for all x such that ¢(x) # 0,,. In this derivation, inequality (15.10) follows from Assumption (A1) and inequal-
ity (15.11) follows from Assumption (A2). Statement (i)-(iii) now follow directly from the Lyapunov Stability
Criteria in Theorem 15.4. |

Remark 15.19 (Conservativeness of stability test). Assumptions (A1)-(A2) are conservative because any inter-
connection is treated as a disturbance and its effect is upper bounded in a conservative way. For example, pick e > 0

and define
d I o —& 1 1 . T1
dt |:332:| o [—1 —5:| |:g;2:| =: Ae |:$2:| : (15.12)

The matrix A has eigenvalues —e + i and so it is Hurwitz for all ¢ > 0. Treating the system as the interconnection

1
of two stable subsystems leads to the gain matrix [ 18 _g] with eigenvalues —e £ 1, which fails to be Hurwitz

whenever e < 1. °

Historical notes and further reading

Classic historical works on stability properties of physical systems include (Lagrange, 1788; Maxwell, 1868; Thomson
and Tait, 1867). Modern stability theory started with the work by Lyapunov (1892), who proposed the key ideas
towards a general treatment of stability notions and tests for nonlinear dynamical systems. Lyapunov’s ideas were
extended by Barbashin and Krasovskii (1952); Krasovskii (1963) and LaSalle (1960, 1968, 1976) through their work
on invariance principles. Other influential works include (Chetaev, 1961; Hahn, 1967).

For comprehensive treatments, we refer the reader to the numerous excellent texts in this area, e.g., including
the classic control texts (Sontag, 1998; Khalil, 2002; Vidyasagar, 2002), the classic dynamical systems texts (Hirsch
and Smale, 1974; Arnol’d, 1992; Guckenheimer and Holmes, 1990), and the more recent works (Haddad and
Chellaboina, 2008; Goebel et al., 2012; Blanchini and Miani, 2015).
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This chapter has treated systems evolving in continuous time. Naturally, it is possible to develop a Lyapunov
theory for discrete-time systems, even though remarkably there are only few references on this topic; see (LaSalle,
1976, Chapter 1). For discrete-time Lyapunov functions for averaging systems we refer to Section 5.3.

Our treatment of Metzler matrices in Section 15.6 is standard, a recent discussion is given by (Rantzer, 2015).

We refer to (Clarke et al., 1998; Cortés, 2008) for a comprehensive review of stability theory for nonsmooth
systems and Lyapunov functions. Properties of the Dini derivatives are reviewed by Giorgi and Komlosi (1992).
The usefulness of Dini derivatives in continuous-time averaging systems is highlighted for example by Lin et al.
(2007); see also (Danskin, 1966) for Danskin’s Lemma.

The treatment of interconnected stable systems in Section 15.9 originates in the method of vector Lyapunov
functions developed by (Bellman, 1962; Matrosov, 1962). Classic references include are (Siljak, 1978, 1991; Laksh-
mikantham et al., 1991).
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oV
lution€ to & = ——
soluti o 8az(m)

_\

(a) Conjecture: each solution converges to one of the two local
minima.

N

t
>

soluti omr =——(x)

7

(c) Conjecture: each solution oscillates around a local minimum
or diverge.

solutions to m#= —g(m) —di
\ t
/ >

(e) Conjecture: each solution converges to one of the two local
minima.

A

trajectories converge to local minima

T
>
(b) Sketch of the motion on the potential energy surface.

A

trajectories oscillate about local minima

A

T
>
(d) Sketch of the motion on the potential energy surface.

trajectories converge to local minima

T
>

(f) Sketch of the motion on the potential energy surface.

Figure 15.5: Numerically computed solutions (left) and graphical visualization of the solutions (right) for the three
example systems with potential energy function V. Parameters are z(0) € {—2,—1,...,14} and m =d = 1.
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A Viog—lin,n (:L')

5 2% 3r  dn >

Figure 15.6: The function Vigg.iin,x(z) =  — k — klog(z/k), with k£ > 0.

A A A

> > \ >
(a) Rectangular level set for global (b) Linear level set for global Lya- (c) Quadratic level set for global
Lyapunov function V; punov function Va2 Lyapunov function V3

Figure 15.7: Level sets of global Lyapunov functions for Hurwitz positive linear systems, as established in Corol-
lary 15.13
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Exercises

E15.1

E15.2

E15.3

E15.4

E15.5

E15.6

The logarithmic-linear function. For £ > 0, define the function Viogin x: R0 — R by

Vlog-lin,m(x) =Tr—K-— Hlog(%)_
Show that

(i) Viog-lin, is continuously differentiable and %Vlog,hnﬁ(x) = (z —R)/z,
(i) Viogin,x(x) > 0 for all 2 > 0 and Viggtin, (¢) = 0 if and only if z = &, and
(111) liHlat—)OJr Viog—linﬂi(x) = hma:—>oo Viog—lin,n(x) = +o00.

Gronwall-Bellman Comparison Lemma. Given continuous functions of time ¢ — a(t) € Rand ¢ — gammal(t) €
R, assume the differentiable signal ¢ — z(t) satisfies the differential inequality

2(t) < a(t)z(t) +y(t).

Show that, for all 0 < s < ¢ € R, with the shorthand A(s,t) = fst a(t)dr,

t
2(t) < eA0:1) 2(0) —|—/ eAmt) ~(T)dr. (E15.1)
0

In other words, z(t) is upper bounded by the solution to the corresponding differential equality.

The negative gradient flow of a strictly convex function. Recall that a function f: R” — R is convex if
flax + By) < af(z)+ Bf(y) for all  # y in R™ and for all «, 5 > 0 satisfying o + § = 1. A function is strictly
convex if the previous inequality holds strictly.

Let f: R™ — R be strictly convex and twice differentiable. Show global convergence of the associated negative
gradient flow, & = f{% (x), to the global minimizer z* of f using the Lyapunov function candidate V(z) =
(v — 2*)T (2 — 2*) and the Krasovskii-LaSalle Invariance Principle in Theorem 15.7.

Hint: Use the global underestimate property of a strictly convex function stated as follows: f(y) — f(x) > % (z)(y—x)
for all distinct x and y in the domain of f.

Region of attraction for an example nonlinear systems. Consider the nonlinear system
T, = —2x1 — 209 — 4x§’x§,
To = —211 — 2T9 — 2x%m2.

Is the origin locally asymptotically stable? What is the region of attraction?

A useful corollary by Barbashin and Krasovskii (1952). Consider a dynamical system (R", f) with differentiable
vector field f and with an equilibrium point z* € R"™.

Assume the continuously-differentiable V': R — R is a weak Lyapunov function, but not a local Lyapunov
function (as defined in Theorem 15.4). In other words, assume V is locally positive-definite about 2* (Assumption (L1))
and .Z;V is locally negative-semidefinite about * (Assumption (L2)), but .Z; V" is not locally negative-definite
about z* (Assumption (L3)). Then Lyapunov Theorem 15.4 implies that z* is stable but not necessarily locally
asymptotically stable.

Now, assume:

(L7) {z*} is the only positively invariant setin {z € W | Z;V () = 0}, where W be a neighborhood of * on which

V is positive-definite and £+ V' is negative-semidefinite.

Prove that Assumptions (L1), (L2) and (L7) imply the equilibrium point x* is locally asymptotically stable.

Limit sets of dynamical systems. Consider the following nonlinear dynamical system
i1 = 4tz — fi(x) (22 + 223 — 4), (E15.2a)
By = =223 — fo(wo)(2? + 223 — 4), (E15.2b)
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where the differentiable functions f;(x), f2(z) have the same sign as their arguments, i.e., z; f;(x;) > 0if z; # 0,
£i(0) = 0, and f/(0) > 0. This vector field exhibit some very unconventional limit sets. In what follows you will
investigate this vector field and show that each trajectory converge to an equilibrium, but that none of the equilibria
is Lyapunov stable.

