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Chapter 1

Vehicle Models

Notation

Throughout the paper, the notation e, and e.,,q denotes either exogenous or endogenous
reference trajectories, that is, signals which are function of externally-generated reference
signals, state variables or both. The notation e} denotes a constant setpoint, or a trim
(i.e., equilibrium) condition corresponding to a given setpoint, whereas e denotes deviation
from a setpoint or a reference trajectory, depending on the context. The notation e denotes
the estimate of a generic parameter or a function of estimated parameters; the ensuing
estimation error is denoted by e as well. Externally-generated reference trajectories are
assumed to be sufficiently smooth, though the order of differentiability shall not be explicitly
stated. All vectors are assumed to be resolved in the vehicle body-fixed frame, F3, except
when denoted by a left superscript. The set {e;, e2, e3} denotes the canonical basis in any
frame. Matrices and vectors are expressed in boldface.

The aircraft considered in this study is a generic highly-maneuverable vehicle (GHMV)
endowed with redundant control effectors, namely canards, ailerons (flaps), and rudder-
vators (tail effectors.) A sketch of the vehicle’s geometry is shown in Figure 1.1. An
axisymmetric engine provides thrust (controlled via the throttle), whereas the six aerody-
namic control surfaces (right and left canard, right and left flap, and right and left tail,
respectively) control the vehicle’s attitude. Trust vectoring is not used in this study

Two different vehicle models have been used in this work: A comprehensive model of the
vehicle dynamics obtained from wind-tunnel data and computational fluid dynamics mod-
eling has been used for validation in computer simulation, whereas a reduced-complexity,
control-oriented model has been employed for control design and stability analysis. In what
follows, we give a short account of the two models. The relevant nomenclature is given in
Table 1.1, to which the reader is referred for all the definitions of the variables.

1.1 Simulation Model (SM)

Four main coordinate frames are employed: A North-East-Down (NED) oriented Earth-
fixed frame, .%., with origin at the Earth’s center, a body-fixed frame, %, a reference
(or desired) frame, %, (to be introduced later.) and the so-called wind frame, %#,. For
the purpose of this study, the Earth-fixed frame is assumed to be inertial, and the effect
of the Earth rotation is ignored. A pictorial representation of the coordinate frames is



ﬁewgb»yrayw

e ]T

p=[zyz=
R;; € SO(3)
v=[uvw!
w=[pgr]"
S(w) € so(3)

Ty = [Tg Yg Zg]T

Coordinate frames (Earth-centered, body-fixed, reference, wind-axes)

Position of the center of %, in %,
Rotation matrix from .#; to .%;
Translational velocity of the vehicle in .%,
Angular velocity of the vehicle in .%,
Skew-symmetric operator, S(w)v = wxv

Center of gravity of the vehicle in %,

n=1¢0yT Euler-angle parameterization of R,y
o cR3 MRP parameterization of a rotation matrix
Fga € R3 Gravity force

3
FA,basea MA,base eR

Fas, Mas€R3

Baseline aerodynamic force and moment

Control aerodynamic force and moment

FrcR? Force due to engine thrust

T Thrust

Vir,a, B Airspeed, angle-of-attack, sideslip angle
X5, 1 Bank angle, flight-path angle, heading angle
h=-—z Altitude

q, M Dynamic pressure, Mach number

m Mass

J € R3x3 Inertia matrix, J = J7 > 0

or Trottle

0 = [0c,r Ocy Oy O Ot r 5t’l]T Aerodynamic control surface deflections
(right canard, left canard, right flap, left flap, right tail, left tail)

Table 1.1: Common nomenclature for the simulation and the control-design models

given in Figure 1.2. A standard roll-pitch-yaw angle parameterization for R, is employed
for the only purpose of defining the output to be controlled for the vehicle attitude. The
corresponding expression for R, reads as

cosfcosty singsinfcosy — cospsiny cos @ sinf cosy + sin ¢ sin
R (n) = | cosfsinty sin¢sinfsiniy + cos¢costy cos @ sinbsin — sin ¢ cos )

—sin6 sin ¢ cos 0 cos ¢ cos 8

where 7 = [¢ 0 9|7 is the vector of Euler angles.

The wind-axis frame, .%,,, is used to express the vehicle velocity v in spherical coordinates
via airspeed, angle-of-attack and sideslip, given respetively by [1]:

Vr =+vVu?+v2+w?, a=arctan(w/u), [ = arcsin(v/Vy)
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Figure 1.1: Generic highly-maneuverable vehicle (GHMV) considered in this study.
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Figure 1.2: Earth-centered and body-fixed reference frames. Wind z-axis is also shown.



It is noted that the vehicle velocity in the wind frame is given by

and that the rotation matrix Ry, from wind axes to body axes reads as

cosffcosa —sinfcosa —sina
Ry, (o, B) = sin 3 cos f3 0
cosfBsina —sinfsina  cosa

Consequently, the relation between the component of the vehicle velocity resolved in the
body frame and the wind-axis parameters is computed as

v=Ry,“v
which yields
u=Vpcosacosf, v=Vpsinf, w=Vpsinacosf

The orientation of the wind frame with respect to the Earth-centered frame is typically
expressed in term of an z-y-z rotation employing the bank angle y, the flight-path angle ~,
and the heading angle y, yielding the rotation matrix (compare with the expression of R
as a function of the Euler angles n):

cos7ycos 4 sinysinycosp — cosxsing cosysin-ycos p + sin x sin p
Rey(X,v, 1) = | cosysinpu sinysin-ysin -+ cosxcosp cosxsinysin y — sin y cos u

—sin~y sin y cos 7y COS Y COS 7Y

In the sequel, we will not make use of the bank angle xy and the heading angle u, as we
shall not be concerned with navigation systems. However, the flight-path angle is used to
determine the climbing rate of the vehicle. As a matter of fact, from the relation

6p = Reww’/

one obtains

T Vi cos~ycos
y| = | Vrcosysinp
z —Vrsinvy
hence
h = Vrsiny

is the required expression for the vehicle climb rate. Furthermore, using the relation

Rew = Rebwa



one obtains the expression of the flight-path angle in terms of the Euler angles, the angle-
of-attack and the slideslip angle as follows:

sin~y = cos S cos asin @ — cos 8 sin « cos 0 cos ¢ — sin B sin ¢ cos # (1.1)

In the simulation model, the aerodynamic forces and moments as well as the forces and
moments due to the scramjet engine are provided by look-up tables. The forces and moments
acting on the vehicle are summarized in Table 1.2 and illustrated in Figures 1.3-1.5, together
with the definition of all attitude parameters used in this work.

L,D,C Lift, drag and cross force

FAbase = [Xa Ya Za]" Baseline aerodynamic force

X4 =—-Dcosacosf+ Lsina+ Csinfcosa | Force along x-body axis
Ya=—-Dsinf — Ccosf Force along y-body axis
Za=—Dsinacosf — Lcosa+ Csinfsina | Force along z-body axis

M g pase = [La Ma N Nk Baseline aerodynamic moment
Fyoy = mgRyces3 Gravity force

Fr=[Xr Yy Z7)T Force due to engine thrust

My = [Lt My Np)* Moment due to engine thrust
Fus=[XasYas Z A75]T Aerodynamic force due to effectors
Mys=1[Las Mas NA75]T Aerodynamic moments due to effectors

Table 1.2: Forces and moments for the simulation model

NG Aircraft climbing
Body -
axis N .
\‘Ax 0. (alpha),
Y angle of
; attack
Flight path Lift Normal force
\ &> Pitch rate, n=15g
(Relative ~x )
wind) : S

Local horizon \ {
Pitching
Y (gamma), k \
i moment Past
flight path angle (M) flight path
0 (theta), Weight
- pitch attitude : -
| Y = 0 - «, for this example—l ~3xis

Figure 1.3: Longitudinal dynamics: Pitch angle, angle-of-attack, and flight-path angle;
Pitching moment, lift, drag and weight.
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Figure 1.4: Lateral dynamics: Roll angle and rolling moment.

Side
force

B (beta), Yaw rate

side slip angle

Flight path

(Relative —>
wind)

Yawing

moment

(N)

Figure 1.5: Lateral dynamics: Sideslip angle, yaw rate, side force and yawing moment.

Accordingly, the equations of motion of the simulation model read as

P = Repv
R, = R,,S(w)
mv —mS(rgw =mS(w)S(rg)w —mS(w)v + Fgrav + Fapase + Fas + Fr
Jw+mS(rg)w =—-8S(w)Jw —mS(ry)S(w)v + M 4 pase + M as (1.2)
where
x = (p, Ry, v,w) € X :=R> x SO(3) x R® x R?

is the state,
w=(67,0) €U =R xR*

is the control input, and

yz(vT,v,wL) €V=R, xRxSxR

is the regulated output with associated reference trajectory

Yret = (VTref? 0, Yret, "j’ref) ey
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Figure 1.6: Constrained dynamics for the aerodynamic control effectors

Actuator dynamics of the form seen in Figure 1.6, given by

with command input Uemd = (67,cmd; demd) € U, comprise magnitude, command and rate
limiters for the aerodynamic effectors, as well as a magnitude limiter for the throttle input.

U= .fact(u7 ucmd)

1.2 Control-design Model (CDM)

A dynamical model of reduced complexity has been adopted for control design and stability
analysis. A curve-fitted analytical approximation of the forces and moments, obtained from

look-up table data, have been adopted as given in Table 1.3 below.

F g pase = [Xa Ya Za)T
Xa=—-Dcosa+ Lsina
Y4 =qgSCy (B, M)
Zpa=—Dsina— Lcosa
L =gSCr(a, M)

D =gSCp(a, M)

Baseline aerodynamic force
Force along z-body axis
Force along y-body axis
Force along z-body axis
Lift

Drag

Fgrav = mgRy.e3

Gravity force

Fr=[T00]"
Mr=0
T = gSCOr(or, Moo)ér

Force due to engine thrust
Moment due to engine thrust
Thrust

M Apase = [La Ma Na]”
Ly =qbSCy,,(a, B, M)
My = qeSCu, (o, M)

Ny = gbSCn, (o, B, M)

Baseline aerodynamic moment
Rolling moment (z-body axis)
Pitching moment (y-body axis)

Yawing moment (z-body axis)

Fas=1[00Zas"

Aerodynamic forces due to effectors

FA75 =B, B; € R3%6
MA,6 = 6325, B5 ¢ R3x6

Forces due to effectors

Moments due to effectors

S, b, e

Planform area, wingspan and chord

Table 1.3: Forces and moments for the control-design model



Further simplifications to the model are as follows:

e The center of mass is assumed at the origin of 7.

e The inertia matrix is diagonal, J = diag(Jy, Jy, J>).

e The side and normal forces due to thrust, i.e., Y7y and Z7, are neglected.

e The moment due to thrust, i.e., M, is neglected.

e The small body forces X4 s and Yy s produced by the control effectors are neglected.

e The contribution of sideslip in the axial and normal baseline aerodynamic forces is
neglected.

The equations of motion of the CDM, concisely written as

& = fopu(x,u, )

y = h(x) (1.4)
have the following expression
vp=Rv
R =RS(w)
mv =-mS(w)v + mgRT es + Fppase + Fas+Te
Jw=—-Sw)Jw+ M gpase + M 45 (1.5)

where the simpler notation R will henceforth be used in place of R.,. The actuator dynamics
The aerodynamic coefficients in Table 1.3 are given by

Cr(a, Ma) = CY+CatCM= M a+C5 o®+C M~ M.,
Cp(a, My)= C% + CHa + CHa? + CM= M,

Cy (8, M) = Cy.8 + Oy Mo

Cr(a, Mo) = C% + Ca + CF o + CF P + M= M,

Cpa(0, B, Mss)=C) B+ Cr>P Mo+ C3Pap
Caty (0 Moo) = Cfy, + Cf 0+ Cfip0 +CM°°M + OV N2 4 O M
On (0, 8, Moc) = O B+ Cx B+ O B+ O Moo + O, 0 (1.6)

The vector 9 collects the uncertain parameters Cf of the aerodynamic coefficients (1.6). It
is assumed that ¥ € P, where P is a known compact hypercube.

The aerodynamic force and moment due to the control effectors have the expressions
FA75 =qB; diag()\)é, MA75 = qB> diag()\)é (1.7)
where the force control-effectiveness matrix

o 0 0 0 0 0
B, =|-c; cg —cf cf cf -Ct
-ce —c¢ —cf —cf ¢t

z z

10



and the moment control-effectiveness matrix
-Cf ¢ ¢ ¢ G —(Cf
By = | -C;, -C¢, —Cfn —C’,fn C,tn C’fn
cs  —=Cy C,fl —C’ﬁ -Ct CY

are assumed to be known with sufficient accuracy, and the vector of uncertain actuator
effectiveness

satisfies
AeA={<\<1,i=12...,6}

where \g € (0,1) is a given constant. For the control effectiveness matrix

5= (5)

it is assumed that rank B = 4 and rank B = 3, which is consistent with the simplifications
made on the control-design model. For convenience of the reader, the expression of the
equations of the vehicle dynamics (i.e., the translational and angular velocity dynamics)
are reported component-wise as follows:

U= —qw—i—?“v—i-%XA-f—%XT_gSine
@zpw—ru+%YA+gsin¢cose
W=—pv+qu+ LZs+ L1745+ gcospcosd (1.8)

Jep = (Jy — JZ) qr+ La+ LA75
quz —(JI—JZ)])T—FMA—FMA,(;
St = (Jo — Jy) pq+ Na+ Nas (1.9)

In the sequel we will make use of the relation between the angular rates and the time
derivatives of the Euler angles, which reads as

where the Jacobian of the transformation and its inverse read as

1 singtanf cos¢tand 1 0 —sinf
H(n) = cos ¢ —sing |, H'm) =10 cos¢ sindcosh
0 singsecf cospsech 0 —sing cos¢cost

As a result, the component-wise expression of the body rates as a function of the Euler
angles and their derivatives reads as

p=¢—sinf
q = cos¢ 0+ sincos v
r = —sin¢é+cos¢cosﬁ¢ (1.10)

11



Equations of motion in the wind axes

For further use, it is convenient to write explicitly the expression of the dynamics of the
airspeed, Vr, which reads simply as

mVp = T cosacos f — D — mgsiny (1.11)

Alternatively, the equations of motion can be written using the wind-axis parameters
(Vp, ar, B). To this aim, equation (1.11) shall be completed with the dynamics of the sideslip
angle and the dynamics of the angle-of-attack, which read as
mVrf = =T cosasin 8 — C — mVyp (rcosa — psina) +
+ mg (cos asin @ sin 3 + sin ¢ cos 0 cos 8 — sin « cos ¢ cos 6 sin 3)
mVpcos & = —Tsina — L+ mVyp(qgcos S — pcosasin§ — rsinasin 3) +

+ mg (sin asin 6 + cos «v cos 6 cos ¢) (1.12)
The above equations are used to derive the decoupled equations of motions for the longitu-
dinal and lateral-directional dynamics. To this end, to extract the longitudinal dynamics we
consider the motion of the vehicle restricted to the vertical plane, and assume no sideslip

and wing-level motion. Consequently, we first set 5 = 0 (no sideslip) and ¢ = 0 (wing-level)
in (1.1) to obtain:

siny = cosasinf — sin acos § = sin(f — «)
that is,
7=0-« (1.13)
which is the expression of the flight-path angle for the decoupled longitudinal dynamics.
Then, by setting ¢y = 0 and ¢ = 0 in (1.10), one obtains
p=20, q= 0 , r=20

and the equations of motion for the decoupled longitudinal dynamics':

mVp =T cosa — D(a) — mgsin(f — )

1
a=q-— v [T'sina + L(a) — mg cos(f — )]
0=q
Jy(j = MA(O() +MA,5 (1.14)
Equivalently, the above equations can be written in terms of the flight-path angle in sub-
stitution of the angle-of-attack as follows:

mVy = T cos o — D(a) — mgsinvy

: 1 :

= s [T'sin(0 —v) + L(0 — v) — mg cos 7]
=49

Jyq = Ma(0 —7) + Mas (1.15)

Tt is noted that, to keep the equations consistent with standard textbooks (for example, [1]) here the
contribution of aerodynamic surfaces to aerodynamic forces, F'4 s, has been incorporated in the lift force, L.

12



which is advantageous as (Vp,7) are output variables to be controlled.