(i) Show that & = {z € R? | 27 + 223 = 4} is an invariant set. Calculate the equilibria on the set £.
(i) Show that all trajectories converge either to the invariant set £ or to the origin (0, 0).
(iii) Determine the largest invariant set inside &, such that all trajectories originating in £ converge to that set.
(iv) Show that the origin (0, 0) and all equilibria on & are unstable, i.e., not stable in the sense of Lyapunov. Sketch the
vector field.
E15.7 An invariant triangle. Consider the dynamical system
Ty = —x2 + 122,
. 1
Ty =T+ 5(1"% —a3).
Show that
(i) the equilibrium points A = (—2,0), B = (1, —\/g), and C' = (1, \/3) are unstable (note that A, B, and C are not
the only equilibrium points);
(i) the triangle D defined by three points A, B, C is positively invariant, that is, trajectories starting in D do not
leave D; and
Hint: Show that trajectory cannot leave D through any of the line segments AB, BC', and C'A.
(iii) the energy function
Lo oy, 1 2 1 3
V(ai,x9) = =5 (2] +a3) + 5 (z123 — a7)
2 2 3
is conserved along the trajectories of the dynamical system.
E15.8 The continuous-time Hopfield neural network (Hopfield, 1982). Consider the additive RC model of a neuron:

1 .
Cit; + Exl =1I;+ ]; WijYj, (E15.3)

where the neuron internal voltage is z; and the neuron output voltage is
yi = g(xi). (E15.4)

Here (i) w;; are conductances of the neural network; we assume the network is undirected and weighted, and (ii) as
monotonically-increasing activation function g, we adopt g(z) = tanh(z/2) and note its monotonically-increasing
inverse g~ (y) = — log((1 — y)/(1 +1)).

current
source

I

input
voltages

activation i out put
function ¢ voltages

If
MM,
YWYy
=z

Figure E15.1: Additive model of neuron with current summing junction.
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Define the energy function of the network by

1 & 1 Yi

i,j=1 i=1
and perform the following steps:

(i) discuss the energy landscape with numerous minima,
(if) characterize as best as possible the equilibria of the system,
(iii) will the trajectories of this system either converge to one of the equilibria, or oscillate or behave in some other
way?

Note: (Haykin, 2008, Chapter 13) reviews numerous neurodynamics results; e.g., see Section 13.7 on the Hopfield network.
A nice discussion can also be found at http: //www.scholarpedia.org/ article/Hopfield _network

E15.9 Persidskii models (Persidskii, 1969; Kaszkurewicz and Bhaya, 1993). Given a matrix A € R"*" and a diagonal
continuous map ®: R™ — R", define the Persidskii dynamical system

&= A®(z) = frer(). (E15.6)

By diagonal map we mean that ®(z) = [¢1(z1) ... &n(zy)] T, Assume there exists a positive vector p € RZ
such that A satisfies the stability LMI
diag(p)A 4+ AT diag(p) < 0.

Such a matrix A is said to be diagonally stable. Define the function V': R” — R by

Viz)= Zpi/o i oi(2)dz. (E15.7)
i=1

Show that
(i) V is continuously differentiable and satisfies
Lo V(z) = 30(2)" (diag(p)A + AT diag(p)) ®(z); (E15.8)

(i) if $;(0) = 0and ¢;(y)y > Oforeachi € {1,...,n} andforall y € R\ {0}, then V is globally positive-definite
and %%,V (x) is globally negative-definite about 0,,. The equilibrium 0,, is therefore locally asymptotically stable
for fper, and

(iii) if additionally [, ¢;(z)dz — oo as |x;| — oo for all i, then V' is proper and 0,, is globally asymptotically stable
for fPer-
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CHAPTER ] 6

Lotka-Volterra Population Dynamics

In this chapter we study the behavior of the Lotka-Volterra population model, that was introduced in Section 14.1.
First we illustrate the behavior of the 2-dimensional model via simple phase portraits. Then, using Lyapunov
stability theory from Chapter 14 we provide sufficient conditions for the general n-dimensional model to have a
globally asymptotically stable point. As a special case, we study the case of cooperative models.

Recall that the Lotka-Volterra vector field for n > 2 interacting species, as given in equation (14.3), is

& = diag(z) (Az + 1) =t fuv(z), (16.1)

where the matrix A = [a;;] is called the interaction matrix, and the vector 7 is called the intrinsic growth rate. In
components, &; = x; Z?Zl(aijxj + 7).

16.1 Two-species model and analysis
In this section we consider the two-species Lotka-Volterra system

i1 = x1(r1 4 an®1 + aaws), (16.2)
‘fQ = xQ(TQ -+ a21x1 + a22$2)7 '

with parameters (11, 72) and (a11, a12, a21, asz). It is possible to fully characterize the dynamics behavior of this
system as a function of the six scalar parameters. As explained in Section 14.1, to model bounded resources, our
standing assumptions are:

r; >0, and a; < 0, fori € {1,2}.

We study various cases depending upon the sign of a2 and as;.
To study the phase portrait of this two-dimensional system, we establish the following details:
(i) along the axis x5 = 0, there exists a unique non-trivial equilibrium point z = —r1/a11;
(ii) similarly, along the axis 21 = 0, there exists a unique non-trivial equilibrium point % = —7r3/ags;

(iii) the x1-null-line is the set of points (x1, x2) where £; = 0, that is, the line in the (x1, z2) plane defined by
r1+ a1 + ajgre = 05

(iv) similarly, the xo-null-line is the (z1, z2) plane defined by 73 + ag1x1 + agexs = 0.

Clearly, the z;-null-line (respectively the x5-null-line) passes through the equilibrium point =] (respectively x3).
In what follows we study the cases of mutualistic interactions and competitive interactions. We refer to
Exercise E16.2 for a specially-interesting case of predator-prey interactions.
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Mutualism

Here we assume inter-species mutualism, that is, we assume both inter-species coefficients a2 and ag; are positive.
We identify two distinct parameter ranges corresponding to distinct dynamic behavior and illustrate them in
Figure 16.1.

Lemma 16.1 (Two-species mutualism). Consider the two-species Lotka-Volterra dynamical system (16.2) with
parameters (r1,72) and (a11, a12, az1, ase). Assume the interaction is mutualistic, i.e., assume a2 > 0 and az; > 0.
The following statements hold:

CaseI: ifajpas < aijagg, then there exists a unique positive equilibrium point (7, x%), solution to

air az| (21| _ |71
a1 a| (x5 ro|’
and all trajectories starting in R2 ;| converge to it;

Case II: otherwise, if ajoa21 > ay1a22, then there exists no positive equilibrium point and all trajectories starting in
R2,, diverge.

' i D e o e e
N e
e e S
l NN\ S ==
gl AT 3 =
E i = e
| :::: I ///////)v//%//'/(‘///j
*lL, - T *|L1 / 7 ///: /;V/;';://,;';' e %};null—lfr{e
R T e AN
———— o T L
] = —r1/an - — ;7{: —;1/6111 - i
Case I: a12 > 0, az1 > 0, a12a21 < aii1az2. There exists a Case II: a12 > 0, az1 > 0, ai2a21 > aiiasze. There exists no
unique positive equilibrium point. All trajectories starting in RZ positive equilibrium point. All trajectories starting in R% ; diverge.

converge to the equilibrium point.

Figure 16.1: Two possible cases of mutualism in the two-species Lotka-Volterra system

Competition

Here we assume inter-species competition, that is, we assume both inter-species coefficients a12 and ag; are
negative. We identify four (two sets of two) distinct parameter ranges corresponding to distinct dynamic behavior
and illustrate them in Figures 16.2 and 16.3.

Lemma 16.2 (Two-species competition with a positive equilibrium). Consider the two-species Lotka-Volterra

system (16.2) with parameters (r1,r2) and (a11, a12, as1, age). Assume the interaction is competitive, i.e., assume

a1z < 0 and az; < 0. The following statements hold:

Case III: if?’g/’(lgg’ < r1/|a12| and rl/\a11| < r2/|a21
attracts all trajectories starting in R2>0;

, then there exists a unique positive equilibrium, which
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16.1. Two-species model and analysis 257

CaseIV: ifri/|a1a] < ro/|age| andra/|as1| < r1/|a11], then the equilibrium in ]R2>0 is unstable; all trajectories (ex-
cept the equilibrium solution) converge either to the equilibrium (—r1/a11,0) or to the equilibrium (0, —r2/as2).

As for Case I, for Cases III and IV, it is easy to compute the unique positive equilibrium point (z7, z3) as the

*
. ain a x r
solution to |+ 712 H=- 1.
a1 G2 [Ty 2

47“1/6112
-
-

\\ —~—

_T\‘_\:iazz
o %
IR

i

X

I

|

I

T

T

}E&hxg—null-linc

e —e B>
—r1/an —ry/an
Case III: a12 < 0, az1 < 0, 72/|azz| < ri/|aiz2|, and r1/|a11| < Case [V: a12 < 0, a21 < 0, 71/|a12| < r2/|azz|, and r2/|az1| <
r2/|a21|. There exists a unique positive equilibrium, which attracts r1/|a11]- The equilibrium in R2>0 is unstable; all trajectories (ex-
all trajectories starting in RZ. cept the equilibrium solution) converge either to the equilibrium

(—r1/a11,0) or to the equilibrium (0, —rz/az2).

Figure 16.2: Two competition cases with an equilibrium in the two-species Lotka-Volterra system

Lemma 16.3 (Two-species competition without positive equilibria). Consider the two-species Lotka-Volterra
system (16.2) with parameters (7“1, 7"2) and (an, aiz, as1, a22). Assume the interaction is competitive, i.e., assume
a12 < 0 and ag; < 0. The following statements hold:

, then there exists no equilibrium in R2>0 and all trajectories

Case V: ifry/|age| < ri/|aia| and ro/las| < ri/|ann
starting in R2 ) converge to the equilibrium (—r1/a11,0);

Case VI: ifri/|ai1a| < ra/|age| andry/|ai1| < ro/|as1]|, then there exists no equilibrium in ]R2>0 and all trajectories

starting in R2 ) converge to the equilibrium (0, —r2/as2).
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—T1/a12
o>
-
7

—7”2/Aa22
ys
/

—T2/a21 —7“1/6111

Case V: a1z < 0,a21 <0, r2/|a22| < T1/|a12|, and r2/|a21| <
r1/|a11]. There exists no equilibrium in RZ,. All trajectories

starting in R, converge to the equilibrium (—r1 /a1, 0).

—7”2/(122

4/"‘/ -

\\ ——zo-null-line-

s NN
§ | ) /)>/L 5?‘}1‘1;11%:—‘—_:::
) ////"é/i{/?jﬁi&\\._
— o>

—ri/a11 —7r2/ a1

Case VI: a12 < 0, a21 < 0, 7“1/|(l12| < r2/|a22|, and T1/‘d11| <
r2/|az1|. There exists no equilibrium in RZ,. All trajectories
starting in R%, converge to the equilibrium (0, —r2/az22).

Figure 16.3: Two competition cases without equilibria in the two-species Lotka-Volterra system

General results for Lotka-Volterra models

We have seen some variety of behavior in the 2-species Lotka-Volterra model (16.2). Much richer dynamical
behavior is possible in the n-species Lotka-Volterra model (14.3), including persistence, extinction, equilibria,
periodic orbits, and chaotic evolution. In what follows we focus on sufficient conditions for the existence and

stability of equilibrium points.

Lemma 16.4 (Lotka-Volterra is a positive system). Forn > 2, the Lotka-Volterra system (16.1) is a positive
system, i.e., x(0) > 0 implies z(t) > O for all subsequent t. Moreover, if ©;(0) = 0, then z;(t) = 0 for all subsequent

t.

Therefore, without loss of generality, we can assume that all initial conditions are positive vectors in RZ . In
other words, if a locally-asymptotically stable positive equilibrium exists, the best we can hope for is to establish
that its region of attraction is RZ . We are now ready to state the main result of this section.

Theorem 16.5 (Sufficient conditions for global asymptotic stability). For the Lotka-Volterra system (16.1)
with interaction matrix A and intrinsic growth rate r, assume

definite, and

(A2) the unique equilibrium point x* = — A~ 1r is positive.

Then x* is globally asymptotically stable on RZ .

(A1) A is diagonally stable, i.e., there exists a positive vector p € R, such that diag(p)A + AT diag(p) is negative

Proof. Note that A diagonally stable implies A Hurwitz and invertible. For x > 0, recall the logarithmic-linear
function Vigin,x : R>0 — R illustrated in Figure 15.6 and defined by

Vioglinx(2) =2 — Kk — nlog(%).
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Assumption (A2) allows us to define V': RY; — Rx>q by

sz log-lin,z} () sz T —x; — T Iog(xz/li;k))

From Exercise E15.1 we know that the function Viogin » is continuously differentiable, takes non-negative values
and satisfies Vlog_lin,,{(fvi) = (0 if and only if z; = k. Moreover, this function is unbounded in the limits as z; — oo
and z; — 0. Therefore, V is globally positive-definite about z* and proper.

Next, we compute the Lie derivative of V along the flow of the Lotka-Volterra vector field fry(z) = diag(z)(Az+
r). First, compute dia:iViOg‘thf (i) = (xj — xF) /x4, so that

LV ( sz T ()

Because A is invertible and z* = — A~ 1r, we write Az + r = A(x — z*) and obtain

Li V() = pilwi — 27) (Al — 27));
i=1
= (x — x*)TAT diag(p)(z — z*)

1 . : . *
= 5 (o —a")T(AT diag(p) + diag(p)A4) (v — =),
where we use the equality y" By = y" (B + BT)y/2 for all y € R" and B € R™*". Assumption (A1) now implies
that £, V() < 0 with equality if and only if x = x*. Therefore, £,V is globally negative-definite about x*.
According to the Lyapunov Stability Criteria in Theorem 15.4, z* is globally asymptotically stable on RZ,. W

Note: Assumption (A2) is not critical and, via a more complex treatment, a more general theorem can be
obtained. For example, under the diagonal stability Assumption (A1), (Takeuchi, 1996, Theorem 3.2.1) shows the
existence of a unique non-negative and globally stable equilibrium point for each » € R"; this existence and
uniqueness result is established via a linear complementarity problem.

Cooperative Lotka-Volterra models

In this section we focus on the case of Lotka-Volterra systems with only mutualistic interactions. In other words,
we consider systems whose interaction terms satisfy a;; > 0 for all ¢ and j. For such systems, whenever i # j we
know

0
%j(fLV)i(l') = ziai; > 0,

so that the Jacobian matrix of such systems is Metzler everywhere in R>. Such systems are called cooperative.

We recall from Section 10.2 the properties of Metzler matrices. For example the Perron-Frobenius Theorem 10.2
for Metzler matrices establishes the existence of a dominant eigenvalue. Metzler matrices have so much structure
that we are able to provide the following fairly comprehensive characterization: (1) Metzler matrices with a
positive dominant eigenvalue have unbounded solutions of the Lotka-Volterra model (see Lemma 16.6 below),
and (2) Metzler matrices with a negative dominant eigenvalue (and positive intrinsic growth rate) have a globally
asymptotically-stable equilibrium point (see Theorem 16.7 below).

We start with a sufficient condition for unbounded evolutions.
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Lemma 16.6 (Unbounded evolutions for unstable Metzler matrices). Consider the Lotka-Volterra system (16.1)
with interaction matrix A and intrinsic growth rate r. If A is a Metzler matrix with a positive dominant eigenvalue,
then

(i) there exist solutions that diverge in finite time starting from R, and
(ii) if r > 0, then all solutions starting from R~ diverge in finite time.

Proof. Let A > 0and w > 0, with 1] w = 1 be the dominant eigenvalue and left eigenvector of A, whose existence
and properties are established by the Perron-Frobenius Theorem 10.2 for Metzler matrices. Define W : RZ; — R+q
as the following weighted geometric average:

W(z) = I,z
Along the flow of the Lotka-Volterra system, simple calculations show

ow(xz) 1
oz, wlmiW(m)

&
— fLV sz fLV z —wT(A.%'—i-T) :’LUT()\.Z‘—l—T).

Generalizing the classic inequality (a + b)/2 > (ab)'/? for any a, b € R, we recall from (Lohwater, 1982) the
weighted arithmetic-geometric mean inequality: w' x > 7, x;” for any x € R?; and w € RZ, with Vw=1.
Additionally, we note that the inequality holds also for non- negatlve vectors w. Therefore, we have

jvaW(x)

W) =w! Az +7r) > NI 2 +w'r = AW (z) +w'r,

so that
LW () > W(2) AW (2) +w'r).
This inequality implies that, for any z(0) such that W (x(0)) > —wTr/), the function ¢ — W (z(t)) and, therefore

at least one of the entries of the state x(t), goes to infinity in finite time. This concludes the proof of statement (i).
Statement (ii) follows by noting that r > 0 implies W (x(0)) > —w'r/X for all z(0) € RZ,,. [ |

Note: this lemma is true for any interaction matrix A that has a positive left eigenvector with positive eigenvalue.
We next provide a sufficient condition for global convergence to a unique equation® point.

Theorem 16.7 (Global convergence for cooperative Lotka-Volterra systems). For the Lotka-Volterra sys-
tem (16.1) with interaction matrix A and intrinsic growth rate r, assume

(A3) the interaction matrix A is Metzler and Hurwitz, and
(A4) the intrinsic growth rate is positive, r > 0.

Then there exists a unique interior equilibrium point x* and x* is globally attractive on RZ .

Proof. We leave it to the reader to verify that, based on Assumptions (A3) and (A4), the Assumptions (A1) and (A2)
of Theorem 16.5 are satisfied so that its consequences hold. |

Note: In (Baigent, 2010, Chapter 4), Theorem 16.7 is established via the Lyapunov function V (z) = maX;c(1. . . n}
where z* is the equilibrium point and £ = (1, . .., &,) is the positive vector with respect to which the Metzler
Hurwitz matrix A has negative weighted row sums, as in the Metzler Hurwitz Theorem 10.14(iv).
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Historical notes and further reading

The Lotka-Volterra population models are one the simplest and most widely adopted frameworks for modeling the
dynamics of interacting populations in mathematical ecology. These equations were originally developed in (Lotka,
1920; Volterra, 1928).

An early reference for the analysis of the 2-species model is (Goh, 1976). Early references for the key stability
result in Theorem 16.5 are (Takeuchi et al., 1978; Goh, 1979).

Textbook treatment include (Goh, 1980; Takeuchi, 1996; Baigent, 2010). For a more complete treatment of the
n-special model, we refer the interested reader to (Takeuchi, 1996; Baigent, 2010). For example, Baigent (2010)
discusses conservative Lotka-Volterra models (Hamiltonian structure and existence of periodic orbits), competitive
and monotone models.