The equations of motion for the decoupled lateral-directional dynamics are obtained by first
setting Vr = Vo = const and v = 79 = const, which yield the desired airspeed and the
desired climb rate (p = 0 for level flight.) Then, the trim values T' = Ty = const and
a = ap = const are determined from the equilibrium condition in (1.14):

0 = Tycosag — D(ag) — mgsin~yg
0 = Tysinag + L(ag) — mgcosy

Finally, the trim value for the pitch angle is simply 6y = 79 + g, whereas the trim value
for the aerodynamic pitch control moment, Mg 5> is computed from

0= Ma(ao) + M} 5
With the trim values for the longitudinal dynamics at hand, one obtain

mVipf = —T cos agsin B — C(B) — mVir (1 cos ag — psin ag) +

+ mg (cos ap sin §y sin B + sin ¢ cos Gy cos B — sin o cos ¢ cos Gy sin 3)  (1.16)
and, for the rotational dynamics (recall that gy = 0)

tan 0y

¢=p+

r
cos ¢

1
cos by cos¢r
Jep=La+ Lags
JZ’I'”:NA—FNA’(; (1.17)

Equations (1.14)—(1.16)—(1.17) are often linearized about the trim values® to obtain two
linear systems that are completely decoupled. We shall not pursue this approach here.
Rather, we will resort to the equations of motion (1.5) and (1.11) for the development of a
control policy for the fully coupled nonlinear vehicle dynamics.

2In the next chapter, we will discover what is the trim value for ¢ corresponding to o = 0.
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Chapter 2

Problem Formulation

2.1 Control Objectives

For the system under consideration, given in (1.5) and reported below for the sake of
convenience’

‘v=Rv

R = RS(w)
mv = —mS(w)v +mgR"es + F A pase + Fas+Te
Jw = —-S(w)Jw + M 4 pase + M as

the output to be regulated comprises airspeed, lateral velocity (equivalently, sideslip angle),
flight-path angle and yaw angle

Yy = (VT,U,7,¢> eY =Ry xRxSxR
The class of reference trajectories

yref(t) = (VTrcf (t)7 O> ’Vref(t)a '(Z)ref(t)> S y

considered in this work are assumed to satisfy the following assumption:

Assumption 2.1.1 The trajectory Y,.¢(-) : R>o — Y is a smooth signal satisfying:
Jim 4o (1) = Yreell = 0

where Yl = [Vﬁref 0 Vit Ll}lfef] 18 a constant setpoint corresponding to a desired trim con-
dition of the vehicle.

A trim condition for the vehicle corresponds to an equilibrium point (¢*, 6*, v*, w*) of the
translational and rotational dynamics (1.8)-(1.9), where translational and angular acceler-
ations vanish (note that the right-hand side of (1.8) does not depend on v, whereas the
right-hand side of (1.9) does not depend on 7 altogether.) The desired trim condition en-
tails flying at constant airspeed and constant climb rate (possibly zero), with zero lateral
velocity and constant turn rate (possibly zero).

'Recall that R = R.;, and that (if not otherwise noted) all vectors are expressed in the body-fixed frame.

14



With these definitions at hand, the problem addressed in this work is stated as the design,
for the system (1.4)—(1.3), of a dynamic state-feedback controller of the form

.= Fo(xe, @, U, Ypof)
Uemd = H o (Te, T, U, Yyef) (2.1)
with initial condition «.(0) in a given set I, such that:

1. Assuming w = Ucmg, for any initial condition x(0), any reference trajectory y,.¢(-)
and any x.(0) € K., the trajectories of the closed-loop system (1.5) are bounded? and
satisfy

li 7 =
Jim lg(8)]| =0
for all ¥ € P, where y := y — y,¢ denotes the output tracking error.

2. The controller is robust against the mismatch between w and wcy,q given by (1.3), in
a sense to be specified.

2.2 System Inversion

2.2.1 Right-inverse at trim

The right inverse at trim of system (1.5) is defined as the collection of all trajectories
() (-),uls(-)) € X x U in both the state and the input spaces that are compatible with

ref
the desired trim condition, that is, such that

Trer(t) = Fopm(Trer(t), urer(t), 9)
Yret = h(Trer(t)) (2.2)

for all t > 0.

Rotational Dynamics

To determine the right-inverse at trim for the rotational dynamics, we start from assigning
the yaw trim trajectory by direct integration of the trim yaw rate, that is

Prep(t) == ¥(0) + i t (2.3)
where the initial condition is arbitrary, but conveniently selected here as the initial yaw
angle of the vehicle. As at trim necessarily w},; = 0, one obtains from (1.10)

p:ef = (b:ef (t) — sin eﬁef (t) w:ef
ot = COS Prep(t) Oreg (t) + sin @fop(t) cos Opop(t) threg

*

Tref = — sin (b:ef(t) .:ef(t) + cos ¢¢ef (t) COs O:ef (t) d.}:ef (24)

The condition v} = 0 yields directly B8} = 0 from the relation v = Vrsin3. As a
consequence, the expression of the flight-path angle (1.1) is greatly simplified at trim:

SIn Yo = €08 Qg (1) sin O () — Sin aigp () cos Orop (1) COS Pl (t) (2.5)

ref ref ref ref

2(Clearly, we shall not require the trajectories (x(t),y(t)) to be bounded, but only that they exist for all
t>0.
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Note that in (2.4) and (2.5), &:ef and 7} are assigned. The fact that pl, ¢l 77 are
constant suggests to look for a constant solution (¢}, 0%, as) of the equation (2.5). Under
this assumption, the system of differential equations (2.4) yields directly the definition of
the body rates at trim

p:ef = —sin eref 1/}:ef
qz:ef = sin ¢:ef cos e:ef 1/}:ef
r:ef = CO8 ¢:ef COos e:ef ¢:ef (26)
whereas (2.5) reads as
SINYjop = COS Qg SIN Ole — SIN g €OS O COS Prrop (2.7)

Using the identity

b
asinx + bcosz = Va2 + b?sin <£L' + arctan <)>
a

one obtains from (2.7)

sin -y = \/ (cosar;)? + (sin ok )?(cos ¢r ;)% sin <0:ef — arctan (tan oy cos ¢rp) )
hence the expression for 0., as a function of v ¢, ¢ and aj,:

3 *
07 = arcsin Sm‘%ef
V/(cosaz )2 + (sin o )?(cos ¢ ;)

ref ref ref

) + arctan (tan s cos ¢r)  (2.8)

The trim reference for the roll angle is obtained from the equation of the lateral velocity
U= pw — ru+ %YAbase + gsin¢cosd
As = 0 implies Y4 pase = 0, the above equation at trim reads as
PrefWret — TrefUrer T g5 @leg cos O = 0

Using (2.6) and the identities

*

* Yk * /% . *
Upef = VT,ref COS Qpef ;  Wref = VT,ref SN Oyef

one obtains the equation for the coordinated turn

. * * . * * * *
S ¢ref = gref (Sll’l Opef tan Href + cos Qpef COS ¢ref) (29)
where .
* *
* . VT,refwref
ref *—
g

is the centripetal acceleration at trim. Similarly to the previous case for v}, equation (2.9)
can be used to obtain the expression of ¢}, as a function of % and a};:

*
ref

1+ Gl (cos ay)?

sin ogyp tan O | + arctan Gl cos gy (2.10)

_ .
Gref = arcsin
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Note that the combination of (2.8) and (2.10) (equivalently, (2.7) and (2.9)) define 6, and
¢ as a function of the free parameter a;.

*

Surprisingly enough, equations (2.7) and (2.9) can be solved for ¢ ¢, yielding the explicit
expression (independent of 6% ;)

ref
tan ¢* _ :ef 1- (Sin’}/:ef)Q + Sinry:ef tan Oé:(ef\/(l + ( :ef)2)(1 B (Sin W:ef)Q) (2 11)
ref ™ cos ar 1 — (sinyr)2(14 (14 (Gr)?(tan o, )? ’

whereas 67 can be obtained from equation (2.8). The following should be noted:

o At level flight, v, = 0 hence

cos a*

g*
Prep = arctan <ref , 0% = arctan (tan oy cos drt)
ref

e When zp.;ef =0, then G} = 0, hence

* *x % *
¢ref - 07 eref = Vref + Olpef
* x
e When v/ =0 and ¢} =
* * K
¢ref - 07 eref = Qlpef

To summarize, the trim value for the Euler angles, 0}, is determined from equation (2.11),
equation (2.8) and equation (2.3), whereas the trim value for w} is expressed by equa-
tion (2.6). Finally, the trim value for the aerodynamic control moments, M ’;‘7 5 is determined
from the rotational dynamics (1.9) as folllows

2,6 = - (Jy - JZ) q:efr:ef
M:Lé = (Jﬂﬂ - ‘]Z)p:efrref - M:l,base(a:ef)
Nz,é == (JCL‘ - Jy)p:efqref

once it is noticed that when 8 = 0, L4 pase and N pase vanish and My pase is a function of «
only. It is stressed that the trim condition for the rotational dynamics is parameterized in
terms of aj;, as v and v are assigned.

Translational Dynamics

As derived in the previous section, the trim value for the translational velocity is determined
as a function of o, as follows (recall that Vi is assigned):

*

* Yy * *  _ Yyx . *
Uref = VT,ref COS Qpef 5 Upef — 07 Wyet = VT,ref S Oyt

The trim value for the thrust, 775, is obtained directly from equation (1.11), which at trim
reads as
0 = Tgs cos afep — Diep(ages) — mgsin e

Finally, the equation for the vertical dynamics in (1.8)

W= —pv+ qu+ %ZA + %ZA,(S + gcos¢cost
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*

is used to determine « At trim, the above equation reads as

ref*
% * * 1 7% * 1 7% * *
0= qrerT,ref COS (ot + RZA(aref) + EZA,zs + g cos ¢ref COs eref (212)
where
* [ x\ _ * * : * * * *
ZA(aref) - _Dref(aref) SN Gpep — Lref(aref) COS Qrpef

Assume that Z4 s = 0, that is, the aerodynamic control surfaces do not provide control
authority to the vertical dynamic (this happens, for instance, if canard effectors are not
present and the vehicle has only a minimal or traditional control suite.) If this the case,
then o is constrained to be the equilibrium value for which the right-hand side of the
above equation vanishes, that is

* * * 1 7% * * *
qrerT,ref COS Qyef + EZA(aref) + g cos d)ref COs gref =0

On the other hand, if the aerodynamic control force Z4 s is available, then o can be
assigned independently and Z% s determined in such a way that (2.12) holds. Note that the
possibility of imposing an arbit’rary value for a7, entails selecting the forward and vertical
velocity at trim, while maintaining the desired setpoint yr;. This possibility is clearly
enabled solely by the availability of the extra input Z4 s, which corresponds to a property
known as weak input redundancy [2,3].

Remark 2.2.1.1 It is important to notice that the inverse model at trim can not be deter-
mined a priori, due to uncertainty in the value of the parameter vector ¥, and require the
use of adaptive control techniques or integral control.

2.2.2 General approximate right-inverse

For a time-varying reference trajectory y,.¢(t), t > 0, satisfying Assumption 2.1.1, we define
an approximate inverse by using the relations obtained in the previous section, which pertain
to a trim condition. Consequently, given time-varying references Vi (t), 17 (%), ':ef(t)
and o (), we let @¢(t) be defined by

ref

) ef(t) = arctan< Gret(t) 1—sin ’Yref(t)Q + sin 'Yref(t) tan aref(t) \/(1 + (gref(t>)2)(1 — sin Vref(t)2)>

COS et (1) 1 — sinyree (£)2(1 + (1 4 (Gret (£))? tan aer (t)?

. sin Yyef (1)
O, (t) := arcsin + arctan (tan auer(t) cos ¢rer(t
ef( ) <\/COSOéref(t)2 —l—sinozref(t)z COS¢ref(t)2> ( ef( ) ef( ))

brt(t) =00+ [ (o)
Uret (t) := V7 ref (1) cOS ureg ()

Vet () = 0

Wref (t) 1= Vet (t) sin ayer (1)

Pret(t) := — sin Orer (£) Prer (t)

Gret (1) = Si0 bref (t) €08 Orof (t) Vet (t)

Tref(t) .= COs (bref (t) COs eref(t) /lbref(t) (213)
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Note that, as we seek to assign an arbitrary reference ae(t) using the aerodynamic control
Z a5, the approximate right inverse (2.13) can be explicitly computed, as it only depends
on kinematic variables and known parameters. On the other hand, w.(t) can not be
computed explicitly, as it depends on the unknown aerodynamic coefficients. As mentioned,
this limitation will be circumvented in the design of the controller by means of adaptive
and robust control techniques.

It must be noted that the Euler angles reference, 1,.¢(t) = (¢ref(t), Oret (t), Yref (t)) defines the
orientation of a desired reference frame, .%,, with respect to the Earth-centered frame, .%..
Consequently, 1,.¢(f) is the Euler angle parameterization of the rotation matrix Ryef := Ry,
obeying the differential equation

Rref = RrefS(Twref)
Rref(o) = Rref,[) (214)

where the angular velocity reference, resolved in the desired reference frame %, is precisely
"Wret(t) = (Pref(t), qret (1), rref(t)). Consequently, "wyer must be resolved in the body-fixed
frame, %, when performing computations involving the angular velocity of the vehicle, w.

2.3 System Decomposition

To give a more useful formulation of the control problem towards the definition of the
overall control strategy, we perform a decomposition of the equations of motion into a
suitable structure. To this end, recall that the vehicle attitude reference is represented by
the orientation of the reference frame .%, with respect to the Earth frame .%., described in
turn by the rotation matrix Ryer := R, obeying the kinematic equation (2.14) The attitude
error is selected as the orientation of .%, in .%,., represented by the rotation matrix
R:=R, =RLR (2.15)

ref

obeying the attitude error kinematics
R=RS(®) (2.16)

~ =T . . .
where W := w — Wyt = w — R "wyer is the tracking error for the angular velocity, resolved
in the body-fixed frame.

With the given definitions at hand, the equations of motion of the CDM are written in
terms of the attitude tracking error (R, &) as follows?

mv = —mS(Wye)V + ngz;feg + Fapase + Fas+Ter + A(R, w, V) (2.17)
R=RS(®) (2.18)
J‘:’ = _S(w)Jw+MA,base+MA,6 — Jwyef (219)

In (2.17), the perturbation term

A(R,&,v) = mg(RT— I;)Rles — mS(@)v (2.20)

ref

3Note that we have dropped the kinematic equation %p = Rv from the CDM, as it is inessential to the
control problem considered here.
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satisfies
A(I3,0,v)=0 VYveR? (2.21)

where I3 € R3*3 is the identity matrix. In addition, since ||v[| = Vr and [|Ry|| = 1, the
perturbation term A(R,®,v) is a bounded function of v for any fixed (R, &) whenever Vp
is bounded.

For system (2.17)-(2.19), define the auxiliary attitude tracking output y,. := R — I3. The
zero dynamics of (2.17)—(2.19) with respect to y, are given by

muv = —mS(wref)I/ + ngz;feg, + FA,base + FA75 +Tey (2.22)

whereas (2.17) constitutes the internal dynamics of the system with respect to y,. The
control objectives listed in Section 2.1 can then be conveniently decomposed into the design
of a control policy for the zero dynamics (2.22), which involves the selection of the thrust T'
(equivalently, the throttle input, d7) and the aerodynamic control force F4 5, and the
design of a control law ensuring boundedness of trajectories and asymptotic regulation
of Y, using the aerodynamic control moments, M 4 5. Specifically, the control goals are
restated as follows:

1. Airspeed Control: Find the control input command 67 ¢md(-) such that when 67 =
d7,.cmd the trajectories of system (2.17) satisfy

tllglo ’VT(t) - VT,ref(t)| =0

robustly with respect to the perturbation A and the uncertain parameters ¥ € P.
Furthermore, the control shall provide robustness against the mismatch ép := ép —

5T,cmd .

2. Lateral/Vertical Velocity Control: Find the control command F 4 cmd(-) for the
aerodynamic control force F 45 such that when F 45 = F 4 cnq the trajectories of
system (2.17) are bounded and satisfy

Jim o) =0, lim fu(t) — wer(t)] = 0
when the perturbation A vanishes, robustly with respect to 9 € P.

3. Attitude Control: Find the control command M 4 ¢mq(-) for the aerodynamic con-
trol moment M 4 5 such that when M 4 5 = M 4 cmq the trajectories of (2.18)—(2.19)
are bounded and satisfy lim;_,o ||[Yatt (t)|| = 0, robustly with respect to ¥ € P.

4. Dynamic Control Allocation; The aerodynamic control forces and moments shall
be allocated dynamically across the available aerodynamic actuators to solve for dcmq
the overdetermined system

Fyem
gB diag(\)dcmq = ( Ac d>

robustly with respect to the uncertain actuator effectiveness A € A, and to minimize
the mismatch between 6 and d.nq. Furthermore, the reference trajectory for the
angle-of-attack ago shall be selected to provide additional robustness against the
constrained actuator dynamics (1.3).
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Both airspeed and attitude control fall within the scope of the inner-loop controller presented
in the next chapter, whereas the lateral/vertical velocity control falls within the scope of
the outer-loop controller, presented in Chapter 4.
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Chapter 3

Inner-loop Control

3.1 Model-Recovery Anti-Windup for Adaptive Controllers

Consider the prototypical smooth SISO nonlinear system

@1 = f(@1) + g(@1)22
iy = 9T, (t, ) + 0Ty (t, z)sat(u)
Y = T2 (3.1)

with state & = (21, 22) € R* ! x R, control input u € R, regulated output y € R, and plant
parameter vector 9 € RP, where sat(-) is a (possibly, asymmetric) saturation function?.

Standing assumptions:
1. All vector fields in (3.1) are assumed to be smooth with respect to their arguments.

2. The regressors ¢, (t, ) and ¢, (t, x) are assumed to be bounded functions of ¢ for any
fixed x € R™.

3. The value of the parameter vector ¥ is not known a priori, but it is assumed that
Y € O, where © C RP is a known compact and convex set.

4. The so-called high-frequency gain satisfies 19T¢2(t, x) >byg>0forallt e R allxz € R”
and all ¥ € ©, where by is a known constant.

5. The xi-dynamics of (3.1) are assumed to be input-to-state stable with respect to
the input xs.

Let a reference trajectory yef(t) € R, t > 0 be given with its first derivative, which are
assumed to be smooth and bounded. The control objective for system (3.1) is stated as
follows: Find a (possibly dynamic) state-feedback controller

é = fc(Ea z, yref) (32)
u = hc(&, 2, Yrer) (3.3)

!Static saturation functions are considered here merely for notational simplicity. They can be replaced by
more general operators modeling dynamic effects such as actuator dynamics, rate limiters, and combinations
thereof.
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so that all forward trajectories of the closed-loop system (3.1)-(3.2) are bounded and satisfy

lim |e(t)] = 0

t—o00
where e := y — y,er is the tracking error.

The following result is well known, but stated explicitly here, together with a sketch of the
proof, to facilitate the discussion:

Proposition 3.1.1 Consider the adaptive controller

9= Proj{I'¢(t,x,u)e} , B(0) € intO
9eo

1 .
U=—-— —19Tq.')1 (t, :L') + Yrof — ke] (3.4)

- "-A9T¢2 (ta .’E)

where I' = I'" > 0, k > 0 are controller gains, Proj(-) is a smooth projection operator, and

¢(t’ z, u) = ¢1 (t7 :l:) + ¢2 (ta a:)sat(u)

For all initial conditions (2(0),9(0)) and signals yes(-) such that sat(u(t)) = u(t) for all
t >0, the controller (3.4) ensures boundedness of all forward trajectories of the closed-loop
system and regulation of the tracking error e(t).

Proof. Using the coordinates (x1, e, {9), where 9 := 9 — 19, the closed-loop system reads as

@1 = f(@1) + g(w1) [e + Yrer(t)]
e=—ket D ot ,u) — D oot z)dz(u)
9= Proj{I'¢(t, x,u)e} (3.5)
veo
where dz(u) := u — sat(u) is the dead-zone function and & = col(x1, e + o). Define the
Lyapunov function candidate V2(6,1§) = %62 + %BTI"'A@, which is obviously a positive

definite and radially unbounded function of the partial state (e,1~9). In particular, there
exist constants \; > 0, ¢ = 1,2, such that

A lel® + Xa||9)|? < Va(e,®) for all (e,9) € R x R?

The derivative of V5 along the trajectories of the overall closed-loop system reads as

Vo = —ke? — e{9T¢)2(t, x)dz(u)

Fix the reference trajectory (), and the initial condition (a;(0), z2(0),9(0)) € R*~! x
R x int ©, and denote by [0, Tihax) the maximal interval of existence and uniqueness of the
trajectories of (3.5). Assume that dz(u(t)) = 0 for all ¢ € [0, Tyyax). Then, along the forward
trajectory of the closed-loop system

d

aVQ(e(t),i}(t)) < —kle(t)* <0 forall t € [0, Thax)
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which implies that
A le(®)]? + Aal[D(D)? < Vale(t), 9(¢)) < Va(e(0),D(0)) for all t € [0, Tinax)

Consequently

limsup |e(t)| < oo, limsup|[d(t)]| < co
tﬁT[llaX t%TmaX

hence, the trajectories of the (e, 1~9)—subsystem remain bounded within the maximal interval
of existence and uniqueness. Note that since yef(+) is a bounded signal, the first inequality
above implies that

lim sup |z2(¢)| < oo
t—Tmax

To show that, indeed, Tyax = +00 we show that the trajectories of the xi-subsystem
are bounded as well over [0, Tihax). Recall that by assumption the a;-subsystem is ISS.
Consequently, there exist class-KC functions yo(-), v1(-) such that the solutions of the system

&1 = f(z1) + g(@1), (3.6)

with external input v(¢) € R (defined for all ¢ > 0) satisfy

21 ()]lco < max {y0([|l21(0)]]), 7 (llv(-)le0)}

Now, let v(-) = z2,(-), 7 € [0, Trnax), be the truncated signal of x5(-), defined as follows?

= {210 15100

In correspondence to this choice, the solution of (3.6) satisfies, for all 7 € [0, Tiyax),

[#17()]loo < max {yo([21(0)]); v (l[z27(-)lloo)}

hence

s 1)l < ma {20(l 3 (O)1). 3 (Tmasup a1 ) < ¢

T—Tmax T—Tmax

As a result, the overall forward trajectory is bounded on its maximal interval of existence
and uniqueness, hence Ti,,x = +00. Finally, convergence of the tracking error is established
via the La Salle/Yoshizawa Theorem applied to the (e, @)—subsystem via the Lyapunov func-
tion candidate Va (e, 9). O

When the saturation is active, a perturbation is introduced in the Lyapunov equation,

which now reads as

V = —ke* - e@T¢2(t, x)dz(u) (3.7)

This perturbation couples the xo-dynamics and the adaptation mechanism, and has an
effect similar to integrator wind-up [4], with a possible destabilization of the closed-loop

2Note that for T € [0, Timax ), T2, (t) is defined for all ¢ > 0, whereas z2(t) is defined only on [0, Thax).
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system [5]. Even if boundedness of trajectories is maintained, the performance degradation
may be severe, as the trajectory of the estimates may take a long time to recover (typically,
when the saturation is active, @(t) converges to or evolves on the boundary of the set 6.)
Approaches reported in the literature to mitigate the effect of input saturation in adaptive
control loops include error augmentation [6,7], modifications of the reference model [8-10]
and command filtering [11,12], all with suitable adjustments of the update law.

The modification proposed hereafter follows the paradigm of Model Recovery Anti-Windup
(MRAW) (see [4] and references therein.) The MRAW strategy attempts to recover the
behavior of the unconstrained closed-loop system when it is possible to do so. To begin,
the following adaptive observer is added to the plant dynamics

Iy = {9T¢1(t, x)+ 19T¢2(t, x)sat(u) + ko
-%2(0) = yref(o) (38)

where To := x9 — 9 is the observation error. The observation error is used in place of the
tracking error in the definition of the update law

9 = Proj {Tp(t, &, u)iz} , D(0) € intO (3.9)
deo

The tracking error is replaced by the observed tracking error € = 9 — yref, and the control
input is chosen as

1

= [0 b1t @) + et — ko — ki (3.10)
9 ¢2(t7 ZC)

u

where ks > 0 is a controller gain. Note that, since é = x9 — T3 — Yrof = € — T2, choosing
ks = k one recovers the same control input as in the original design.

Proposition 3.1.2 The anti-windup modification (3.8)—(3.10) guarantees the following prop-
erties for the closed-loop system:

1. For all initial conditions (x(0),9(0)) and signals yeet(-) such that, for the original
closed-loop system (3.5), sat(u(t)) = u(t) for all t > 0, the anti-windup controller is
inactive, and the behavior of the unconstrained controller is replicated.

2. For all initial conditions (x(0),9(0)) and signals yeet(-) of such that the forward tra-
jectory () is. bounded?, the adaptive controller (3.8)~(3.10) is “well behaved”, in
the sense that ¥(t), t > 0, is bounded and lim;_ o T2(t) = 0.

3. Under the same assumptions in 2), lim;_,oo dz(u(t)) = 0 implies limy—,oc é(t) = 0.
Consequently, lim;_,o, e(t) =0

3Under a global Lipschitz condition for ¢(t, «, u), boundedness of Z2(t), t > 0, can be relaxed to existence
over the semi-infinite interval.
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Proof. Using the coordinates (x1, Z2, {9, é), the closed-loop system, after easy manipulations,
reads as

&1 = f(x1) + g(®1) [Z2 + Yret () + €]
kFa+ D P (t,xu), F2(0) = e(0)

.',2 —
9 = — Proj {T'¢ (¢, @, u) &2)
deo
6= ke — D do(t, m,u)dz(u), &(0) =0 (3.11)

where the initial conditions (Z2(0), é(0)) have been reported explicitly, and & = col(x1, T2 +
Yref + €). It is easy to see that if dz(u(t)) = 0 for all ¢ > 0, then é(¢) = 0 for all ¢t > 0 as well,
hence Z2(t) = e(t) for all ¢ > 0. As a result, the first three equations in (3.11) and (3.5)
coincide (with same initial conditions), yielding the behavior of the original unconstrained
closed-loop system. For the second property, boundedness of (& (t), #5(t), 9(t)), t > 0, fol-
lows from the same arguments as in Prop. 3.1.1. Boundedness of the trajectory é(t) for t > 0
implies that Zo(t) is uniformly continuous over the semi-infinite interval; this, together with
square-integrability, implies lim;_,~, Z2(t) = 0 by virtue of Barbalat’s Lemma (alternatively,
by La Salle/Yoshizawa Theorem.) Finally, the assumptions establish the third property as
a consequence of exponential stability of the é-dynamics when dz(u) = 0. O

3.2 Adaptive Airspeed Control

The airspeed dynamics have the following expression [1]
VT:aTcosacosB—aD—gsin7 (3.12)

where 7S 7S
ar ‘= LCT(Q,MM)6T7 ap ‘= LCD(&’MM)
m m

denote acceleration due to thrust and drag, respectively, and
~ = arcsin (cos a cos 3 sin § — sin a . cos 3 cos ¢ cos § — sin 5 sin ¢ cos 0)

is the flight-path angle. For simplicity, the actuator for the throttle is modeled as a static
asymmetric saturation function, 07 = sat (d7,¢md). Recalling the expression of the aerody-
namic coefficients (1.6), the right-hand side of (3.12) admits a linear parameterization of
the form

Vp = 9% 1 (t, V) + 9T o (t, Vir)sat(07,cma) — gsiny(t) (3.13)

where 9y = [C% C% --- C%Q CM>=]T and the regressors ¢ (-), ¢(-) have obvious form.
Note that in (3.13) we have regarded (t), a(t) and ((t) as exogenous signals. Similarly,
Mach number and dynamic pressure are functions of airspeed and of altitude, following
their definitions
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where ¢(h) and p(h) denote, respectively, local speed of sound and air density, which are
both bounded functions of altitude.

System (3.13) is in the form (3.1), required for the application of the adaptive controller
with MRAW modification (3.8)—(3.10). Clearly, in this case the state x; is void and x9
is identified with V7. Furthermore, we let y,f = Vrrer be the reference output to be
tracked, identify e with the tracking error Vi := Vi — VT ref, identify 9 with the parameter
estimate 19\/, identify z T with the state of the observer VT, identify To with the observation
error VT obsy := Vp — VT, let ¢ = VT — Vrref be the observed tracking error, and © = P the
parameter set. With these definitions at hand, the following result is immediate consequence
of Proposition 3.1.2:

Proposition 3.2.1 Assume that (t) exists for all t > 0 and that there exist positive con-
stants apmax < /2 and Bmax < 7/2 such that, for all t > 0,

()] < vmax 1B()] < Bmax

Then, the adaptive airspeed controller®

3 ~T ~T . ”
Vi = 19V¢1 (t) VT) + /'9V¢2 (t, VT) Sat((ST,cmd) -9 Sln’Y(t) + kVVT,obsv

v = Proj {rv [y (, Vi) + bo(t, Vi) sat (87cma)] VT} . 9p(0) € int P
@VE’P
1 AT . - )
U= [—ﬁv¢1 (t,Vr) + Vrret — kv Vr + gsin ’7(75)} (3.14)
19‘/ ¢2(t’ VT)

with I'y = F‘:C > 0 and ky > 0, ensures that the results of Proposition 3.1.2 hold for the
airspeed dynamics (3.13)3.

Remark 3.2.1.1 The assumption that the angle-of-attack and sideslip angle evolve away
from singularities, albeit customary, is made here to allow the derivation of the airspeed
controller as a separate entity from the rest of the controller. It is the task of the overall
architecture to achieve this desired property for the closed-loop system.

3.3 Adaptive Attitude Control

In this section, we address the problem of regulating the attitude tracking output, y,; =
R — I. Recall from the previous section that the attitude tracking error is defined as the
orientation of %, in .%,, represented by the rotation matrix

R:=R,,=RLR

with associated angular velocity error resolved in the body frame

- T
Q=W — Wref = W — R "wiet

4Compensation of the acceleration of gravity must be included in the feedforward component of the
control signal.

®Note that, for the sake of simplicity, we have selected the same value for injection gain of the observer
and the stabilizing gain of the controller, that is, k = ks = ky.
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Consequently, the attitude error dynamics are written as

R
Jo

RS (@)
_S(w)Jw + MA7base =+ MA,(5 — M et (315)

where

Myt = JR "irrer — JS(@)R "wret

is the term that accounts for the time derivative of the angular velocity reference resolved
in the body frame. To avoid dealing directly with rotation matrices, R is parameterized by
means of the Modified Rodrigues Parameters (MRP) o € R3, defined as

o = tan <%) X

where (¢, X) € [0,27) x S? is the angle-axis parameterization of R. Among all the minimal
parameterization of SO(3), MRPs yield the largest domain of non-singularity of the repre-
sentation [13]. It is noted that & = 0 corresponds to R = I. The propagation equation of
the MRPs

o =3G(0)® (3.16)
where
1 T

G(o) = %I + S(0) + S2(0)

is then used in lieu of the first equation in (3.15). System (3.16) is known to be a lossless
system with respect to the input/output pair (o, @), with positive definite, proper and
locally quadratic storage function V(o) = 2In(1+ o) [13]. This property is exploited by
choosing the augmented angular velocity error

Werr = Kyo +w (3.17)

where K, € R33 K, = KZ > 0, is a gain matrix to be selected. and w,ux is an auxiliary
stabilizing term. Using (3.17), one obtains

6 =—-3G(0)K,0 + 1G(0)werr (3.18)

Proposition 3.3.1 System (3.18) is input-to-state stable with respect to the input weyy.
In particular, its state satisfies the asymptotic bound (see [14])

1

IT||la 3-19

where Amin (K ) denotes the smallest eigenvalue of K, and

lo|la := limsup [lo(?)]]
t—o00

is the asymptotic norm of o (-).
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Proof. Easy computations show that the derivative of the Lyapunov function candidate
V(o) = 2In(1 + o¥o) along trajectories of (3.18) satisfies

V < —loll | Amin(Ko)llo|| — [lwe|

where || - || denotes the Euclidean norm. The result follows directly from [14, Lemma 3.3],
by setting a1(s) = as(s) = 2In(1 + s?) and x(s) = ﬁ O

Next, we devote our attention to controlling the angular velocity error dynamics, which in
the new coordinates we. read as

Jwerr = _S(W)Jw + MA,base + MA,(S — M et + %KUG(U)"‘NJ (320)

The baseline aerodynamic moment admits a linear parameterization in terms of the un-
known aerodynamic coefficients, as follows

MA,base = Epl (t)ﬂbase (321)

where Y50 = [CgA C’gf‘” e C]O\‘,i |7, and ¥y(t) is a suitably defined matrix-valued func-
tion. Note that in (3.21) we have denoted as a time variability the dependence of the
regressors on «(t), B(t) and Vp(t) via M (t) and g(t). Conversely, the control aerodynamic
moment has the expression

M 45 = qB> diag(\)d (3.22)
where the moment control-effectiveness matrix
-7 Cf —le le Clt —Clt
By = | -C;, -C¢, —Cfn —C’,fn C’,tn Cfn
cs  =Cy CfL —C’fL -t CY

is assumed to be known with sufficient accuracy, and the vector of uncertain actuator

effectiveness
A=[\ - )\6]T

satisfies
)\GAZ:{)\Og)\Z'Sl, i:1,2,...,6}

where A\g € (0, 1) is a given constant.