We refer to the texts (Hofbauer and Sigmund, 1998; Sandholm, 2010) for comprehensive discussions about the
connection with between Lotka-Volterra models and evolutionary game dynamics.
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16.5 Exercises

E16.1 Proofs for 2-species behavior. Provide proofs for Lemmas 16.1, 16.2, and 16.3.

E16.2 The 2-dimensional Lotka-Volterra predator/prey dynamics. In this exercise we study a 2-dimensional preda-
tor/prey model. We specialize the general Lotka-Volterra population model to the following set of equations:

#(t) = o (t) — fr(t)y(t),

§(t) = —yy(t) + dx(t)y(t), (E16.1)

where x is the non-negative number of preys, y is the non-negative number of predators individuals, and «, 3, and ~y
are fixed positive systems parameters.

(i) Compute the unique non-zero equilibrium point (z*, y*) of the system.
(ii) Determine, if possible, the stability properties of the equilibrium points (0,0) and (z*,y*) via linearization
(Theorem 15.10).
(ili) Define the function V(z,y) = —dx — Sy + v1In(x) + aIn(y) and note its level sets as illustrated in Figure (£16.1).

a) Compute the Lie derivative of V' (z,y) with respect to the Lotka-Volterra vector field.
b) What can you say about the stability properties of (z*, y*)?
c) Sketch the trajectories of the system for some initial conditions in the z-y positive orthant.

Figure E16.1: Level sets of the function V' (z, y) for unit parameter values

E16.3 Unbounded evolutions caused by an unstable dominant eigenvalue. State and prove a version of Lemma for
matrices that are not necessarily Metzler, but that have a dominant eigenvalue and eigenvector (in a certain sense to
be specified).
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CHAPTER 1 7

Networks of Kuramoto Coupled Oscillators

In this chapter we continue our discussion about coupled-oscillator models and their behavior. Starting from
the basic models discussed in Section 14.2, we here focus on characterizing synchronization and other dynamic
phenomena.

Recall the two main models. Given an undirected weighted graph with adjacency matrix A and with n nodes,
and given frequencies w € R", the coupled-oscillators model (14.4) is

éi:wi—Zazjsin(Gi—ﬁj), (S {1,...,77,}. (17'1)
Jj=1

Moreover, given an undirected unweighted graph with n nodes, frequencies w € R”, and coupling constant K,
the Kuramoto model (14.5), is

) K<
Rl in(0;, — 0. i 1,... ) 2
0; = w; - ;sm(ﬁl 6;), ie{l,...,n} (17.2)

17.1 Preliminary notation and analysis

17.1.1 The geometry of the circle and the torus

Parametrization The unit circle is S. The torus T" is the set consisting of n-copies of the circle. We parametrize
the circle S' by assuming (i) angles are measured counterclockwise, (ii) the 0 angle is the intersection of the unit
circle with the positive horizontal axis, and (iii) angles take value in [—, 7].

Geodesic distance The clockwise arc length from 0; to 0; is the length of the clockwise arc from ¢; to 6;. The
counterclockwise arc length is defined analogously. The geodesic distance between 0); and 0; is the minimum
between clockwise and counterclockwise arc lengths and is denoted by |0; — 6;|. In the parametrization:

diStcc(Ql, 92) = mod((92 — 01), 271'), diStc(gl, 92) = mod((91 — 92), 271')
|91 — 02| = min{distc(Hl, 02), distcc(Gl, 92)}

Arc subset and cohesive subset of the n-torus Let G be an undirected weighted connected graph and let
v €10, ).
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(i) The arc subset Tye(y) C T is the set of (61,...,0,) € T" such that there exists an arc of length v in St
containing all angles 61, . . ., 6,. The set I'(~y) is the interior of T'5c(7y);

(ii) The cohesive subset AG () C T™ is

AG(')/) ={0eT"| |0; — 0] <~, foralledges(i,j)}.

Note:

(i) For example, § € Ty(7) implies all angles 61, . . . , 6,, belong to a closed half circle.

(ii) Clearly, Tore(7) € A%(y) for any graph G. The converse is not true in general. For example, {# € T" | |6; —
6| < mforalli,j} is equal to the entire T™. A weak converse statement is studied in Exercise E17.1.

(iil) If0 = (0y,...,0,) € Tac(m), then average(0) is well posed. (The average of n angles is ill-posed in general,
e.g., there is no reasonable definition of the average of two diametrically-opposed points.)

Rotations Given the angle o € [—, 7[, the rotation of the n-tuple § = (04,...,6,,) € T"™ by «, denoted by
rot, (6), is the counterclockwise rotation of each entry (61, ..., 6,) by . For § =€ T", we also define its rotation
set to be

[0] = {rotn(0) € T" | a € [—m, 7[}.
The coupled oscillator model (17.1) is invariant under rotations, that is, given a solution §: R>y — T" to the

coupled oscillator model, a rotation of rot, (0(¢)) by any angle « is again a solution.

Synchronization notions

Consider the following notions of synchronization for a solution §: R>o — T":

Frequency synchrony: A solution §: R>o — T" is frequency synchronized if 0;(t) = éj (t) for all time ¢ and for
all 7 and j.

Phase synchrony: A solution 0: R>¢ — T" is phase synchronized if 0;(t) = 6;(t) for all time ¢ and for all ¢ and
J-

Phase cohesiveness: A solution 6: R>q — T" is phase cohesive with respect to v > 0 if one of the following
conditions holds for all time ¢:

(i) 6(t) € Tare(7y); or
(ii) O(t) € A%(v), for a graph of interest G.

Asymptotic notions: We will also talk about solutions that asymptotically achieve certain synchronization
properties. For example, a solution 6: R>q — T achieves phase synchronization if lim;_,« |0;(t) — 6;(t)| =
0. Analogous definitions can be given for asymptotic frequency synchronization and asymptotic phase
cohesiveness.

Finally, notice that phase synchrony is the extreme case of all phase cohesiveness notions with v = 0.
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Preliminary results

We have the following result on the synchronization frequency.

Lemma 17.1 (Synchronization frequency). Consider the coupled oscillator model (17.1) with frequencies w € R"
defined over a connected weighted undirected graph. If a solution achieves frequency synchronization, then it does so
with a constant synchronization frequency equal to

1 n

A

Wsyne = - E w; = average(w).
i=1

Proof. This fact is obtained by summing all equations (17.1) for ¢ € {1,...,n}. [

Lemma 17.1 implies that, by expressing each angle with respect to a rotating frame with frequency wsyn. and
by replacing w; by w; — Wsyne, we obtain wgyne = 0 or, equivalently, w € 1. In this rotating frame a frequency-
synchronized solution is an equilibrium. Due to the rotational invariance of the coupled oscillator model (17.1), it
follows that if * € T" is an equilibrium point, then every point in the rotation set

0] = {0 € T" | roto(07) , € [, 7[}

is also an equilibrium. We refer to [0*] as an equilibrium set.
We have the following important result on local stability properties of equilibria.

Lemma 17.2 (Linearization and frequency synchronization). Consider the coupled oscillator model (17.1) with
frequencies w € 1;- defined over a connected weighted undirected graph with incidence matrix B. The following
statements hold:

(i) (Jacobian:) the Jacobian of the coupled oscillator model at 6 € T" is
J(0) = —Bdiag({ai; cos(6; — 0;)} s jyer) BT

(ii) (local stability:) if there exists an equilibrium 0* € AC(v), v < /2, then
a) —J(0*) is a Laplacian matrix; and
b) the equilibrium set [0*] is locally exponentially stable;

(iii) (frequency synchronization:) if a solution 6(t) is phase cohesive in the sense that 0(t) € A%(v), v < 7/2, for
allt > 0, then there exists a phase cohesive equilibrium 0* € A%(v) and 0(t) achieves exponential frequency
synchronization converging to [0*].

Proof. We start with statements (i) and (ii)a. Given § € T", we define the undirected graph Gosine () with the
same nodes and edges as G and with edge weights a;; cos(6; — 6;). Next, we compute

0 n . .
%(Wi - Zj:1 a;jsin(f; — 0j)) = - ijl aij cos(0; — 0;),

aé;j(wi - Z:Zl a;k, sin(6; — 0x)) = ag; cos(6; — 0;).
Therefore, the Jacobian is equal to minus the Laplacian matrix of the (possibly negatively weighted) graph G osine (€)
and statement (i) follows from Lemma 9.1. Regarding statement (ii)a, if [0 — 07| < 7/2 for all {1, j} € E, then
cos(#; —07) > Oforall {i,j} € E, so that Geosine(¢) has strictly non-negative weights and all usual properties of
Laplacian matrices hold.