To apply the results of Proposition 3.1.2, the following adaptive observer of the angular
velocity dynamics is introduced

Jo = -S(w)Jw + Mapase + Mas+ K, (w—w)
(;)(0) = wref(o) (323)

where K, = KL > 0 is the observer gain, and

MA,base = !pl(t)&base
M 45 := 7By diag(A\)d = B, diag(d)\ =: Wy (t, )
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are the estimated aerodynamic moments. The dynamics of the observer error Wgpg : = w —w
read as

Jobs = —K @obs + ¥1(t)Opase + Pa(t, )X (3.24)

where {9base ‘= Ypage — @base and A := X — X are estimation errors. Using the Lyapunov

function candidate
- ~ N - - ~T 1 = T 1%
Woo(@obss Dbases A) = 3@Lps T @Dobs + 30pasepePbase + 3A T3 A (3.25)

base

the update laws for the estimates @base and \ are readily found to be

&base = PI‘Oj {Fbase!pl(t)T‘bobs} 5 &base(o) € intP

ébaseep
A =Proj {T\®s(t,8) @ons ), A(0) =1 (3.26)
XeA
where I'yase = 'L, o > 0 and I'y = I'Y > 0 are gain matrices, and 1 =[1 1 --- 1]7 (note

that all actuators are initially assumed to be “healthy.”)

For the dynamics of the adaptive observer (3.24)—(3.26) in error coordinates, namely

J‘-;‘)obs = _Kw‘bobs + !pl (t)'&base + !pg(t, 5)5\

1~9base = - PI‘Oj {Fbase!pl (t>T‘b0bs}
@baseep
A = —Proj {T\Ws(t,8) @ops } (3.27)
AeAa

the following result holds:

Proposition 3.3.2 Assume that there exist positive constants cmax < m/2 and Bmax < 7/2
such that, for all t > 0,
’(X(t)‘ < omax |/B(t)’ < Bmax

and that the forward trajectory Vp(t), t > 0, is bounded. Then, all forward trajectories of
system (3.27) (originating from initial conditions as in (3.23) and (3.26)) are bounded and
satisfy

[@obsla =0

Proof. The proof follows directly from application of La Salle/Yoshizawa Theorem using
the Lyapunov function candidate (3.25). O

We are now left with the problem of controlling the observer dynamics (3.23). To begin,
define the estimated tracking error for the angular velocity as

éw = (;J — Wref
and note that

Werr = Ky + w0 = K0 + W — Wyt
=K,0+w—@+ @ — W
= K,o0+ e, + Wobs
= Werr + Wobs (3.28)
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where we have defined the estimated augmented error, Weyr, as®
a)err = KJU + éw
Accordingly, the dynamics of we,, reads as

J‘i)err - _S<w>Jw + MA,base + MA,6 - Mref + %KO'G(U)GJ + Kw‘bobs

Let ) )
M 45 = B2 diag(A)d6
= §By diag(\)dema + §B2 diag()d
= M 4cma + (B2 diag(A)d
where

MA,cmd = (732 diag(x)acmd

is the estimated commanded moment and
8:=06 — demd

is the mismatch between the commanded deflections of the aerodynamic surfaces and the
actual deflections. The control”

M pema = S(W)Jw — M g pase + Mot — 3K,G(0)0 — K ywerr (3.29)

yields

J‘ijerr = _KLUL:JEI‘I' + qB2 diag(A)(s (3'30)

As the dynamic pressure depends on the vehicle airspeed, and the estimate A vary within
the compact set A, the following holds:

Proposition 3.3.3 Let the assumptions of Proposition 3.3.2 hold. Assume, in addition,
that &(t), t > 0, is bounded®. Then, the system (3.30) is ISS with respect to &, as input,
with as asymptotic bound of the form

”‘berrHa S #{JI{W)HSQUHG (331)

where u,, 1s a suitable constant.

Proof. The proof follows immediately from [14, Lemma 3.3] and the fact that, letting
Jmax = SUP;>q ¢(t) and using the induced matrix 2-norm, one obtains

A~ ~

14(t) B2 diag(A)[| < Gmax|| Bz|ll|diag(M)|| < qmax/| Bz = fw

|

Reverting back to the MRP parameterization of the attitude error, owing to Proposi-
tion 3.3.1 and to the last identity in (3.28), one obtains the final result of this section:

SCompare with identity (3.17).

"Note that, for the sake of simplicity, we have used the same matrix, K,,, for the output injection gain
of the observer and for the feedback gain of the stabilizer.

8The extra assumption of boundedness of & is needed due to the fact that the very definition of the
command d.ma depends on 4.
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Proposition 3.3.4 Assume that the assumptions of Proposition 3.3.3 hold. Then, sys-
tem (3.18) is input-to-state stable with respect to the input 8. In particular, its state
satisfies the asymptotic bound

21, =
< .
HUH(I — >\min (Ka') >\min (Kw) ”(SHG« (3 32)

Proof. The proof follows directly from the bounds established in Propositions 3.19 and 3.31
by noticing that
[werr[| = llwerr + @] < 2max {{|@er ], [|]|}

and that, according to Proposition 3.3.2, ||@|, = 0. O

We are left to determine how to efficiently solve for d.nq the overdetermined system of

equation
qB2 diag()\)écmd = MA,cmd

with M A,emd given in (3.29). This will be dealt with in the sequel.
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Chapter 4

Outer-loop Control

4.1 Control of the Lateral Velocity

The equation of the dynamics of the lateral velocity, introduced in (1.8), reads as
@zpw—ru—l—%YA(B)—i—gsinqﬁcosﬁ (4.1)

Using the attitude error (R,&) defined in (2.16) and the perturbation term A defined
in (2.20), the lateral dynamics is written as part of the internal dynamics of the system
with respect to the attitude tracking error y,. := R — I3 as follows

U = PrefW — Trefth + g SIN(Gref) cOS(Oref) + %YA(B) +dyi(o,0,v) (4.2)
where 3
dp1(o,@,v) = el A(R,&,v)

Recall that d, 1(0,0,v) = 0 for all v € R3, and that d,1(0,0,v) is a bounded function of
v for any fixed (o,w) whenever Vr is bounded. The first two term in the right-hand side
of (4.2) are expanded as follows, making use of the approximation cos 5 ~ 1:
DrefW — TrefU = Pref V SINQ — T Vi cOS v
= prerT,ref sina — rrerT,ref cos o + (pref sina — T'ref COS a)VT
= prerT,ref sin Qref — T'rerT,ref COS Quyef + (pref sin o — T'ref COS a)VT

+ VI ref [ Dref (SIn @ — Sin ef) — Trer (COS v — €OS Oy )]
= DrefWref — TrefUref + du2(Vr) + dy 3(c)
where:

° dv,2(VT) = (pref Sin — Tref COS a)ffT is a perturbation that vanishes at Vi = 0 and is
bounded for all fixed Vp;

o dy3(0) = Ve [ Prer(sin o — Sin ayer) — Tref(COS v — €OS ayer )] is @ bounded perturba-
tion that vanishes at o = ayef.

Since Q= Qyef if and only if Vi = Vyef and w = wyer, the perturbation d, 3(«) vanishes
when Vp = 0 and @ := w — wyer = 0. Consequently, we shall adopt the more informative
notation d, 3(a) = dy 3(Vr, 0).
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As a result, the dynamics of the lateral velocity is written as follows

V= Pref Wref — Treflref 1 g Sin(¢ref) COS(Href) + %YA(B) + dv,l(o'a (:), V)
+ dya (V) + do s (Vi D)
Note that, at trim,

p:efw:ef - r:efu:ef + g Sin(¢:ef) COS(QFef) =0

*
ref

dv,ref (t) ‘= Pref (t)wref (t) — Tref (t)uref(t) +g Sin(gbref(t)) Cos(eref (t))

satisfies, by assumption,

due to the selection of ¢* . as the roll angle for coordinated turn. As a result,

tlgglo |du vt ()] = 0O

It should be noted that the side force Y4(8) = gSCy (5, M) satisfies the following property
(recall that 8 = arcsin(v/Vr)):

Property 4.1.0.1 There exists a class-KC function k(-) : R>g — R>q such that
LYA(B)v < —k(|v]) for allv € R such that |v] < Vrp
Furthermore, there exist numbers o > 0, &k > 0 such that k(s) > ks for all s € [0, g].

Property 4.1.0.1 establishes the fact that the side force provides dissipation for the lateral
velocity dynamics (4.2). Finally, defining & := & — @, and letting

dv <t7 C‘é) = dv,1(07 (.:), V) + dv,2(‘7T) + dv,3(vT7 'U~)) + dv,ref(t)

be the overall state-dependent perturbation (note that d, ,c¢(t) depends only on exogenous
reference signals), the lateral dynamics is written as

0= LYA(B) + dy(t, Z) (4.3)

For system (4.3) the following holds as an immediate consequence of Property (4.1.0.1):

Proposition 4.1.1 The lateral velocity dynamics are locally input-to-state stable with re-
spect to the disturbance input d,. In particular, there exists a constant p, and a class-KC
function p,(-) such that, for all disturbance inputs satisfying ||dyllcc < tw, the state v(-)
of (4.3) satisfies the asymptotic bound

[0]la < o ([ldv]la) (4.4)
Using repeatedly the relation [15,16]
o(a+b) < o(2a) + 0(2b) < 2max {0(2a), 0(20)}

which holds for any class-K function g(-) and any a,b > 0, one obtains

[0lla < 4max {py (4][dvlla)  po (4lldv2lla) s P (4lldvslla) s oo (4lldo retlla) }
= dmax {py (4l|dv1lla) , v (4lldv2lla)  po (4lldv3lla) } (4.5)

It is noted that the asymptotic norm of d, ;ef(-) has been removed from the bound (4.4)
due to the fact that ||d, ret|la = O by definition of the class of reference trajectories under
consideration.
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4.2 Control of the Vertical Velocity

The equation of the dynamics of the vertical velocity, introduced in (1.8), reads as
w :qu—pv+mgcos¢cos9+%ZA(a)+ %ZA,é (4.6)

The goal is to use the available aerodynamic control force, Z4 5 to let w(t) track the reference
trajectory wyef(t) := Vrref(t)sin ayer(t), being «(t), t > t the reference for the angle of
attack, which is a degree of freedom in the design. For the time being, we assume that
auef(t), t >t is an signal that is available together with its derivatives.

The expression of the vertical aerodynamic force due to the fuselage, Z4 pase has the fol-
lowing expression, as given in Table (1.3) and equations (1.6)

Z A base = —Dsina — L cos o
S (02) + OB+ C%a? + OMes Moo) sin o+
~ s (C%+Cga+0£4°°aMooa+Cg2a2+C’£4°°Moo> cos o

We approximate this expression with the following second-order expansion’

Zapase = —GSC%a — gSC" o — gSC? (4.7)

where it is noted that C'¢ > 0. It is also noted that C'¢ is the dominant term in the above
expansion. With this in mind, we let

%ZA,base = d)w(a)T'ﬁw
where the vector of uncertain aerodynamic parameters reads as
9y =[C2 C "

and the regressor ¢, («) has an obvious expression. The vertical dynamics is therefore
written as follows

W= qu — pv + gcos pcosd + o, ()9, + %ZA,(; (4.8)
where the aerodynamic control force Z,4 s reads as
Zas = €3 Fas=qe; By diag(\)é = gej By diag(8)A
Consider an adaptive observer for (4.8) of the form
W= qu — pv+ gcospcosh + @Z(ﬁw(a) +4 el B diag(6)\ + ky, (w — ) (4.9)
yielding the observer error dynamics
el B, diag(d)A (4.10)

q
m

u;)obsv = —kyWohsy + ¢w (Q)Téw +

! Alternatively, one can obtain a curve-fitted model of Z A,base Of the form (4.7) directly from wind-tunnel
or CFD data.
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where Uy, := 9, — {91”, and X := XA — X has been defined in (3.24). Using the Lyapunov
function candidate

Wy (1Bobs: Dy A) 1= L2, + 100 0, + LA TTIA (4.11)

obs

A

the update law for the estimates 1, is readily found to be

Y = Proj {Iy¢, (@) leps} , 0w(0) € int P (4.12)
DwEP

where I'y, = Fg > 0 is a gain matrix. The update law for A is obtained by augmenting the
last equation of (3.26) with a term that serves the purpose of canceling the cross term that
depends on 9, in the derivative of the Lyapunov function candidate (4.11). The expression
of the redefined update law for X is given by

A = Proj { LI, diag(8)” [BY esthopsy + mB3 @obsy] } . A(0) =1 (4.13)
AeA
where I'y = I'Y > 0 is the adaptation gain matrix, and 1 =[11 --- 1]T.

In the sequel, we concentrate on the analysis of the observer of the vertical dynamics only.
With a substantial abuse, we will omit the coupling of the update law (4.13) with the
angular velocity observer dynamics, with the underlying notion that the actual stability
analysis should be carried out jointly with the observer error dynamics (3.27). As a result,
we henceforth consider the update law

A = Proj { L I'\diag(8)" B exobsy } . A(0) = 1 (4.14)
e

in place of (4.13) only for the purpose of analyzing the stability properties of the vertical
velocity observer. The overall stability result for the vertical velocity and angular velocity
observers under the full update law (4.13) is just the combination of Proposition 3.3.2 and
Proposition 4.2.1 below.

For the dynamics of the adaptive observer (4.10)—(4.12)—(4.14) in error coordinates, namely

J}obsv = _kwwobsv + ¢w(a)T{9w + qegBl dlag(é)j\

ﬂw = - PI‘Oj {Fwd)w(a)wObS}

Y EP
A = —Proj {-LI"\diag(d)” BT e3tionsy } (4.15)
Aea
the following result holds:

Proposition 4.2.1 Assume that there exist a positive constant Bmax < m/2 such that, for
allt >0,

1B(t)] < Bmax
and that the forward trajectory Vp(t), t > 0, is bounded. Then, all forward trajectories of

system (4.15) originating from initial conditions as in (4.9), (4.12) and (4.14) are bounded
and satisfy

HwobSHa =0
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Proof. Since

¢ (w) ¢ v
o = arctan ( — ) = arctan | —————
U Vi cosacos B

one obtains

. w ) w
sinae = ———— = a=arcsin| ———
Vi cos B Vi cos B

hence « is bounded if the assumptions hold. The proof then follows directly from applica-
tion of La Salle/Yoshizawa Theorem using the Lyapunov function candidate (4.11). O

Next, we devote our attention to the problem of controlling the observer (4.9)

X ~T ~ -
W =qu—pv+gcospcostd +3,¢,(a)+ %ZA#S + KwWobsy

with the purpose of regulating the tracking error @ = w — wyt. Define the estimated
tracking error €, := W — wyer and note that é,, = W + Wepsy. Due to the limited control
authority provided by the (estimated) aerodynamic force Z 4,5, we avoid a control strategy
that aims at canceling the known dynamics of the observer, but instead rely on the natural
dissipation provided by ZApase. In. this sense, the control input will only be used to
decouple the observed vertical velocity dynamics from the lateral velocity dynamics, to
compensate for the gravity force and for imposing the required equilibrium at trim.

Specifically, note that

qu = Gref VT sina cos 8 4 q Vr sin o cos 3

= Qrof VT ref SiNCx cOs 3 + qrerT sinacos 8+ ¢ Vrsinacos 8
and define the control

ZA,(; = —MEwE + MPV — M Grot VT ref Sin v cOs B + m@SC’?aref —mgcospcosh +m qSé§2a2

+m (jSC‘S — MWyef
where £, > 0 is a small gain parameter?, to obtain the observed tracking dynamics
b = —Ef — qSC’? (a0 — ayef) + qreff/T sina cos 8+ § Vpsina cos 8 + kyWobsy (4.16)
Recalling that

w Wref
o =arctan | — | , Qref = arctan | —
U Uref

2Tt is emphasized that the small dissipation term —e,,€ provided by the controller may not be needed at
all, as the term —@SCS (v — arer) usually provides ample stability margin for the estimated tracking error
dynamics (4.16).
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one obtains

. — Quef = arctan (

S| g

Wref
— arctan
Uref

w Wref w w
< ) — arctan <> + arctan (—) — arctan ( >
Uyref Uref U Uref

= arctan

o1(v)

é w é Wref
= arctan ) + arctan < > — arctan ( > — arctan ( > +o01(v)
Uref Uref Uref Uref
02(v)
é
—ston (o) s+ 00
Uref

The term p;(v) is expanded as follows:

w w w w
01(v) = arctan (—) — arctan < > = arctan <~> — arctan ( >
U Uref U + Uref Uref

w w
= arctan | = — arctan
Vir cos ae cos B + Uret Uref

as a result, o1 (v) = Ql(VT) is a bounded perturbation vanishing at Vp = 0. Similarly, using
the fact that

w :w+wref_wref"i_w_w:éw"’_wobsv"i_wref
the term p2(v) is expanded as follows:

Wobsy + €w + Wref e Wref
02(v) = arctan — arctan — arctan (| —
Uref Uref Uref

which shows that g2(v) = g2(Wobsy is @ bounded perturbation vanishing at wWopsy = 0.
Finally, defining

du 1 (@, V) := —GSC%01 (V1) + qret Vi sin acos B + G Vi sin v cos 3
iy 2 (Wobsy) = =GSCL 02 (Wobsy) + Futobsy
to obtain from (4.16)
bw = —Ewlw — Kuw(€) + duw1 (@, V) + du2(Wobsy) (4.17)

where

kw(€) := gSC arctan ( c )

Uyef
As the estimate C’? is constrained by parameter projection to range over the same compact
interval where CY belongs, there exist constants ¢, > 0 and ¢, > 0 such that

0<c, <Ct) <&,

As a result, since uyf ranges over a compact set as well, there is a class-KC function F(+)
such that

kw(€) > |ew| Kuw(|éw|)
As a result, it is readily seen that system (4.17) is ISS with respect to the inputs dy, 1 (@, Vi)
and dy, 2(Wobsv). More specifically, the following result holds:
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Proposition 4.2.2 The observed vertical velocity system (4.16) is input-to-state stable with

respect to the disturbance inputs dy, 1(w, VT) and dy 2(Websy)- In particular, the state é,(-)
of (4.16) satisfies the asymptotic bound

lélla < 2max {¢,! 2lldw,lla); oo (2lldw2lla) } (4.18)

where @y, (+) is the class-Koo function defined as

puls) = s+ Ruls), s €[0,%)
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Chapter 5

Control Reconfiguration

In the previous sections, we have defined the expressions for the commanded control aero-
dynamic forces and moments, F' 4 ;g and M 4 cga. The goal of this chapter is to present
a method to solve for d.ynq the overdetermined equations

FA,Cmd = qu diag(j\)(scmda MA,Cmd = QBz dlag(j\)(scmd

while suitably exploiting the non-uniqueness of solutions. Control reconfiguration capabil-
ities are provided by adaptation on the entries of the estimated actuator effectiveness A
(developed in Chapter 3 and Chapter 4), and by dynamic control allocation (DCA), which
is the subject of this chapter. The material in this chapter is adapted from the recent
works [17-19].

5.1 Preliminary Transformations

Recall that the expression of the control effectiveness matrix

=z

where
0 0 0 0 0 0
Bi=|-c; ¢ -cf ¢ ¢ -c
-C; -c¢ -C —cl ¢t C
S A ¢/ A O N O R
By=|-cc, —cc, —cf —ct ¢t c
ce —C¢ Of _Cf _Ct Ot
and that

rank B =4

As a result, the system is input redundant, with dim ker B = 2. To simplify the expression
of the control effectiveness matrix, consider the isomorphism 7' : R® — RS defined by the
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non-singular matrix

1 0 0 0 O
0 1 1 0 O
T— 0 0 0 1 1
1 =10 0 0 O
0O 01 -1 0 O
0 0 0 0 1 —1
and define the change of coordinates in the input space’
de = Tdiag(N)dema, Oema = diag(A) 1T 1o.g (5.1)

The new coordinates d.g represent the symmetric and anti-symmetric deflections of pairs of
each pair of left and right actuators, weighted by their effectiveness. In the new coordinates,
the expression of the control effectiveness matrices is greatly simplified, as

o 0 0 0 0 0
BT'=| 0 o0 0 -C¢ -C! C}
—-cc —ct ot o 0 0

0 0o o0 -c& -cf ¢t
BT '=|-ce -ct ¢, 0o 0o o0
0 0 o c< cf —ct

5.2 Baseline solution

We start be resolving the allocation of the commanded control moments. Assign
_ ~ 1L
Set = 2 (BaT ™) Mg ma + (B2T7Y) " 7y (5.2)

where 71 € R3 is an additional control,

(B! = (B ) [(Bor ) (B2 )]

is the Moore-Penrose pseudo-inverse of BoT ™! (recall that rank By = 3), and (BQT_I)J_ €
R6*3 is such that N
im (BoT ™')™ = ker (BoT 1)

Note that 71 represents coordinates in the kernel of Bs, hence the subspace of the effective
deflections dog that do not produce control moments. Reverting back to the commanded
deflections d.,q via the second identity in (5.1), one obtains

qBQ dlag(x)dcmd = MA,cmd

'Recall that diag(A) € R®*® is nonsingular for all X € A, as diag(X) > A > 0.
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as desired. Next, we evaluate the effect of the selection (5.2) on the translational dynamics.
Clearly,

_ Cint _ L
qB16cma = By (BT 1)T M g ema + @By (BT 7y
= BHMA,cmd + @B127T1

It can be shown via direct computation that B1; € R3*3 and By € R?**3 have the following
structure

0 0 O 0 0 0
Bii=|% 0 x|, Bi2=[0 0 0
0 « 0 * k%

where ‘x’ represents a generic non-zero entry. It should be noted that the (2,1)-entry
and (2,3)-entry of the matrix Bj; are much smaller in magnitude than the other entries,
which is consistent with the assumption taken earlier to neglect the small-body force Y4 5.
Consequently, we set those entries to zero, and obtain

0 0 0
By — |0 o 0
CceCce+Ch el +Ct et
0 Ce2+CE2+CL2 0
0 0 0
By 0 0 0
12 £ £ ¢ ¢ £ £
ctce—cect cect—ctoe of oo — e cf
Cr, Cy, Cr,

with rank B1; = rank Bjs = 1. Recall also that

FA,cmd = 0
ZA,Crnd
hence F 4 ¢cmq € im B;>. Furthermore,
im BH g im Blg

hence the equation
B11 M g cma + @B12T1 = F g cmd

can be solved (non uniquely) for 7. Let 75 (F A,cmd) denote one such solution, for example

0
. ce cece+ct ot 4ot ot ce .
* F — _ m m z m z m ZM m m Z m
T =\ TEa G oo T Gor g e
0
and define .
T = %T{ + %3127'2



where

CrC: — Cr G5
Cce,Ct — Cf,C¢
0 1

is such that
im By, = ker Bys

and 7o € R? represents coordinates on the kernel of Bj,. Reverting back to the commanded
deflections d.,q via the second identity in (5.1), one obtains

qu diag(j‘)(scmd = FA,cmd
as desired. As a result, the assignment

Ocmd = diag(j\) —lp-l Oct

(seff =1 (-BQ’-Til)]L MA,Cmd + % (BQT?l)L TT(FA@md) +

: (BT Biyre  (5.3)

Q=

results in the generation of the desired forces and moments
. F
gB diag(N)dema = [ 7™
A,cmd

while providing strong input redundancy [2,3] in the form of the free vector 79 € R? express-
ing coordinates in ker B. The assignment (5.3) with 75 = 0 is referred to as the baseline
allocation.

5.3 Dynamic Control Allocation

5.3.1 Strong Input Redundancy

The first DCA action presented in this section exploits the so-called strong input redundancy
[2,3] of the system due to the rank deficiency of B. In this case, the DCA action aims at
distributing the control effort among the available control surfaces in such a way that the
actual aerodynamic surface deflections, § are closest to the commanded ones, d.mq in the
least-square sense. To this end, write (5.3) in the concise form

Ocmd = LIMA,cmd + LQT,{(FA,cmd) + L3T2

with obvious definition of the matrices L; € R6%3, Ly € R%*3 and L3 € R6*2. Recall that
T9 # 0 does not generate forces or moments, as

BL;=0
However, the actual value of d¢,q is modified from the baseline control

6cmd = LIMA,cmd + LZTT(FA,cmd)
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that assigns the required commanded aerodynamic forces and moments. Consequently, one
may exploit this non-uniqueness in the control allocation (referred to as a strong input
redundancy) to solve an additional optimization problem. Specifically, consider the cost
function

\7strong = % (6 - 5cmd)T Q, (6 - acmd) + %5175T2

where Q; € R%*6, Q, = Q{ > 0 and g1 > 0 are weights. The allocation policy for the
strong redundancy input 79 is simply obtain by the dynamic minimizer obtained via the
gradient flow

Ty = _leT2k7StrOng’ 7-2(0) =0 (54)

where g1 > 0 is the adaptation gain. The policy (5.4) yields the exponentially stable
dynamics

79 = —o01 (L QL3 +e1Ig) T2 + o1 L3 Q, (5 — L1 M 4 ond — LQTT(FA,cmd))

Note that, since BL3 = 0, the dynamics of the strong redundancy allocator (5.4) is com-
pletely decoupled from the rest of the dynamics, hence stability of the interconnection be-
tween the allocator and the closed-loop system is guaranteed as long as this latter remains
stable.

5.3.2 Weak Input Redundancy

The second level of allocation regards the use of the assignable reference for the angle of
attack, aqef(t), to minimize the difference between the commanded forces and moments and
the actual ones produced by the aerodynamic actuators via a suitable reconfiguration of
the vehicle attitude that does not affect the tracking performance. This possibility is made
possible by the fact that the system under investigation is also weakly input redundant, in
the terminology of [2,3].
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Appendix A

Attitude Parameterization

The goal of this brief section is to fix the notation and introduce basic concepts regarding
the attitude parameterization of a rigid body in a given coordinate frame.

A.1 Rotation Matrices

Let two coordinate systems be given, an inertial one, %, = {€&1, €2, €3}, and a body-fixed
one, %, = {51, 52, 53} All coordinate frames are assumed to have common origin of the
axes defined by the vectors €;, Bi, 1 =1,2,3. To represent the relative orientation between
Z. and %y, note that

b = (bi o &)€;

=

b1061 bQO€1 b30€1
|:b1 b2 bg] = |:51 52 é},} b1 o 52 bg @) é’g b3 o 52 = [51 52 é’g} Reb (Al)
b10€3 bgoé}, b30€3

where Ry, is the rotation matriz describing the orientation of %, in %#.. Given a vector U,
its expression in each of the two coordinate frames is given by

V= eV1€1 +€V2€2 +8V3€3 = bl/lbl +bl/2b2 +bV3b3

yielding
‘n by
[51 € 53} ‘v | = [31 by 63} buy (A.2)
‘vs by

121 141
V= [51 é> 53} ‘o | = [51 é> é’g} Ry | vy
‘v3 bug
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hence

e 7 b Vl
vy | = Rep | P
e s b U3

More concisely, letting *v € R? and ¢v € R3 be the coordinate vectors of ¥ in .%, and .%,,
respectively, one obtains
‘v = Ry, v

which expresses the fact that Rep, : R? — R3 maps the coordinates of a vector expressed in
the frame %}, into the coordinates of the same vector expressed in the frame %.. It is well
known (but shall not be proven here) that R, belongs to the special orthogonal group

SO(3) :={ReR* :RTR=1I;and det R =1}

It is known that dim SO(3) = 3.

The rotational kinematic equations of a rigid body with body-fixed frame .%#;, and Earth-
centered inertial frame %, read as

Reb = RebS(bw)

or as

Reb = S(ew)Reb
where S(-) is the skew-symmetric operator defined by S(w)v = w x v, and w € R? and
¢w € R? are the coordinate vectors of the angular velocity of the body expressed in .%,
and .%,, respectively.

A.2 Euler Angle Parameterization

One of the most popular minimal parameterization (hence requiring three parameters) of
the rotation matrix is obtained via a series of elementary rotations. This parameterization
is often termed Fuler angles parameterization: as a matter of fact, the Euler angles param-
eterization is but one out of twelve possible choices for the sequences of three elementary
rotations. The method that we will use to bring the frame .%;, in a desired orientation
with respect to the frame %, consists in aligning the two systems and perform a rotation
of Z, around the axes €], €3 and €3 of %, by angles equal to ¢ (roll), 8 (pitch) and
(yaw). We shall obtain the corresponding final rotation matrix R, using the sequence of
= intermediate rotations R, 4, R, 9, R, , yielding

T T T
Ry =R, R R, ,

or, using exponential notation
R, = *Ve¥0e®?

dove

o O
o O O
o O =

0>

Il

|

[a—

ISR
Il
o = O
o O O
Nog3
Il

o O
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Letting n = col(¢, 0, 1) the vector of generalized coordinates, the relation between the time
derivative of n(t) and the angular velocity *w of .%, in .%,, expressed in .%, is the following;

¢
'w=| 0 [+Ruy| 6 | +R.uR 0| O
. .

This relation yields the kinematic equation

7= H(n)
where
1 sin¢gtanf cos¢tanf 1 0 —sinf
H(n)=1| 0 cos ¢ —sin ¢ , Hn) '=| 0 cos¢ cosfsing
0 zg;(g ggzz 0 —sing cosfcoso

A.3 Euler Parameters and Unit Quaternions

An increasingly popular way of parameterizing rotations, which is globally nonsingular and
is quite attractive from a computational viewpoint is offered by Fuler parameters. The
Euler parameters corresponding to a rotation of an angle # about an axis A are given by

o- e _ sin g)\
n cos g 7

where A is any representation of the vector X in coordinates. The Euler parameters form a
unit quaternion, hence they can be manipulated using the quaternion algebra. We refer to
e € R? as the vector part of the quaternion and to 7 as its scalar part. The unit quaternions
satisfy the norm constraint

IQII* =n*+e"e=1.

The Euler theorem states that the relative orientation between two coordinate frames can
be expressed as a single rotation about a fixed axis. The associated rotation matrix R is
given by the exponential formula

R =exp(0S(N)) .
It is not difficult to compute the expression of R in terms of its Euler parameters

R(Q) = I3+ 28%(e) +218(¢e), (A.3)

1—26%—26% 2ep€1 —2mes 2€e3€1+ 206
R=1 2e¢e1+2ne3 1—26%—26% 2€e3e0 —2M€ ,
2e3€1 —2mer 2e3ea+2ne 1 —263— 263

from which it is readily seen that R(Q) = I3 if and only if e = 0 and n = +1. Note
that {e,n} and {e, —n} represent the same rotation. The two fundamental operations of
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the algebra of quaternions are the quaternion addition @ = Q1 + Q- and the quaternion
multiplication @ = Q1 x Q. In the first case, Q is simply defined as the quaternion whose
vector part and scalar part are the sum of the vector parts and the scalar parts of @; and
Q, respectively, while the second operation is defined according to the following rule:

O, % Oy — [77113-1'?(51) €1 ] { €2 } .
—€1 m Up)

The quaternion product is used to derive the Euler parameters corresponding to composite
rotations. Consider, for instance, a sequence of rotations that aligns the body-fixed frame
ZFp, with an auxiliary frame .%. and then with an inertial frame .%;. The resulting rotation
matrix is given by

R(Qi) = R(Qic)R(Qwp) ,
with the corresponding quaternions Qjp,, Qic, Qcb satisfying

Qi = Qicx Leb -

Finally, we denote with Q' the conjugate quaternion, defined as

.I.
Q.i. _ g _ —€& '
Ui Ui
The conjugate quaternion satisfies

Q*QngT*Qz{ (1)}

and thus, if Q parameterizes R, the conjugate quaternion Q! is the one associated with
R”. The quaternion propagation rule relates the time derivative of the quaternion with the
angular velocity vector of the rotation

. 1 w
Q:2Q*{ 0 }7

where the last term on the right-hand side is the quaternion whose vector part is the angular
velocity vector and scalar part equal to zero. The inverse relationship is given by

{w }:2QT*Q.
0

A more convenient notation for the quaternion propagation rule is given as follows

Q = ;E(Qu
Q = 1AWw)Q

where
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AGw) = ( Sl ) .

Note that ET(Q)E(Q) = I and that ||E(Q)| =1 for all Q. Therefore,

w = 2ET(Q)Q,
n €3 —€ —€1
E"Q)=| & n a -e
€2 —€1 n —€3

A.4 Orientation Error

Consider the goal to let the body-fixed coordinate frame track a time-varying, desired orien-
tation, represented by a reference coordinate frame .%;. This latter is specified by means of a
reference rotation R4 with respect to the inertial coordinate frame, with associated angular
velocity vector @4(t). The reference rotation matrix satisfies the differential equation

Ry =RyS(wl),

where wg € R? denotes the expression of &y in .%,;. The orientation error between the
desired frame and the body-fixed frame is defined in terms of the orientation of .%; relative
to Fy

R=RIR,

or the orientation of %, relative to %
R=R"R,.

According to the first choice (R), the angular velocity error is the angular velocity of the
body-fixed frame relative to the desired frame, expressed in body coordinates as

~b b b
w = W —wy
~T

= - R Wi,

and with respect to the desired frame as

ol = wd—wz
= wa—wg.

In the second case (R), the angular velocity error is the angular velocity of the desired
frame relative to the body-fixed frame, expressed in body coordinates simply as

w=—w.

Let’s adopt the R notation; consequently, letting @ and Qg be the quaternion associated
with R and R, respectively, we obtain the quaternion associated with R as

0=0/+Q0.
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A.5 Modified Rodrigues Parameters

Consider the rotation matrix R € SO(3) mapping vectors from their representation in the
body-fixed frame %, into their representation in the inertial frame %, i.e.,

R=R.,, and v°=Ru’.