To prove statement (ii)b notice that J(6*) is negative semidefinite with the nullspace 1,, arising from the
rotational symmetry. All other eigenvectors are orthogonal to 1,, and have negative eigenvalues. We now restrict
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our analysis to the orthogonal complement of 1,,: we define a coordinate transformation matrix Q € R(»—1)xn

with orthonormal rows orthogonal to 1,,

an = On—l and QQT = In—1,

and we note that Q.J(6*)Q" has negative eigenvalues. Therefore, in the original coordinates, the zero eigenspace
1,, is exponentially stable. Theorem 15.10 implies that the equilibrium set [6*] is locally exponentially stable.
Regarding statement (iii), define z;(t) = 0;(t). Then &(t) = J(6(t))x(t) is a time-varying averaging system.
The associated undirected graph has time-varying yet strictly positive weights a;; cos(6;(t) —0;(t)) > a;; cos(y) >
0 for each {i, j} € E. Hence, the weighted graph is connected for each ¢t > 0. From the analysis of time-varying
averaging systems in Theorem 12.9, the exponential convergence of z(t) to average(x(0))1,, follows. Equivalently,
the frequencies synchronize. By continuity, the limiting value of §(¢) must be an equilibrium. |

The order parameter and the mean field model

An alternative synchronization measure (besides phase cohesiveness) is the magnitude of the order parameter

. 1 .
rel? — - 2;21 el (17.3)

The order parameter (17.3) is the centroid of all oscillators represented as points on the unit circle in C!. The
magnitude r of the order parameter is a synchronization measure:

« if the oscillators are phase-synchronized, then r = 1;
« if the oscillators are spaced equally on the unit circle, then r = 0; and
« for r € |0, 1] and oscillators contained in a semi-circle, the associated configuration of oscillators satisfy a

certain level of phase cohesiveness; see Exercise E17.2.

By means of the order parameter 7¢l¥’ the all-to-all Kuramoto model (17.2) can be rewritten in the insightful
form

0; = wi — Krsin(0; —¢), i€{l,...,n}. (17.4)

(We ask the reader to establish this identity in Exercise E17.3.) Equation (17.4) gives the intuition that the oscillators
synchronize because of their coupling to a mean field represented by the order parameter rel?, which itself is a
function of 6(¢). Intuitively, for small coupling strength K each oscillator rotates with its distinct natural frequency
w;, whereas for large coupling strength K all angles 6;(t) will entrain to the mean field ¢!¥, and the oscillators
synchronize. The transition from incoherence to synchrony occurs at a critical threshold value of the coupling
strength, denoted by Kyitical-

Synchronization of identical oscillators

We start our discussion with the following insightful lemma.

Lemma 17.3. Consider the coupled oscillator model (17.1). If w; # w; for some distincti,j € {1,...,n}, then the
oscillators cannot achieve phase synchronization.

Proof. We prove the lemma by contradiction. Assume that all oscillators are in phase synchrony 6;(t) = 6;(t) for
t>0andi,j € {1,...,n}. Then equating the dynamics, 6;(t) = 0;(t), implies that w; = w;. [
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We now consider oscillators with identical natural frequencies, w; = w € Rfor all i € {1,...,n}. By working
in a rotating frame with frequency w, we have w = 0. Thus, we consider the model

A n . .

0; = _ijl a;jsin(f; — 0;), ie{l,...,n}. (17.5)
Notice that phase synchronization is an equilibrium of the this model. Conversely, phase synchronization cannot
be an equilibrium of the original coupled oscillator model (17.1) if w; # wj.
An averaging-based approach

Let us first analyze the coupled oscillator model (17.5) with initial conditions restricted to an open semi-circle,
0(0) € Tarc(7y) for some «y € [0, 7[. In this case, the oscillators remain in a semi-circle at least for small times ¢ > 0
and the two coordinate transformations

x;(t) = tan(0;(t)) (withz; € R), and y;(¢t) =0;(t) (withy; € R)

are well-defined and bijective (at least for small times).
In the z;-coordinates, the coupled oscillator model reads as the time-varying continuous-time averaging system

Bi(t) = =D bt at) = (1)), (17.6)

where b;;(t) = aij/(1+ 2i(t)2)/(1 + x;(t)?) and b;;(t) > a;j cos(v/2); see Exercise E17.7 for a derivation.
Similarly, in the y;-coordinates, the coupled oscillator model reads as

gi(t) = =3 ei(wilt) (1), (17.7)

where ¢;;(t) = a;;sinc(y;(t) — y;(t)) and ¢;5(t) > a;; sinc(v). Notice that both averaging formulations (17.6) and
(17.7) are well-defined as long as the the oscillators remain in a semi-circle I’y (7y) for some v € [0, 7].

Theorem 17.4 (Phase cohesiveness and synchronization in open semicircle). Consider the coupled oscillator
model (17.5) with identical frequencies defined over a connected weighted undirected graph with Laplacian matrix L.
Then

(i) (phase cohesiveness:) for each~y € [0, 7| each solution originating in T ac () remains in Torc(7y) for all times;
(ii) (asymptotic phase synchronization:) each trajectory originating in Iy (7y) fory € [0, 7| achieves exponential
phase synchronization, that is,

16(t) — average(8(0))1,||2 < [|#(0) — average(6(0))1, |2, (17.8)
where A\ps = — o (L) cos(v/2).

Proof. Consider the averaging formulations (17.6) and (17.7) with initial conditions 6(0) € T's.() for some
v € [0, w[. By continuity, for small positive times ¢ > 0, the oscillators remain in a semi-circle, the time-varying
weights b;;(t) > a;j(cos(v/2) and ¢;(t) > a;jsinc(7y) are strictly positive for each {7, j} € E, the associated
time-dependent graph is connected. As one establishes in the proof of Theorem 12.9, the max-min function Vipax-min,
defined in equation (5.14), evaluated along the solutions to the time-varying consensus systems (17.6) and (17.7)
are strictly decreasing for until consensus is reached.

Thus, the oscillators remain in I',c(7) phase synchronization exponentially fast. Since the graph is undirected,
we can also conclude convergence to the average phase. Finally, the explicit convergence estimate (17.8) follows,
for example, by analyzing (17.6) with the disagreement Lyapunov function and using b;;(t) > a;jcos(y/2). W
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The potential landscape, convergence and phase synchronization

The consensus analysis in Theorem 17.4 leads to a powerful result but is inherently restricted to a semi-circle.
To overcome this limitation, we use potential functions as an analysis tool. Inspired by Examples #1 and #3 in
Section 14.2, define the potential function U: T" — R by

u) = Z aij(l — cos(#; — GJ)) . (17.9)

{ij}eE
Then the coupled oscillator model (17.1) (with all w; = 0) is identical to the negative gradient flow

: ou(h)
0=—F—. 17.10
50 (17.10)
Among the many critical points of the potential function U in equation (17.9), each point in the set of phase-
synchronized angles is a global minimum of U. This fact can be easily seen since each summand in (17.9) is bounded

in [0, 2a;;] and the lower bound is reached only if neighboring oscillators are phase-synchronized.

Theorem 17.5 (Phase synchronization). Consider the coupled oscillator model (17.5) with identical frequencies
defined over a connected weighted undirected graph. Then

(i) (global convergence:) for all initial conditions (0) € T", the phases 0;(t) converge to the set of critical points
{6 € T" | 0U(0)/00 = 0,,}; and
(ii) (local stability:) phase synchronization is a locally exponentially stable equilibrium set.

Proof. Since the coupled oscillator model (17.1) is a negative gradient flow, we can apply Theorem 15.14. Note that U
is analytic and the state space is the compact manifold T". Specifically, statement (i) is statement Theorem 15.14(i).
Statement (ii) follows from the Jacobian result in Lemma 17.2 and Theorem 15.10. [

Theorem 17.5 together with Theorem 17.4 gives a fairly complete picture of the local convergence and phase
synchronization properties of the coupled oscillator model (17.5). Regarding global properties, a stronger result
can be made in case of an all-to-all homogeneous coupling graph, that is, for the Kuramoto model (17.2).

Corollary 17.6 (Almost global phase synchronization for the Kuramoto model). Consider the Kuramoto
model (17.2) with identical natural frequencies w; = wj foralli,j € {1,...,n}. Then for almost all initial conditions
in T, the oscillators achieve phase synchronization.

Proof. For identical natural frequencies, the Kuramoto model (17.2) can be put in rotating coordinates so that
w; =0foralli € {1,...,n}; see Section 17.2. The Kuramoto model reads in the order-parameter formulation
(17.4) as

0; = —Krsin(6; —), ie{l,...,n}. (17.11)

The associated potential function reads as (see Exercise E17.5)

U(Q) = Z aij(l - COS(Q,’ - 9])) = ?(1 _ 7‘2) , (17.12)
{i,j}€FE

and its unique global minimum is obtained for r = 1, that is, in the phase-synchronized state. By Theorem 17.5, all
angles converge to the set of equilibria which are from (17.11) either (i) » = 0, (ii) » > 0 and in-phase with the
order parameter 0; = 1, or (iii) 7 > 0 and out-of-phase with the order parameter 0; = ¢ + k7 for k € Z \ {0}
foralli € {1,...,n}. In the latter case, any infinitesimal deviation from an out-of-phase equilibrium causes the
potential (17.12) to decrease, that is, the out-of-phase equilibria are unstable. Likewise, the equilibria with r = 0
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correspond to the global maxima of the potential (17.12), and any infinitesimal deviation from these equilibria
causes the potential (17.12) to decrease. It follows that, from almost all initial conditions’, the oscillators converge
to phase-synchronized equilibria §; = ¢ for alli € {1,...,n}. [

Phase balancing

Applications in neuroscience, vehicle coordination, and central pattern generators for robotic locomotion motivate
the study of coherent behaviors with synchronized frequencies where the phases are not synchronized, but rather
dispersed in appropriate patterns. While the phase-synchronized state can be characterized by the order parameter
r achieving its maximal (unit) magnitude, we say that a solution §: R>¢ — T" to the coupled oscillator model (17.1)
achieves phase balancing if all phases 6; asymptotically converge to the splay set

(6T |r(6) =| Z:ZI e /n| =0},

that is, asymptotically the oscillators are uniformly distributed over the unit circle S* so that their centroid
converges to the origin.
For a complete homogeneous graph with coupling strength a;; = K /n, i.e., for the Kuramoto model (17.2), we
have a remarkable identity between the magnitude of the order parameter r and the potential function U(6)
K
u() = Tn (1—17). (17.13)
(We ask the reader to establish this identity in Exercise E17.5.) For the complete graph, the correspondence (17.13)
shows that the global minimum of the potential function U(8) = 0 (for = 1) corresponds to phase-synchronization
and the global maximum U(6) = Kn/2 (for r = 0) corresponds to phase balancing. This motivates the following
gradient ascent dynamics to reach phase balancing:
. ou( -
0= +(9¢(9)’ or, equivalently, 6; = j; a;jsin(6; — 0;) . (17.14)
Theorem 17.7 (Phase balancing). Consider the coupled oscillator model (17.14) with a connected, undirected, and
weighted graph. Then
(i) (global convergence:) for all initial conditions 0(0) € T", the phases 0;(t) converge to the set of critical points
{6 € T" | 0U(0)/00 = 0,,}; and
(ii) (local stability:) for a complete graph with uniform weights a;; = K /n, phase balancing is the global maximizer
of the potential function (17.13) and is a locally asymptotically stable equilibrium set.

Proof. The proof statement (i) is analogous to the proof of statement (i) in Theorem 17.5.

To prove statement (ii), notice that, for a complete graph, the phase balanced set characterized by 7 = 0 achieves
the global maximum of the potential U(f) = % (1 — 7"2). By Theorem 15.14, local maxima of the potential are
locally asymptotically stable for the gradient ascent dynamics (17.14). |

Synchronization of heterogeneous oscillators

In this section we analyze non-identical oscillators with w; # w;. As shown in Lemma 17.3, these oscillator
networks cannot achieve phase synchronization. On the other hand frequency synchronization with a certain

'To be precise further analysis is needed. A linearization of the Kuramoto model (17.11) at the unstable out-of-phase equilibria yields
that these are exponentially unstable. The region of attraction (the so-called stable manifold) of such exponentially unstable equilibria is
known to be a zero measure set (Potrie and Monzon, 2009, Proposition 4.1).
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degree of phase cohesiveness can be achieved provided that the natural frequencies satisfy certain bounds relative
to the network coupling. We start off with the following necessary conditions.

Lemma 17.8 (Necessary condition for synchronization). Consider the coupled oscillator model (17.1) with
graph with adjacency matrix A, frequencies w € 1;-, and nodal degree d; = 2?21 a;j foreach nodei € {1,...,n}.
If there exists a frequency-synchronized solution satisfying the phase cohesiveness |0; — 0;| < v forall {i,j} € E and
for some~ € [0, 7/2], then

(i) (absolute bound:) for each nodei € {1,...,n},
disin(y) > |wi , (17.15)
(ii) (incremental bound:) for distincti,j € {1,...,n},
(d; + dj) sin(y) > |w; — wj]. (17.16)

Proof. Statement (i) follows directly from the fact that synchronized solutions must satisfy the equilibrium equation
0; = 0. Since the sinusoidal interaction terms in equation (17.1) are upper bounded by the nodal degree d; =
Z?:l a;j, condition (17.15) is necessary for the existence of an equilibrium.

Statement (ii) follows from the fact that frequency-synchronized solutions must satisfy 0; — éj = 0. By
analogous arguments, we arrive at the necessary condition (17.16). |

Synchronization of heterogeneous oscillators over complete homogeneous graphs

We now consider the Kuramoto model over a complete homogeneous graph in equation (17.2). As discussed in
Subsection 17.1.4, the Kuramoto model synchronizes provided that the coupling gain K is larger than some critical
value K itical. The necessary condition (17.16) delivers a lower bound for Kitical given by

n .
K > m(m?xwi — milnwi>.
Here we evaluated the left-hand side of (17.16) for a;; = K/n, for the maximum v = 7/2, and for all distinct
i,7 € {1,...,n}. Perhaps surprisingly, the lower necessary bound (17.3.1) is a factor 1/2 away from the upper
sufficient bound.

Theorem 17.9 (Synchronization test for all-to-all Kuramoto model). Consider the Kuramoto model (17.2)
with natural frequencies w € 1;- and coupling strength K. Assume

K > Kcritical £ maxws — min Wiy (17-17)
i i

and define the arc lengths Ymin € [0, 7/2[ and Ymax € |7/2, 7] as the unique solutions to Sin(Ymin) = Sin(Vmax) =
K critical / K.
The following statements hold:
(i) (phase cohesiveness:) each solution starting in U'yc(7Y), for v € [Ymin, Ymax)> remains in Ty (7y) for all times;
(ii) (asymptotic phase cohesiveness:) each solution starting in U'yre(Ymax) asymptotically reaches the set I arc(VYmin);
and
(iii) (asymptotic frequency synchronization:) each solution starting in T sc(Ymax) achieves frequency synchronization.

Moreover, the following converse statement is true: Given an interval [Wmin, Wmay|, the coupling strength K satisfies
K > wWmay — Wmin if; for all frequencies w supported on [wmin, Wmax| and for the arc length ~ymax computed as above,
the set Iare(Ymax ) is positively invariant.
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Figure 17.1: [llustrating the definitions of Ymin, Ymax> and Tare(7), for v € [Ymin, Ymax)-

We illustrate the definitions of Ymin, Ymax, and Tare(7), for v € [Vmin, Ymax) in Figure 17.1.
Proof. We start with statement (i). Define the function W: Ty (7) — [0, 7] by

W () = max{|¢p; — ;| | i,5 € {1,...,n}}.

The arc containing all angles 1) has two boundary points: a counterclockwise maximum and a counterclockwise
minimum. If Upax (1)) (resp. Umin(10)) denotes the set indices of the angles 1)1, ..., 1, that are equal to the
counterclockwise maximum (resp. the counterclockwise minimum), then

W () = [t — |, forallm’ € Unax(1h) and &' € Ui ().

We now assume 0(0) € Tare(7), for v € [Ymin, Ymax), and aim to show that 6(¢t) € Tu(7y) for all times t > 0.
By continuity, Ty (7y) is positively invariant if and only if W (6(¢)) does not increase at any time ¢ such that
W(O(t) = 7.

In the next equation we compute the maximum possible amount of infinitesimal increase of ¢ — W (6(t))
along system (17.2). Based on the notion of upper Dini derivative and the treatment in Section 15.8, we compute

DTW(6(t)) := limsup W(o(t + At)) — W(0(t))

= 0 (t) — 0x(2),
im sy At (t) — 0r(1)

where the indices m € Umax(0(t)) and k € Unmin(6(t)) have the property that Om(t) = max{f,,(t) | m' €
Umax(0(t))} and 0 (t) = min{0x/(t) | ¥’ € Umin(6(t))}. In components
DHW(O(t)) = wyn — wp — = Zn: (sin(em(t) —0,(t)) + sin(0;(t) — Hk(t))) .
n J J
The trigonometric identity sin(z) + sin(y) = 2sin(*5Y) cos(%;¥) leads to

DYW(O(t)) = Wy — wi

) f; (20 ) 60 g (B~ _ 00 040)) ).

Measuring angles counterclockwise and modulo 27, the equality W (6(t)) = ~ implies 0,,,(t) — 0x(t) = ~,
O (t) — 0;(t) € [0,7], and 0;(t) — O(t) € [0,]. Moreover,

. <9m —-0; 0;— 9k) <
min cos — = cos| max
0 2 2 0

Om —0; 0; — 0

2 2

) = costor2)

Lectures on Network Systems, F. Bullo, edition 1.6 — Jan 1, 2022. Tablet PDF version. Copyright © 2012-22.