Let X be the instantaneous axis of rotation of .%, with respect to %, and let 6 the angle of
which .%;, is rotated about A (with a slight abuse of notation, we denote the axis of rotation
by its coordinates, and not as a vector in the Euclidian space, as its representation is the
same in both .%, and .%,). The angle/axis parameterization of R gives

R = exp(S(A)0)
which yields, according to Rodrigues formula,
R =13+sin(6)S(\) + (1 —cos(6))S(A)?,

where S(A)v = XA x v. The Euler parameters, defined as

— 9 — \sin?
7 =coss, € = Asing

form a unit quaternion
172 +efe=1

and gives the following expression for the rotation matrix
R=13+2nS(e) +25(e)?.

Note that, since
Sw)? =t —vTuI;,

the rotation matrix as a function of the Euler parameters is sometimes given as
R=(n*—e"e)I3 +2ee” +28(¢).

The modified Rodrigues parameters of R are defined as

€ 0
p— :t 7A_
o 1—|—77 an4

The advantage of the MRP versus the standard Gibbs/Rodrigues parameters

lies in the fact that the latter become singular at n = 0, while the former have a singularity
at 7 = —1. This implies that the MRP can describe rotations in the range 6 = [0, 27),
while the standard Rodrigues parameters cannot be employed for rotations exceeding the
range 0 € [0, 7). In this respect, the modified Rodrigues parameters offer the best minimal
parameterization of SO(3).
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Rotation matrix
To derive the rotation matrix as a function of o, note that
R = I3-+sin(0)S(A)+ (1 —cos(h))S(\)?

= I3+ 2singcosS(A) +2sin? $S(N)2.

Since ; 20
cin 0 — 2tan1 COSQZI—tan 1
2 20 2 207
1 + tan® 7 1 + tan® 7
and
l+tan®*§ =1+0'0,
we obtain
1-oleo 8
QSichosgzélitanQ, 2sin?? = ——_ _tan??
2 2 (1+o070)? 4 2 (1+o070)2 1

Substitution of the latter formulas into the expression for R yields

R=1I;+ 8 59(0) [S(o)+1i(1—0o"o)I;] .

(1+070)

Kinematic equation

To derive the kinematic equations in terms of the MRP, we proceed as follows: let w be
the angular velocity on %, with respect to %, resolved in %, and consider the kinematic
equations in terms of the Euler parameters

1.T

77 = —55 w

E = %[7713 + S(e)|w.

Since o =
1+n

. 1 1 T
o = 72(1+n)[nI3—|—S(s)]w+72(1+n>258 w

— é[lang—FS(a’)—l—aaT}w
1 l1-olo
2

= 1 I3+S(0')+0'0'T}w

= %G’(U)w

where we have used the fact that

n _l—-o'o
1+n 2
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T

Since S(o) = oo’ — oo I3, we can also write

1+ole

Glo) = [ M7 1+ (o) + (07

Also, it can be verified that

and that
GT(0)G(o) = (”;T")213 — G (o) = (Hi%)?c%).

Additional results

The kinematic equation
o =3G(o)w

is lossless with respect to the input u = w and the output y = o, with storage function
V(o) =2In(1+ o%o). As a matter of fact,

oln(1+ oTo)
oo

Glo)w=0clw.

This implies that all the nice results about stabilization using passivity that hold for the
quaternion parameterization apply mutatis mutandis to the MRP. Also, since

2In(1+ olo) < 2||o||?, for all o

and
le|*> < 2In(1+o%a), foralle: |lo]| <1,

it is easy to prove local exponential stability as well.
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Appendix B

Stability Tools

B.1 Notation and Math Preliminaries

For vectors x € R”, z € R™, we let col(z, 2) := (z7 27)T.

Norms and Function Spaces

Norms on finite-dimensional vector spaces X = R™ are denoted by a single bar, |- | : X —
R>¢. This notation encompasses vector norms, |z| for x € R"”, and matrix norms, |A| for
A € R™*"  Due to the fact that norms on finite-dimensional vector spaces are all equivalent,
norm types are left unspecified, unless explicitly noted. As a result, there is little loss of

generality in assuming that | - | : X — R>¢ is the euclidean norm on X', that is:
- |Ax|

o) =|aly = | Y a?, z€R",  |A|=|A]y = sup m 2 = \/Amax (ATA), A € R™"
i—1 z€R™ 2

z#0

where Apax(M) denotes the largest eigenvalue of the matrix M € R™ ™. Given a set
A C R”, the norm on R™ with respect to A is defined as the point-to-set distance

:= dist = inf |2 —
2|4 = dist(z, A) ggA!x 3

Conversely, for function spaces we distinguish several types of functional norms, denoted
by a double bar, |- || : Y — R>q, where U is a suitable space of functions. Functions spaces
that will be considered in this class are the spaces of k-times differentiable functions, with
k€10,1,...,00]. Specifically,

CE(X), ke[0,00], ITC(—00,00), X =R"

denotes the space of k-times differentiable functions of a scalar variable defined on the
interval Z of the real line, with codomain X. For example, C[% 00) (R™) denotes the space

of continuous functions u(-) : ¢t — u(t) € R™, t € [0,00), whereas C(l(),oo) (R™*™) denotes
the space of continuously differentiable matrix-valued functions u(-) : ¢t — wu(t) € R™*",
t € (0,00). Note that C§+1(X) C C%(X), for k = 0,1,...,00. For economy of notation,
unless confusion may arise, we shall omit to specify the codomain. The following norms

will be used on CX(X):
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e oco-norm: ||u(+)||eo := sup;ez [u(t)]

o 2-norm: ||u(:)||2 == 4/ [ |u(T)[2dT

If, for a given u(-) € CE(X), ||u(-)||w < o0, then the function u(-) is said to be bounded on
its domain. If ||u(-)||2 < oo, u(-) is said to have finite energy on its domain. Note that if 7 is
a compact interval (that is, Z = [a, b] for some —o0 < a < b < 00), then both ||u(-)|lec < o0
and ||u(-)|l2 < oo hold by continuity. Consequently, it makes sense to define

o0 (X) 1= {u() € €L o) (X) ¢ lu() oo < 00}
Foo) (1) 2= {10) € Gy o)1) JuOlo < o0}

as the spaces of bounded functions defined over (—oo, c0) or [0, 00), and

L7 ) (X) 1= {u() € € oy (1) : ()2 < 50
2800y () 1= {ul) € G ) (X) : lu()]l2 < o0 f

as the spaces of square-integrable functions defined over (—oo,00) or [0,00). Again, the
domain of definition and the codomain will be dropped from the notation whenever con-
venient and appropriate, and use the simpler notation £* and £2. For a given function
u(-) € CE(X), where either T = (—00,00) or Z = [0,00) and 7 € Z, we define the truncation
of u(-) over (—oo, 7] (or over [0, 7]) as the function u,(-) : Z — X defined as

u(t) teZandt <7
ur(t) = 0 t>r

On the basis of this definition, one defines the extended £> and L? spaces respectively as
follows:

L2 (X)) = {uf(-) € €Yoy (X)  lur () oo < 0 for all 7 € R}

(—O0,00)

L) () = {ur() € Gy (X) ¢ (e < 00 for all 7> 0}

and

22 (@)1= {ur() € € (X) ¢ fur Ol < oo for all 7 € B
£ (@) = {ur () €€l ) (X) : flur ()2 < o0 for all 7 > 0}

Clearly, £ C £%€ and £? C £*¢, but not vice versa.

Glven a signal u(-) € Cé“_oo’oo)(/l’), its asymptotic norm, ||u(-)||q, is defined as

l[u(-)]la := limsup |u(t)|
t—o00
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Comparison Functions

Definition B.1.1 (Class-K Functions) A function o) : R>g — Rx>g is said to be of
class-IC if it is continuous, strictly increasing and satisfies a(0) = 0. A class-K function is
said to be of class-Ko if, in addition, it satisfies limg_, o0 t(s) = 400.

Definition B.1.2 (Class-N Functions) A function n(-) : R>g — Rx>q is said to be of
class-N\ if it is continuous and non-decreasing. Note that a class-N function n(-) does not
necessarily satisfy n(0) = 0.

Definition B.1.3 (Class-KL Functions) A function B(-) : R>¢ x R>g — R>¢ is said to
be of class-ICL if 5(-,7) is a class-KC function for all r € R>o and, for all s € R>gq, 5(s,-) is
a continuous strictly decreasing function satisfying lim, . B(s,7) = 0.

B.2 Stability Definitions

In what follows, we consider nonlinear nonautonomous systems of the form

i = f(t,x)

B.1
:L'(to) = Xy ( )

with state x € R™. The vector field f : R x R® — R” is assumed to be at least continu-
ous in ¢t € R, and locally Lipschitz in € R”, uniformly in ¢ (note that this implies that
sup;>q |f(t,x)| < oo, for all 2 belonging to arbitrary compact sets M C R™.) Often, we
will add the further assumption that f is continuously differentiable, or even smooth. The
assumption on local Lipschitz continuity (uniformly in t) of the vector field f guarantees
that there exists a unique absolutely continuous solution x(t; g, z¢) of (B.20), which can
be extended over a maximal open interval Zy, », = (to — Omin, to + Omax). If dmax = +00,
(respectively, dpmin = +00) for all initial conditions xy and all initial times ¢y, we say that
(B.20) is forward complete (respectively, backward complete). A system that is both back-
ward and forward complete is said to be complete. On the other hand, if dax (respectively,
dmin) is finite, then the trajectory z(t;to, xo) leaves any compact set M containing ¢ as
t — to + Omax (respectively, t — t9 — Omin.) It is assumed that the origin x = 0 is an
equilibrium for (B.20), that is f(¢,0) = 0, for all t € R.

Definition B.2.1 (Uniform Stability) The origin of (B.20) is said to be uniformly sta-
ble if for any € > 0 there exists 6. > 0 such that for any to € R>q and any |xo| < 6. the
solution x(t; ty, xo) satisfies |x(t;to, xo)| < e for all t > ty.

Definition B.2.2 (Uniform Global Stability) The origin of (B.20) is said to be uni-
formly globally stable if there exists a class-Koo function (-) such that for each (to,xo) €
R>o x R™ the solution x(t;tg, xo) satisfies

|z(t;t0, m0)| < v(|z0l) , Vit >tg.

Note that the definition of uniform stability is different from that of uniform global stability,
as the latter embeds the notion of forward completeness, while the former does not.
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Definition B.2.3 (Uniform Global Attractivity) The origin of (B.20) is said to be
uniformly globally attractive if for any numbers R > 0 and € > 0 there exists T > 0 (which
depends only on R and ) such that for any ty € R>g and any |xo| < R

|z(t; to, mo)| < e, Vi>to+T.

Definition B.2.4 (Uniform Global Asymptotic Stability) The origin of (B.20) is said
to be uniformly globally asymptotically stable if it is uniformly stable and uniformly globally
attractive.

A well known result is the following;:

Proposition B.2.5 The origin of the system (B.20) is uniformly globally asymptotically
stable if and only if there exists a class-KL function B(-,-) such that all solutions of (B.20)
satisfy

|z(t; to, x)| < B(|xol,t — to), Vit >t

for all (to, zo9) € R0 x R™.

Definition B.2.6 (Exponential Convergence) The trajectories of the system (B.20)
are said to be (locally) exponentially convergent if there exists an open neighborhood of
the origin D such that for each pair of initial conditions (tg,z9) € R>o x D there exist
constants py > 0, Ag > 0 such that the solution x(t;to, xo) satisfies

|x(t; to, )| < u0]m0|e_ko(t_t°) , Vit >tg. (B.2)

The system (B.20) is said to be globally exponentially convergent if for each pair of initial
conditions (to,xo) € R>o x R" there exist constants jig > 0, Ao > 0 such that (B.2) is
satisfied.

Definition B.2.7 (Exponential Stability) The origin of (B.20) said to be (locally) ex-
ponentially stable if there exist constants > 0, A > 0 and a neighborhood D of the origin
such that for any initial condition (to,zo) € R>o X D the corresponding solutions satisfy

|2t to, )| < plwole T Wi >, (B.3)
The system (B.20) is said to be globally exponentially stable if there exist constants p > 0,
A > 0 such that (B.3) is satisfied for any (to, o) € R>o x R™.

B.3 Stability Theorems

In this section, we recall a few results on stability theory of the equilibrium of non-
autonomous nonlinear systems of the form (B.20). Almost all the results presented in
this section will be given without proof. The reader may refer to [20] for further details.
The reader should be familiar with Lyapunov stability theory for autonomous nonlinear
systems.
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B.3.1 Lyapunov Theorems

Definition B.3.2 (Lyapunov Function Candidates) A C! function V : RxR" — Rxg
is said to be a Lyapunov Function Candidate for (B.20) if there exist class-Koo functions
al+), a(-), such that

aflz]) <V (t,x) < a(|z]) (B.4)

for allt € R and all x € R™.

In particular, the lower bound in (B.4) establishes the fact that V (¢, x) is positive definite
and radially unbounded, that is, V(¢,x) > 0 for all ¢ € R and all x € R" — {0}, and

lim V(t,x) =400

|z| =00

Conversely, the upper bound establishes the property that V (¢, x) is decrescent. The classic
Lyapunov Theorems for non-autonomous systems can be summarized as follows:

Theorem B.3.3 Assume that the C' function V : R x R® — R>o a Lyapunov Function
Candidate for (B.20). Then, the equilibrium x = 0 of (B.20) is:

e Uniformly globally stable if

ov. oV
— 4+ == <
ot + (9xf(t’x> <0

for allt >0 and all x € R";

e Uniformly globally asymptotically stable if there exists a class-KC function of-)
such that

o T g (62) < —allz)) (B.5)
for allt > 0 and all x € R™;
e Globally exponentially stable if (B./) and (B.5) hold with quadratic functions,

that 1is,
2

a(s)=as®, a(s)=as®, a(s)=as
for some constants 0 < a <a, a > 0;

e Uniformly globally asymptotically and locally exponentially stable if (B.4)
and (B.5) hold with locally quadratic functions, that is, there exist positive numbers
0, a,a, a such that

a(s) > as?, a(s) <as?, afs) > as’

for all s € [0, 4].
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B.3.4 Converse Theorems and Related Results

We recall first some useful results on the inversion of the theorems of Lyapunov. Converse
Lyapunov theorems play a crucial role in modern nonlinear control theory, as the existence
of smooth Lyapunov functions is instrumental in assessing various forms of robustness with
respect to vanishing and persistent perturbations. In regard to this, a fundamental example
is given by the theorem of total stability, given later in the section. An introduction to the
classic contributions by Massera and Kurzweil, can be found in the textbooks [20,21]. For
recent important results, the reader should consult [22] and [23], which also contain a very
nice discussion of early work on the subject as well as detailed and precise bibliographic
references. The first converse theorem is extremely important, and concerns the existence of
a smooth Lyapunov function for locally Lipschitz systems possessing a UGAS equilibrium.
For a proof, see [24] or [22].

Theorem B.3.5 (Massera) Assume that in (B.20) the vector field f is locally Lipschitz
in x € R", uniformly in t. Assume that the equilibrium x = 0 is uniformly globally asymp-
totically stable. Then, there exists a smooth function V : R>g x R" — R>g, class-Ku
functions a(-), @(-), and a class-IC function a(-) such that

a(lz]) < V(¢ x) < a(|z])

ov oV
a5 + %f(t, z) < —af|z|)

for allt > 0 and all z € R™.

Appropriate versions of the above converse theorem for uniform local asymptotic stability
and local exponential stability read as follows:

Theorem B.3.6 Assume that in (B.20) the vector field f is continuously differentiable in
R>o x By, where B, = {x € R": |z| <}, and that the Jacobian matriz Of /Ox is bounded
on B, uniformly in t. Assume that there exist a class-KCL function B(-,-) and a positive
number ro satisfying B(ro,0) < r such that the trajectories of (B.20) satisfy

|$(t,t0,xg)| < ,6(|x0|,t — tg) , Vo € B(’r’o) , V>t > 0.
Then, there exists a continuously differentiable function V : R>¢ x By, — R" satisfying
ar(|z]) < V(t,z) < a(|z|)

av v
9t + %f(t, z) < —as(|z|)
av

5| < aulel

for some class-KC functions «;(-), i = 1,...,4, defined on [0,7¢]. If, in addition, the sys-
tem (B.20) is autonomous, the function V' can be chosen independent of t.

Theorem B.3.7 Assume that in (B.20) the vector field f is continuously differentiable in
R>o % By, where B, = {x € R" : |z| <r}, and that the Jacobian matriz Of /0x is bounded
on B, uniformly in t. Assume that there exist positive constants k, \, ro, with ro < /K
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such that for any initial condition (to,zo) € R>g % By, the corresponding solution of (B.20)
satisfies
|z (t; to, )| < K|wgle AEt0) Vi>tg.