17.3.2

272 Chapter 17. Networks of Kuramoto Coupled Oscillators

so that

DAW0) < o~ 3 (2501 cos(]))

Applying the reverse identity 2 sin(x) cos(y) = sin(x — y) + sin(x + y), we obtain
K n
DYWO(t) < wm —wp — — E sin(y) < (maxw; — minw;) — K sin(vy) .
n 7 )
i=1

Hence, the W (0(t)) does not increase at all ¢ such that W (0(t)) = v if K sin(y) > Kgitical = Max; w; — min; wj.

Given the structure of the level sets of v — K sin(7y), there exists an open interval of arc lengths v € [0, 7]
satisfying K sin(v) > max; w; — min; w; if and only if equation (17.17) is true with the strict equality sign at
v* = m/2, thatis, if K > K itical- Additionally, if X' > K itical, there exists a unique Yy € [0, 7/2[ and a unique
Ymax € ]|7/2, 7] that satisfy equation (17.17) with the equality sign. In summary, for every v € [Ymin, Ymax)> if
W (6(t)) = v, then the arc length W (6(t)) is non-increasing. This concludes the proof of statement (i).

Moreover, pick € < Ymax — Ymin- FOr all v € [Ymin + €, Ymax — €], there exists a positive § (&) with the property
that, if W(6(t)) = ~, then DTW (6(t)) < —d(e). Hence, each solution 6: R>¢ — T" starting in Iare(Vmax — €)
must satisfy W (0(t)) < ~Ymin — € after time at most (Ymax — Ymin)/d(€). This proves statement (ii).

Regarding statement (iii), we just proved that for every 6(0) € Tarc(Ymax) and for all v € |Ymin, Ymax) there
exists a finite time 7' > 0 such that 0(t) € Tue(y) for all t > T and for some v < 7/2. It follows that
10;(t) — 6;(t)] <y < m/2forall {i,j} € E and for all t > T". We now invoke Lemma 17.2(iii) to conclude the
proof of statement (iii).

The converse statement can be established by noticing that all of the above inequalities and estimates are exact
for a bipolar distribution of natural frequencies w; € {w,w} foralli € {1,...,n}. We refer the reader for these
details to the full proof in (Dérfler and Bullo, 2011). |

Synchronization of heterogeneous oscillators over weighted undirected graphs

We here adopt the following notation:

1 n 1 n
el s = 53t and bl =y S 3B

Theorem 17.10 (Synchronization test). Consider the coupled oscillator model (17.1) with frequencies w € 1
defined over a connected weighted undirected graph with Laplacian matrix L. Assume

)\Q(L) > )\critical £ ||wH2,pair37 (17-18)

and define Ymax € |7/2, 7| and ymin € [0, 7/2[ as the solutions to (7/2) - SInC(Vmax) = SIN(Ymin) = Acritical /A2 (L).

The following statements hold:

(i) (phase cohesiveness:) each solution starting in {9 € Larc(m) | [|0]]2, pairs < 7},for'y € [Ymin, Ymax), remains in
{6 € Tare(m) | [|0]|2, pairs < v} for all times,

(i) (asymptotic phase cohesiveness:) each solution starting in {6 € Tare(m) | [|6]|2, pairs < Ymax} asymptotically
reaches the set {0 € Dare() | [|0]|2, pairs < Ymin }; and

(iii) (asymptotic frequency synchronization:) each solution starting in
{9 € Tarc(m) | 1|0]]2, pairs < ’ymax} achieves frequency synchronization.

The proof of Theorem 17.10 follows the reasoning of the proof of Theorem 17.9 using the quadratic Lyapunov
function HGH; pairs” The full proof is in (Dorfler and Bullo, 2012, Appendix B).
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Historical notes and further reading

The scientific interest in synchronization of coupled oscillators can be traced back to the work by Huygens (1673)
on “an odd kind of sympathy” between coupled pendulum clocks. The model of coupled oscillator which we study
was originally proposed by Winfree (1967). For complete interaction graphs, this model is nowadays known as the
Kuramoto model due to the work by Kuramoto (1975, 1984). A detailed historical account is given by Strogatz
(2000).

The Kuramoto model and its variations appear in the study of biological synchronization phenomena such as
pacemaker cells in the heart (Michaels et al., 1987), circadian rhythms (Liu et al., 1997), neuroscience (Varela et al.,
2001; Brown et al., 2003; Crook et al., 1997), metabolic synchrony in yeast cell populations (Ghosh et al., 1971),
flashing fireflies (Buck, 1988), chirping crickets (Walker, 1969), and rhythmic applause (Néda et al., 2000), among
others. The Kuramoto model also appears in physics and chemistry in modeling and analysis of spin glass models
(Daido, 1992; Jongen et al., 2001), flavor evolutions of neutrinos (Pantaleone, 1998), and in the analysis of chemical
oscillations (Kiss et al., 2002). Some technological applications include deep brain stimulation (Tass, 2003), vehicle
coordination (Paley et al., 2007; Sepulchre et al., 2007; Klein et al., 2008), semiconductor lasers (Kozyreff et al., 2000;
Hoppensteadt and Izhikevich, 2000), microwave oscillators (York and Compton, 1991), clock synchronization in
wireless networks (Simeone et al., 2008), and droop-controlled inverters in microgrids (Simpson-Porco et al., 2013).

Our treatment borrows ideas from (Dorfler and Bullo, 2011, 2014). Recent surveys include (Strogatz, 2000;
Acebron et al.,, 2005; Arenas et al., 2008; Mauroy et al., 2012; Dorfler and Bullo, 2014). We refer to (Mallada et al.,
2016; Gushchin et al., 2016) for a more general treatment with odd-coupling functions and with varying coupling
strengths.
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Exercises

E17.1 Phase cohesiveness and arc length. Pick v < 27/3 and n > 3. Show the following statement: if § € T satisfies
|6; — 6] <~foralli,j € {1,...,n}, then there exists an arc of length - containing all angles, that is, § € Ty (7).

E17.2  Order parameter and arc length. Givenn > 2 and 6 € T", the shortest arc length () is the length of the shortest
arc containing all angles, i.e., the smallest y(6) such that € Ty (7(0)). Given 6 € T, the order parameter is the
centroid of (61, . . ., 6,) understood as points on the unit circle in the complex plane C:

( ew 6)1 _7 Z eG i
where recall i = y/—1. Show that
() if4(8) € [0, 7). then (8) € [cos(1(6)/2),1].
The order parameter magnitude r is known to measure synchronization. Show the following statements:
(iii) if all oscillators are phase-synchronized, then » = 1, and
(iv) if all oscillators are spaced equally on the unit circle (the so-called splay state), then r = 0.

E17.3  Order parameter and mean-field dynamics. Show that the Kuramoto model (17.2) is equivalent to the so-called
mean-field model (17.4) with the order parameter r defined in (17.3).

E17.4 Multiplicity of equilibria in the Kuramoto model. A common misconception in the literature is that the
Kuramoto model has a unique equilibrium set in the phase cohesive set {6 € T™ | |§; —6;| < w/2 for all {1, j} € E}.
Consider now the example of a Kuramoto oscillator network defined over a symmetric cycle graph with identical
unit weights and zero natural frequencies. The equilibria are determined by

0= sin(&i - 01',1) + sin(&i — 0i+1) s
where i € {1,...,n} and all indices are evaluated modulo n. Show that for n > 4 there are at least two disjoint
equilibrium sets in the phase cohesive set {§ € T" | |0; — ;| < w/2for all {1, j} € E}.

E17.5 Potential and order parameter. Recall U(0) = > ¢, e aij (1 — cos(0; — 6;)). Prove U(0) = £ (1 — r?) for a
complete homogeneous graph with coupling strength a,;; = K/n.

E17.6  Analysis of the two-node case. Present a complete analysis of a system of two coupled oscillators:

91 = W1 — Q12 sin(61 — 92) s

9.2 = Wy — ag1 sin(6‘2 — 91) N
where a12 = ag1 and wy + wo = 0. When do equilibria exist? What are their stability properties and their basins of
attraction?

E17.7 Averaging analysis of coupled oscillators in a semi-circle. Consider the coupled oscillator model (17.5) with
0 € Tuc(y) for some v < 7. Show that the coordinate transformations x; = tan(6;), with z; € R, gives the
averaging system (17.6) with b;; > a;; cos(v/2).

E17.8 Phase synchronization in spring network. Consider the spring network from Example #1 in Section 14.2 with

identical oscillators, no external torques, and a connected, undirected, and weighted graph:

miéi+di9i+2aijsin(9i—9j):O, iE{l,...,n}.
j=1

Prove the phase synchronization result (in Theorem 17.5) for this spring network.
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E17.9 Synchronization on acyclic graphs. For frequencies Y ., w; = 0, consider the coupled oscillator model
. n
92- = — Zj:l Q5 sm(@i - HJ)

Assume the adjacency matrix A with elements a;; = a;; € {0,1} is associated to an undirected, connected, and
acyclic graph. Show that the following statements are equivalent:

(i) there exists a locally stable frequency-synchronized solution in the set {# € T" | |¢; — 6,| < w/2for all {i,j} €
(ii) ||BTLTw||OO < 1, where B and L are the network incidence and Laplacian matrices.

Hint: Follow the derivation in Appendix 10.5.2.

E17.10 Distributed averaging-based integral control for coupled oscillators. Consider a set of n controllable coupled
oscillators governed by the second-order dynamics

0; = w;, (E17.1a)
. n .
miw; = — djw; — Zj:1 Q5 sm(@i — 0]) + u; , (E17.1b)
where i € {1,...,n} is the index set, each oscillator has the state (6;,w;) € T! x R, u; € R is a control input to

oscillator 4, and m,; > 0 and d; > 0 are the inertia and damping coefficients. The oscillators are coupled through
an undirected, connected, and weighted graph G = (V, E, A) withnode set V = {1,...,n},edgeset E CV x V,
and adjacency matrix A = AT € R™*", To reject disturbances affecting the oscillators, consider the distributed
averaging-based integral control law (see Exercise £6.18)

u; = — qj, (E17.2a)
n
¢ =w; — Zj:1 bij(ai — a5) (E17.2b)
where ¢; € Ris a controller state for each agent ¢ € {1,...,n}, and the matrix B with elements b;; is the adjacency

matrix of an undirected and connected graph. Your tasks are as follows:

(i) characterize the set of equilibria (8*, w*, ¢*) of the closed-loop system (E17.1)-(E17.2),
(if) show that all trajectories converge to the set of equilibria, and
(iii) show that the phase synchronization set {§ € T" | §; = 0; forall ¢, j € {1,...,n}} together withw = ¢ = 0,, is
an equilibrium and that it is locally asymptotically stable.
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algebraic connectivity, 104
algorithm, see system
arc
clockwise arc length, 263
subset, 264

basic graphs, 39
adjacency matrices, 52
adjacency spectrum, 52
algebraic connectivity, 105
behavior
phase balancing, 269
synchronization
among double integrators, 141
in a network of clocks, 110
in inductors/capacitors circuits, 148
in Kuramoto oscillators, 264

centrality scores, 82
betweenness, 85
closeness, 85
degree, 82
eigenvector, 83
Katz, 83
PageRank, 84

Collatz—Wielandt formula, 38

compartmental digraph, 171
inflow connected, 174
outflow connected, 174
simple trap, 174
trap, 174

control law
averaging-based integral, 275

averaging-based proportional (discrete-time), 110
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averaging-based proportional, integral, deriva-
tive, 118
averaging-based proportional, integral (discrete-
time), 111
complex affine averaging, 132
diffusive coupling, 142
diffusive coupling, 133
proportional, derivative, position- and velocity-
averaging, 134
robotic coordination
rendezvous, 37
robotic coordination
affine gradient, 232
centering, 131
cyclic balancing, 12
cyclic pursuit, 11
deployment, 131
rendezvous, 91, 131
convergence factor
asymptotic, 195
mean-square, 221
per-step, 195
convex combination, 27
coefficients, 27
cycle, see graph, cycle and digraph, cycle

digraph
acyclic, 41
aperiodic, 42
binary adjacency matrix of, 51
condensation digraph, 43
cycle, 41
directed walk, 41
node
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in-degree, 40
in-neighbor of, 40
out-degree, 40
out-neighbor of, 40
sink, 41
source, 41

periodic, 42

reverse, 42

strongly connected, 42

strongly connected component, 43

subgraph of, 40

induced, 40

spanning, 40
topological sort, 48
topologically balanced, 40
undirected, 39
walk

directed, see digraph, directed walk

weakly connected, 42

weighted, see weighted digraph

Dini derivatives, 245
disagreement
cumulative quadratic, 197
max-min, 78
quadratic, 77
relative, 161
vector, 76, 126, 196
dynamical flow system, 171
compartmental matrix, 174
flow rate matrix, 173
linear, 174
reduced, 176

effective resistence, 106
eigenpair, 21
eigenvalue, 21
algebraic multiplicity of, 23
dominant, 30
geometric multiplicity of, 23
semisimple, 23
simple, 23
eigenvector, 21
dominant, 30
equal-neighbor matrix, 79

Fiedler eigenpair, 104
function

convex and strictly convex, 251

critical point of, 236

Dini derivative of, 245

global minimum point of, 236

Hessian matrix of, 243

level and sublevel set of, 236

Lie derivative of, 238

local minimum point of, 236

positive definite or semidefinite, locally or glob-
ally, 236

proper, 237

radially unbounded, 237

Gelfand’s formula, 67
geodesic distance, 263
graph
acyclic, 41
adjacency spectrum, 52
connected, 41
connected component of, 41
cycle, 41
edge, 39
edge set of, 39
edge space, 154
incidence matrix, 151
neighbor, 39
node, 39
degree, 39
node set of, 39
undirected, 39
union, 210
walk, 41
simple, 41
group, 35

Hicksian stability condition, 181

Kron reduction, 116
Kronecker product, 135

Laplacian
flow, 6, 124
matrix, 102
potential function, 101
pseudoinverse, 106
second-order flow, 134
system, 106

leading principal minors, 181
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linear matrix inequality (LMI), 114, 115, 143
logarithmic-linear function, 240
Lyapunov function, 78
Lyapunov equalities and inequalities, 242
Lyapunov equalities and inequalities, 114, 115, 130,
143

Lyapunov function

candidate, 239

global, 239

local, 239

quadratic, 77, 242

weak, 239

matrix
adjacency, see weighted digraph, adjacency ma-
trix of
block triangular, 54
circulant, 64
continuous-time convergent or Hurwitz, 124
continuous-time semi-convergent, 124
convergent, 22
diagonally dominant
quasi, 178
strictly row, 37
weakly column, 174
exponential, 124
image of, 21
incidence, 151
Jordan normal form of, 23
kernel of, 21
Laplacian, 102
irreducible, 100
Metzler, 168
non-negative, 26
column-stochastic, 26
doubly-stochastic, 27
indecomposable, 71
irreducible, 28
primitive, 28
reducible, 28
row-stochastic, 4, 26
row-substochastic, 7, 59
permutation, 36, 54
projection, 90
rank of, 21
rotation, 36
semi-convergent, 22

spectral abscissa of, 124
spectral radius of, 26
spectrum of, 26
Toeplitz, 52
tridiagonal Toeplitz, 64
Metropolis—Hastings matrix, 81, 93
modal decomposition, 22
model, see system
monotonicity property
algebraic connectivity, 105
effective resistence (Rayleigh monotonicity prop-
erty), 107
Laplacian definiteness, 165
solutions of positive systems, 185
spectral abscissa of Metzler matrix, 185
spectral radius of non-negative matrix, 67
spectral radius of non-negative matrix, 58

negative gradient flow, 243
network system
electrical network, 101, 187
Noy-Meir water flow model, 7
network system
electrical network, 106, 122, 154
Krackhardt’s advice network, 72
Sampson monastery network, 73
spring network, 101, 106, 117, 230
Western North American power grid, 231
Neumann series, 35

order parameter, 266

phase balancing, 269

pseudoinverse, 38
incidence matrix, 165
Laplacian, 106

push sum algorithm, 91

set
bounded, closed, compact, 236
invariant, 241
level and sublevel of a function, 236
singular value decomposition, 38
sink, see digraph, node, sink
source, see digraph, node, source
spectral abscissa, 124
spectral gap, 200
spectral radius, 26
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essential, 193
subgraph, see digraph, subgraph of
Sylvester equation, 147
synchronization
frequency, 264
phase, 264
system
n-bugs, 11
averaging, 5
accelerated, 200
affine, 35
parallel, 90
randomized, 220
time-varying, 210
coupled oscillators, 229
double integrators, 134
dynamical flow, 171
linear, 174
dynamical flow system, 7, 8
French-Harary-DeGroot opinion dynamics, 4
Friedkin-Johnsen opinion dynamics, 96
heterogeneous clocks, 110
Kuramoto coupled oscillators, 229
Laplacian flow, 6, 124
Leslie population, 67
linear
continuous-time, 124
discrete-time, 22
linear control, 143
logistic, 227
Lotka-Volterra, 228
mechanical system, conservative and dissipative,
235

negative gradient, 235
positive, 171

Theorem
Krasovskii-LaSalle Invariance, 241
Gersgorin Disks, 27
Jordan Normal Form, 23
Lyapunov Stability Criteria, 239
Metzler Hurwitz, 169, 177
Negative gradient flow, 244
Perron-Frobenius, 30
Perron-Frobenius for Metzler matrices, 169
Strongly connected and aperiodic digraphs and
primitive adjacency matrices, 56
Strongly connected digraphs and irreducible ad-
jacency matrices, 54
tree, 41
directed, 41
spanning, see tree, spanning
root of, 41
rooted, see tree, directed
spanning, 41

weighted digraph, 44
adjacency matrix of, 51
binary adjacency matrix of, 51
in-degree matrix of, 51
Laplacian matrix of, 99
node

in-degree, 46

out-degree, 46
out-degree matrix of, 51
undirected, 44
weight-balanced, 46
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