Then, there exists a continuously differentiable function V : R>q x B,, — R" satisfying

clz[? <V(t,z) < calaf

ov. oV 9
220 < _
(1) < el
%<
for some positive constants ¢;, 1 = 1,...,4, for all t > 0, and all x € B,.. If, in addition,

the equilibrium x = 0 is globally uniformly exponentially stable, the above inequalities hold
on R™. Moreover, if the system is autonomous, the function V can be chosen independent

of t.

A proof of Theorem B.3.6 and Theorem B.3.7 can be found in [20] and [21]. It is worth
noting that Theorem B.3.5 and Theorem B.3.7 can be combined, retaining the more re-
strictive assumptions on the regularity of the vector field f stated in Theorem B.3.7, to
obtain a converse Lyapunov theorem for UGAS and LES equilibria yielding a continuously
differentiable Lyapunov function which is locally quadratic at the origin.

Theorem B.3.8 Assume that in (B.20) the vector field f is continuously differentiable in
R>o x R™, and the Jacobian matriz Of/0x is bounded on any compact set, uniformly in t.
Then, the equilibrium x = 0 is uniformly globally asymptotically stable (UGAS) and locally
exponentially stable (LES) if and only if there ezist a continuously differentiable function
V i R>0 X R" = Rxg, class-Koo functions a(-), a(-), a class-K function a(-), and positive
numbers d, a , a, a such that

a(lz]) < V(¢ x) < a(|z])

ov. oV
< _
VT (k) < —ala)
for allt >0 and all x € R™, and
a(s) >as?, a(s) <as?, afs) > a s

for all s € [0, 6].

A proof of Theorem B.3.8 can be obtained following the same lines, mutatis mutandis,
of [25, Lemma 10.1.5]. For autonomous systems possessing a locally asymptotically stable
equilibrium, the following theorem due to Kurzweil [26] establishes the existence of a smooth
Lyapunov function which is proper on the domain of attraction, generalizing in a significant
way the classic theorem by Zubov [27]. A nice self-contained proof can be found in [20,
Theorem 4.17].
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Theorem B.3.9 (Kurzweil) Assume that the system (B.20) is autonomous, and let f :
D — R™ be locally Lipschitz on the domain D C R™ containing the origin. Assume that the
origin is a (locally) asymptotically stable equilibrium, and denote with A C D its domain
of attraction. Then, there exists a smooth, positive definite function V : A — R>q and a
continuous, positive definite function W : A — R>q satisfying

lim V(x) =400
z—0A

g‘;f(x)g—W(m), Ve A.

In particular, for any ¢ > 0, the level set 2, = {x € R" : V(x) < ¢} is a positively invariant
compact subset of A.

B.3.10 Stability of Perturbed Systems

The following theorem, known as the Theorem of Total Stability, establishes the fact that
uniform asymptotic stability of an equilibrium of a nonlinear systems provides robustness
against small non-vanishing perturbations. In particular, the theorem establishes bounded-
ness of all trajectories of a perturbed system that originate sufficiently close to the equilib-
rium, if the perturbation is “sufficiently small” in a meaningful sense.

Theorem B.3.11 (Total Stability)

Consider system (B.20), and assume that the vector field f is continuously differentiable in
R>o x By, where B, = {x € R" : |z| < r}, that the Jacobian matriz Of /0x is bounded on
B, uniformly in t, and that f(t,0) =0 for allt > 0. Let g : R>g x B, — R™ be such that
g(t,x) is piecewise continuous in t and locally Lipschitz in x, uniformly in t. Assume, in
addition, that the equilibrium at the origin of (B.20) is (locally) uniformly asymptotically
stable. Then, given any € > 0, there exists 61 > 0 and §2 > 0 such that if

|zo| < O
lg(t,z)| <62 YE>0 VacB.

then the trajectory x(t) = x(t; to, xo) of the perturbed system
T = f(t,l‘) —i—g(t,x)
.Cl:(to) = Xy
satisfies |x(t)| < e for all t > tg > 0.
Next, we restrict our attention to systems affected by bounded external disturbances,

namely systems of the form

T = f(t,x,d)
:L'(to) = X0 (B'G)

where d(-) € L%(R™). For these systems, we introduce and introduce a few important no-
tions related to bounded-input bounded-state stability. The first such notion is improperly
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referred to as a stability property, as it does not entail contractivity of the forward trajec-
tory over the semi-infinite interval (in terms of its £°°-norm) with respect to the £>°-norm
of the disturbance. It is, however, an important property related to unifirm boundedness
of trajectories in the face of bounded disturbances:

Definition B.3.12 (Global Uniform Ultimate Boundedness) System (B.6) is said to
possess the global uniform ultimate boundedness property (GUUB) with respect to d if there
exists a class-N function n(-) such that for any initial condition (tg,zo) € R x R™ and any
d(-) € L>®(R™), the forward solution x(t) := x(t;to, To, djty 1)), t > to, of (B.6) satisfies

1z()lla < n(lld0)llee) s Nld()lleo := sup |d(2)] (B.7)

The GUUB property admits a (partial, as the converse statement does not hold) Lyapunov-
like characterization, as follows:
Theorem B.3.13 LetV : RxR"™ = R>q be a continuously differentiable function satisfying

a(lz]) < V(¢ z) < a(|z])
forall (t,x) € RxR"™, where a(-) and a(-) are class-Ko functions. Assume that there exists
a class-N -function x(-) such that for allt € R and all d € R™

av oV
d —+ —f(t,z,d B.
ol > x(d) = 5+ S (b w,d) <0 (B3)

Then, system (B.6) has the GUUB property with respect to d. Morover, the bound (B.7)
holds with n(-) = a~t o@o x(-).

The second notion is a generalization of the concept of internal stability of an LTI system, as
it provides a complete characterization of bounded-input bounded-state behavior together
with global uniform asymtotic stability of the origin when the disturbance is inactive:

Definition B.3.14 (Input-to-State Stability) System (B.6) is said to be input-to-state
stable (ISS) if there exist class-IC functions vo(-), v(-) such that for any initial condition
(to,m0) € R x R™ and any d(-) € L2(R™), the forward solution x(t) := x(t;to, To, djt, 1)),
t > to, of (B.6) satisfies

() lloe < max {yo(|zol), (ld(-)lloc) }

() lla < y(lld(-)]la) (B.9)
where [|2(-)[|co := suPgsy, [£()] and [|d(-)[|co := supysy, [d(E)]-
The ISS property entails UGAS of the origin of the system when d = 0. The GUUB

property admits a complete Lyapunov-like characterization, as follows:

Theorem B.3.15 System (B.6) 1SS (with respect to d as an input) if and only if there
exist a continuously differentiable function V : R x R" — Ry, class-Ks functions a(-) and
a(+), and a class-K-function x(-) such that

aflz]) <V (t,x) < a([z]) (B.10)
for all (t,z) € R x R™ and
v oV
lz| > x(|d]) = 5 T %f(t,x,d) <0 (B.11)

for allt € R and all d € R™ Morover, given (B.10) and (B.11), the bounds (B.9) hold with
() =a toa() andy() =a "t o@ox().

61



B.3.16 Invariance-like Theorems

A peculiar characteristic of direct adaptive control techniques is that the Lie derivative
of certain candidate Lyapunov functions is rendered negative semi-definite by design. For
autonomous systems, this situation of usually handled resorting to La Salle’s invariance prin-
ciple and the theorem of Krasovskii and Barbashin. However, for non-autonomous systems,
the situation is far more complicated, and available results are in general much weaker. The
reason lies in the fact that w-limit sets of bounded trajectories of non-autonomous systems
are not necessarily invariant, as it is indeed the case for autonomous or periodic systems.
Invariance of w-limit sets is the fundamental technical result that enables a “reduction prin-
ciple” in determining the behavior of solutions when restricted to the zeroing manifold for
the derivative of a Lyapunov function candidate, and unfortunately this method of anal-
ysis can not be carried over to the non-autonomous case. However, a weaker extension
of La Salle’s invariance principle can be used to infer certain properties of the asymptotic
behavior of systems for which a Lyapunov-like function admitting a negative semi-definite
derivative can be found. We begin with a classic result, ubiquitous in the literature of
adaptive control, which is a key technical lemma in establishing convergence of integrable
signals.

Lemma B.3.17 (Barbalat’s lemma) Let ¢ : R — R be a uniformly continuous function
over [0,00). Assume also that lim;_,oo fg ¢(7)dt exists and is finite. Then, lim;_,oc ¢(t) = 0.

The proof of Barbalat’s lemma can be found in nearly every book on adaptive control,
see for instance [28, Lemma 3.2.6], whereas a significant generalization has been recently
suggested in [29].

The main result on “invariance-like” theorems for non-autonomous systems is due to
Yoshizawa [30], and it is commonly referred to as the La Salle/Yoshizawa theorem.

Theorem B.3.18 (La Salle/Yoshizawa) Consider the nonautonomous system (B.20)
where the vector field f(t,z) is piecewise continuous in t € R, and locally Lipschitz in
x € R™ wuniformly in t. Assume that x = 0 is an equilibrium point for (B.20), that is
f(t,0) =0 for allt. Let V : R>o x R" — Rxq be a continuously differentiable function
satisfying

a(lz]) < V(¢ z) < a(|x]) (B.12)
ov. oV
s + %f(t,x) < —W(x) (B.13)

forallt > 0, for allz € R™, where a(-) and a(-) are class-Koo functions, and W : R™ — R>q
is a continuous positive semi-definite function. Then, system (B.20) is uniformly globally

stable, and satisfy
lim W(z(t)) =0.

t—o00

Proof. Since f(t,z) is piecewise continuous in ¢ and locally Lipschitz in x, the solution
x(t) == x(t : to,z0) of (B.20) originating from any initial condition (tp,z9) € R>o x R"
exists uniquely over a maximal interval Z(tg, o) = [to, to + dmax). Next, we show that z(t)
is uniformly bounded over Z(ty, z¢), and thus Z(ty, z) = [tg,0). Let

V(t) :== V(t,z(t; to, x0))
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and note that since V (¢) < 0
V(t, m(t; to, .%‘0)) < V(to, 1’0) , Vit e I(to, 1'0) .

Therefore
(1)) < (@ o@)(|zo|) =: Bu,

for all t € Z(tg, o), with {9 € R>¢ and zp € R™ arbitrary. This shows that dmax = +00, as
otherwise z(t) would leave the compact set {x : || < By } as t — to + dmax. Moreover,
letting p(-) = (o~ ! o@)(+), we obtain

|z (t; to, wo)| < p(|zol) ,VEo >0, Vit >t

hence global uniform stability of the origin is established. Since V() is non increasing and
bounded from below, lim; o, V(t) = V4 exists and is finite. Since V(t) < —W (x(t)), it

turns out that .

W (z(r))dr < V(tg,z0) — V (t)
to
and thus lim;_,.o ftto W (z(7))dr exists and is finite. Next, we show that W (z(t)) is a uni-
formly continuous function of ¢ over [tg, 00). Since, by definition,

[2)
x(ta; to, xo) = x(t1;to, 2o) + f(r,z(r))dr, Via >t >ty
t1

and by virtue of the uniform local Lipschitz property there exist L > 0 such that
|f(t, )| < Llz|,  Vt>to, Va: |z] < By,

we obtain .
2

(k) — 2(t1)] < / Lia(r)|dr < LBy [t — ]
t1
g

LBy,
t1 —to| <0 = |z(t1) —x(t2)| <&,

to obtain

for all to > t1 > tg. Given any € > 0, choose § =

hence uniform continuity of x(¢) is established. Since W (x) is a continuous function of x,
it is uniformly continuous over the compact set {z : |x| < By, }. Therefore, W(x(t)) is a
uniformly continuous function of ¢, and the result of the theorem follows from Barbalat’s
lemma. O

It is worth noting that the La Salle/Yoshizawa theorem yields a much weaker result than
its counterpart for autonomous systems (i.e., La Salle’s invariance principle), as in the non-
autonomous case the trajectory does not converge in general to an invariant set contained
in S :={z € R": W(z) = 0}. Furthermore, since convergence is established by means of
Barbalat’s lemma, the set S is not guaranteed to be uniformly attractive.

To determine the behavior of the trajectory on the set S, it may prove instrumental to
use an additional auziliary function H : R x R™, when appropriate conditions hold. The
first result, due to Anderson and Moore [31], employs the auxiliary function

t+6
H(t,z) :/t V(r, x(1,t,x))dr
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where x(7,t,z) is the solution of (B.20) originating from the initial condition z at time ¢,
and 0 > 0 is a given constant. For a proof, see [31] or [20, Theorem 8.5].

Theorem B.3.19 (Anderson and Moore) Let the assumptions of Theorem B.3.18 hold
for the system (B.20), with (B.13) replaced by the weaker condition

ov oV
P P < n
" + xf(t,a:) 0 V(t,x) e RxR

and assume, in addition, that there exist 6 > 0 and X € (0,1) such that
+o
| Ve < Vi)
t

for allt € R>g and all x € R™, where x(7;t,x) is the solution of (B.20) at time T originating
from the initial condition x at the initial time t. Then, the equilibrium x = 0 is uniformly
globally asymptotically stable. Furthermore, if for some positive numbers a1, a2, and p the
comparison functions a(-) and &(-) satisfy

a(s) > a1s?, a(s) < 98>
for all s € [0, p), then the equilibrium x = 0 is uniformly globally asymptotically and locally
exponentially stable.

The most important application of Theorem B.3.19 regards the appropriate extension to the
time-varying case of the familiar notion that an observable LTI system having a convergent
output response under zero input is necessarily asymptotically stable.

Proposition B.3.20 Consider the linear time-varying system
x = A(t)x

B.14
y = C(t)x ( )

where the mappings A : R>g — R™™™ and C' : R — R™*" are continuous and bounded.
Assume that (B.14) is uniformly completely observable!, that is, there exist constants 6 > 0
and k > 0 such that the observability gramian

to
Wt t2) _/ o7 (1, 1) CT (T)C(T)®(r, tr)dr, 1 <t
t

1

satisfies
kI <W(t,t+9), Vt>0.

Furthermore, assume that there exists a continuously differentiable, symmetric mapping
P : R — R"™"™ solution of the differential equation

P(t) + AT(t)P(t) + P()A(t) < —CT(£)C(t)

satisfying

al < P(t) < ol
for all t > 0 and some ¢; > 0, co > 0. Then, the origin is a uniformly (globally) asymptot-
ically stable equilibrium of (B.14).

!The reader should be aware of the fact that the definition given here is only valid for bounded realizations.
The reader should consult [32,33] for the more general situation in which A(-) and C(-) are measurable and
locally essentially bounded.
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Proof. Consider the Lyapunov function candidate
V(t,z) =2 P(t)z
yielding, along trajectories of (B.14),
V(t,z) < —zTCTt)C(t)z <0.

It is easy to see that the assumptions of Theorem B.3.18 are satisfied, and thus trajectories
of (B.14) are bounded, and satisfy lim; ,~ y(f) = 0. Consider the auxiliary function

o
H(t,z) = / V (7, x(7,t,x))dr
t
t+9
< - / XT(Tatvx)CT(T)C(T)XT(T,t,ZE)dT
t
t+9
= =" [ macTnCEa ira,
t
as x(7,t,2) = &(1,t)x. Therefore,
H(t,z) < —rlaf? < ——V(t,2),
2

and, since co can always be chosen to be such that cs > k, the result follows directly from
Theorem B.3.19. O

The second result on uniform asymptotic stability of systems having a Lyapunov func-
tion with negative semi-definite derivative is due to Matrosov [34], and it is presented here
in a simplified version. The interested reader is referred to [35] for the proof of a more
general version, and to [36] for recent important generalizations.

Theorem B.3.21 (Matrosov) Consider the nonlinear system (B.20), where f is contin-
wous in t, and locally Lipschitz in x, uniformly in t. Assume that there exists a contin-
wously differentiable function V : R>o x R™ — Rx>¢ such that the assumptions of Theo-
rem B.3.18 hold. Assume, in addition, that there exists a continuously differentiable func-
tion H : R>¢ x R" — R with the following properties:

i. For any fired x € R", there exists a number M > 0 such that

\H(t,z)] < M Vt>0.

il. Let € be the set of all points x € R™ such that x # 0 and W(x) = 0, that is,
E={x:W(x) =0}n{x #0}. Assume that £ is nonempty*. Assume that the
function H(t,x) satisfies

. O0H OH

Then, the equilibrium x = 0 is globally uniformly asymptotically stable

“Note that this rules out the possibility that W (zx) is positive definite.
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B.4 Passivity

Passivity theory plays a fundamental role in the analysis and design of adaptive systems.
Roughly speaking, the concept of passivity is a generalization of the notion of conservation of
energy, in the sense that the rate of change of the energy stored in the system does not exceed
the power supplied externally. Adaptive laws are usually designed to either exploit natural
passivity properties of given plant models (as in the case of Euler-Lagrange or Hamiltonian
systems) or to enforce passivity of the resulting closed-loop system. Passivity theory (or,
more generally, the theory of dissipative systems) is usually formulated for autonomous
systems, where, used in combination with La Salle’s invariance principle and specific notions
of observability, it yields a powerful tool to assess global asymptotic stability from Lyapunov
functions admitting negative semi-definite derivatives. Furthermore, passivity theory and
the related concept of finite Lo-gain stability offer a natural extension to nonlinear systems
of the concept of H, norm of a stable transfer function, with all the advantages given by a
Lyapunov-like characterization. The excellent monograph [37] provides a standard reference
and a rewarding reading, while the reader interested in quickly grasping the fundamental
concepts will find a lucid introduction in [25, Sections 10.7-10.9] and [20, Chapter 6]. Here,
we will limit ourselves to giving only the most basic definitions and properties, extended to
non-autonomous systems, that will be used in the sequel, adopting a simpler (albeit more
restrictive) “differential” characterization of dissipativity.
Consider the following non-autonomous system in affine form

z = f(t,x)+g(t,z)u

B.15
Yy = h(tvx) ( )

with state x € R”, input v € R™, and output y € R™. It is assumed that f(¢,x), g(t, z), and
h(t,z) are continuous in ¢ and smooth in x. Also, assume that f(¢,0) = 0 and h(¢,0) =
for all t.

Definition B.4.1 (Passivity) System (B.15) is said to be passive if there exists a smooth
nonnegative function V : R x R™ — R>q (usually called a storage function) satisfying

oV oV

<
5+ g —f(t,z) <0
oV

%g(u r) = hT(tv )

for allt € R>q, and all x € R".
Definition B.4.2 (Strict passivity) System (B.15) is said to be strictly passive if there

exists a smooth positive definite storage function V : R x R" — R>q, and a positive definite
function o(-) (called dissipation rate) satisfying

2+ f(t,2) < —ola)
g‘;g(tv T) = hT(tvx)

for allt € R>q, and all x € R".
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Figure B.1: Feedback interconnection of passive systems

Corollary B.4.3 Assume that (B.15) is passive with respect to a positive definite and de-
crescent storage function V (t,x), that is, such that

Wi(z) < V(t,x) < Wa(x)

for allt € R>p and all x € R™, for some positive definite functions Wi(-), Wa(-). Then, the
equilibrium x = 0 of the unforced system (that is, when u = 0) is uniformly stable.

Corollary B.4.4 Assume that (B.15) is strictly passive with respect to a positive definite,
decrescent, and radially unbounded storage function V (t,x), that is, such that

(=) <Vt z) < ya(lz)

for all t € R>g and all x € R"™, for some class-Koo functions vi1(-) and ~2(-). Then,
the equilibrium x = 0 of the unforced system (that is, when u = 0) is uniformly globally
asymptotically stable.

Among the desirable properties of passive systems, one of the most useful is the fact that
passivity is preserved under negative feedback interconnection. Specifically, let systems 3y
and Y5 be described respectively by

1 = filt,1) + o1, 21)wa
211

yi = hi(t,z1)

y = fa(t,m2) + g2(t, w2)u2
22:

y2 = ha(t,z2)

where 1 € R™, 29 € R™ u; € R™, ug € R™, y1 € R™, and y» € R™. Consider the
negative feedback interconnection of Xy and Y, defined by the relations

up = —Yy2+tu
U2 = Y1 (B.16)
Yy = U

where u and y are the overall input and output of the feedback system (see Figure B.1).
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Proposition B.4.5 Assume that Xy is passive with storage function Vi (t,x1), and that Xy
is passive with storage function Va(t,z2). Then, the negative feedback interconnection de-
fined by (B.16) is passive, with storage function V (t,x1,x2) = Vi(t,z1) + Va(t,z2). If both
subsystems are strictly passive, with dissipation rates given by ai(x1) and ag(xa) respec-
tively, then the feedback interconnection defined by (B.16) is strictly passive, with storage
Junction V(t,z1,x2) = Vi(t,x1) + Va(t, z2) and dissipation rate a(xy, x2) = a1(x1) +az(x2).

Proposition B.4.6 Assume that X is strictly passive with positive definite, decrescent
and radially unbounded storage function Vi(t,z1) and dissipation rate aq(xy). Let Yo be
passive with positive definite and decrescent storage function Va(t,z2). Then, when u = 0,
the negative feedback interconnection defined by (B.16) has a uniformly stable equilibrium at
the origin (z1,2z2) = (0,0). Moreover, if Vao(t,x2) is radially unbounded, then all trajectories
are uniformly bounded, and satisfy lim;_,oc x1(t) = 0.

For LTT systems of the form
& = Ax+ Bu

B.17
y = Co (B.17)
with x € R”, v € R™, and y € R™, the following result applies.

Proposition B.4.7 Consider system (B.17). Suppose there exist a symmetric positive
definite matriz P € R™™ ™ and a symmetric positive semi-definite matriz Q € R™ ™ such
that

ATP+ PA< —Q

PB=CT.

Then, system (B.17) is passive, and the pair (C,A) is detectable if and only if the pair
(A, B) is stabilizable. If, in addition, @ > 0, then the system is strictly passive.

Finally, we recall some useful results for LTI SISO systems with strictly proper transfer
function. The reader is referred to [28, Section 3.5] and [20, Chapter 6] for further details.
Consider again system (B.17), assume u € R, y € R, and let G(s) = C(sI — A)~!'B denote
its transfer function.

Definition B.4.8 A rational proper transfer function G(s) is called positive real (PR) if
(i) G(s) is real for real s.
(11) Re[G(s)] > 0 for all Re[s] > 0.

Furthermore, assume that G(s) is not identically zero. Then, G(s) is called strictly positive
real (SPR) if G(s — €) is positive real for some € > 0.

Lemma B.4.9 A rational proper transfer function G(s) is PR if and only if
(i) G(s) is real for real s.

(i) G(s) is analytic in Re[s] > 0, and the poles on the jw-axis are simple and such that
the associated residues are real and positive.

(#ii) For all real value w for which s = jw is not a pole of G(s), one has Re[G(jw)] > 0.
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For a proof, see [28, Lemma 3.5.1]. The connection between (strict) positive realness of
G(s) and (strict) passivity of the realization (B.17) is given by the celebrated KYP lemma,
and its subsequent variations:

Lemma B.4.10 (Kalman, Yakubovich, Popov) Assume that (B.17) is a minimal re-
alization of G(s). Then, G(s) is PR if and only if there exist a symmetric positive definite
matriz P € R™" and a vector ¢ € R™ such that

ATP + PA = —qq"

PB=CT.
Lemma B.4.11 (Meyer, Lefschetz, Kalman, Yakubovich) A necessary condition for
the transfer function G(s) = C(sI—A)~'B to be SPR is that for any positive definite matriz

L € R™™ there exist a symmetric positive definite matriz P € R™", a scalar v > 0 and a
vector ¢ € R™ such that

ATP + PA=—q¢" —vL

PB=CT.
If (B.17) is a minimal realization of G(s), the above condition is also sufficient.
The KYP and MLKY lemmas imply that for a minimal realization of a SISO system,
positive realness of G(s) (respectively, strictly positive realness) is equivalent to passivity

(respectively, strict passivity). In case the realization is not minimal, but the matrix A is
Hurwitz, strict positive realness implies strict passivity.
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B.5 Input-Output Stability of Nonlinear Systems

B.5.1 Definitions

In this lecture, we consider systems of nonlinear ODEs that depend on external input
functions and are equipped with output functions:

= f(z,u), z(0) = xo
y = h(z)

where
o f:R" x R™ = R" is a C* vector field, k > 1
e h:R" - RPisaCFmap, k>1
o u(-) € C%’OO) (R™) is the input function
o y() € C[I(J’Tmax)(Rp) is the output function’

It is assumed that & = 0 is an equilibrium on the O-input systems, i.e., f(0,0) = 0. Recall

the following norms for signals u(-) € C[%7 00) (R™):

e Forpe{l1,2,...}:

e For p = o0

and, for p € {1,2,..., 00}, the function spaces*

£y i={u() € € ooy R™) s Ju()p < o0 }

Let u : [0,00) — R™ be a signal, and let 7' > 0. The truncation or truncated signal
ur @ [0,00) — R™ is defined as follows:

w= {3 S0

Lpe:={u:[0,00) > R™:up(-) e L, VT >0}, pe{l,2,...,00}
Note that:

e L, C Ly, pe{l,2,...,00}

3The function y : R — RP is defined on the maximal interval [0, Timax) where the forward trajectory
z(-, 2o, u(-)) exists.

4The assumption u(-) € C[Ooyoo)(Rm) is not necessary. For example, one can replace Cﬁ)’w)(Rm) with
PCE)O’(X,)(R’”), the space of piece-wise continuous functions.
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o [[uC)llp = tim [lur()lp
Example B.5.2 The signal u : t — e’ satisfies
u(-) € Looe and u(-) ¢ Loo
Definition B.5.3 (L,-stability) Let p € {1,2,...,00}. The system

T = f(x,u), z(0) = xo

s = his) (B.18)

18 said to be:

1. L,-stable if for all zo € R"
u(-) e L, = y() €L,

2. Finite L,-gain stable if there exist v > 0 and, for each xy € R"™, a number b(xg) > 0
such that for all u(-) € Lpe

lyr()llp < AllurCllp +b(zo) YT >0

3. Finite L,-gain stable with zero bias if it is finite L£,-gain stable and b(zg) = 0
for all xg € R™.

Note the following:
o If the system is finite £,-gain stable, then u(-) € £, = y(-) € Ly
o If the system is finite £,-gain stable, it is £,-stable

Assume that the system is finite £,-gain stable. The £,-gain of the system is defined as

tpi=inf{y > 0:3b >0 such that yr(-)l, < vlur()], + b(wo)
Yu() € Lpe VT > 0}

Note that, in general, only an upper bound of v, can be computed. The question is to
determine whether a system is finite £,-stable. For LTI systems, the answer is remarkably
simple:

Proposition B.5.4 (LTI Systems) Assume that the linear system

& = Az + Bu, z(0) = xo
y=Cz

is internally stable, that is, spec A C C~. Then, the system is finite Lo-gain and finite
Loo-gain stable.
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Proof.

Finite L,-gain stability: Let P = PT > 0 be the unique solution of the Algebraic

Lyapunov Equation
ATP+ PA= -1

and consider the Lyapunov function candidate V(z) = 27 Px. Then
V(z) = -2tz + 22" PBu

Select, arbitrarily, zo € R™ and u(-) € Lo, and let V (t) := V(z(t)), where

t
z(t) = eAt:L“o +/ eA(t_T)Bu(T)dT
0

Then

d‘gt(t) < —|z(t)]3 42 |93(t)TPB“(t)‘2

< —lz(t)l; + 2|PBly |zl [u(t)l, 20
N——

Using Young’s inequality:
1
a,b>0 = ab§>\a2+ab2, VA>0

one obtains (setting A = %)

V() _
dt

2 1 o 1 o 1 o 1 2
—[x(t)]3 + B [z(t)]5 + > lu(t)]; = 5 lz(t)]5 + > lu(t)]5

Integrating both sides on [0, 7], with 7' > 0 arbitrary, yields

Tav(t
0 dt

= V(z(T)) = V(z0) < _*HQTT( M3 + —HuT( )3
= ller ()3 < 2V (2o) — 2V (@(T)) + 2 ur ()3

= |lzr()ll2 £ V2V (o) + pllur()|3

Since

lyr(llz = [Czr (2 < |C] lzr(-)ll2

one obtains
lyr()ll2 < 1C1 V2V (wo) + 1 |C] [Jur ()3

Finite L. -gain stability: Since spec A C C™, there exist x, A > 0 such that

[e]| < ke Vt>0
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Select, arbitrarily, o € R", u(-) € Lo and T > 0. Then, for all ¢ € [0, 7]

t
|z(t)] < |eMao| + ‘ / A=) Bu(r)dr
0

t

< Je ol +18] [ [o¢)| fu(r)] ar
0

Since for all T € [0, T

< — .
u(7)] < max u(T)] = [lur ()l

one obtains

t
0] < o] ool + 18] [ A drur(lle Y€ 0.7)
0

Therefore .
)] < Je ool + 1B] [ [e)ar urC)]
t
< we ™ ool + Bl [ N7 fur()]
0
Kk |B
< ool + I ur ()1
hence e
K
lyrOllee < 161 max 2(0)] < | o] + 2D jur ()1
t€[0,T] A

B.5.5 Dissipative Systems
Let us go back to the nonlinear system (B.18). Define:®

e A supply rate for system (B.18) as any continuous function ¢ : R™ x RP — R such
that ¢(0,0) = 0 and ¢(0,y) < 0 for all y € RP.

e A storage function for system (B.18) as any continuously differentiable function
V :R™ — R satisfying

az) < V(z) <a(lsl)  VYzeR"
for class-Ko functions a(-), @(-).

Definition B.5.6 (Dissipativity) System (B.18) is said to be dissipative with respect
to the supply rate q(-,-) if there exists a storage function V() such that

V(z) = a—xf(x,u) < q(u, h(x)) V(z,u) € R" x R™

5These definitions are not the most general, but are the most suitable for our analysis tools.
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Definition B.5.7 (Strict Dissipativity) System (B.18) is said to be strictly dissipa-
tive with respect to the supply rate q(-,-) if there exist a storage function V() and a class-K
function a(-) such that

V(z) = g‘;f(x,u) < —a(lz|) + q(u, h(x)) V(z,u) € R" x R™

Note that, with respect to the O-input system

&= f(x,0), z(0) = xg

1. Dissipativity = stability of = 0 for the 0-input system
2. Strict dissipativity = global asymptotic stability of x = 0 for the 0-input system

Definition B.5.8 (Zero-state detectability) System (B.18) is said to be zero-state de-
tectable (ZSD) if for all zo € R™ such that the solution x*(-,x0) of the 0-input system

i’:f(.l‘,(]), 95(0)2370
y = h(z)

is forward complete, the condition h(z*(t,xzo)) =0 for all t > 0 implies

(B.19)

R
Jim [2*(1,70)] = 0

Theorem B.5.9 (LaSalle’s Theorem for dissipative systems) Assume that a supply
rate q(-,-) satisfies q(0,y) < 0 for ally € RP —{0}. Then, dissipativity with respect to q(-,-)
and zero-state detectability implies that the equilibrium x = 0 of the 0-input system (B.19)
s GAS.

Proof: Similar to the proof of LaSalle’s Invariance Principle.

Theorem B.5.10 (Finite Lo-gain stability of dissipative systems) Assume that sys-
tem (B.18) is dissipative with respect to the supply rate

q(u,y) = lul* = Ay*,  mA>0
Then, the system is finite Lo-gain stable.

Proof: Let V : R" — R be a storage function such that
. 6V 2 2 n m
V(m,u):%f(x,u)gﬂm — Alh(x)] V(z,u) € R" xR
For simplicity, rescale V(-) as W (z) := A~V (z), and let 7y := \/k/\ to obtain
Wia,u) <22 uf — [h(@) ¥ (2,u) € R x R™

Notice that dissipativity with respect to q(u,y) = & ]u|2 - A |y|2 implies dissipativity with
respect to q(u, v) =72 |ul* = |y|*, with v := \/x/A.

74



Fix, arbitrarily, zop € R™ and u(-) € Lo, and let x(-) := z(-, zo,u(-)) be the corresponding
solution of the system.

Claim: The solution z(-) exists uniquely over [0,00). Let [0, Tiyax) denote the maximal
interval of existence and uniqueness of the forward solution. Along this solution

dW (z(t))

ET W (z(t), u(t) <2 fu()]® = (@) V€ [0, Tinax)

<2 u(t))? Vit € [0, Tnax)
therefore

W(z(t)) < W(xo) +72/0 lu(r)|? dr Vit € [0, Timax)

Tmax
< W(xzo) + 72/ lu(T)|* dr =: My Vt € [0, Tmax)
0
where 0 < My < o0, since u(-) € L3,. Using the fact that
a(lz)) < W(x) Vo eR"
for some class-K function «(-), one obtains

2(t)] <™ (Mo) V€ [0, Tinax)

As a result
limsup |z(t)] < 00 = Tax = 0
t—Tmax
o
Going back to the proof of the theorem, notice that we have established that
dW (x
WD) <2 o) - @) ez o
:>/|h \d7'<7/\u )2 dr + W (o) Vt>0
Note that
/|h N dT<'y/\u )| dr 4 W (x0) Vt>0
= lyrl3 <A llurl + W) VT 20
= lyrllz < yllurlz + vVW(zo) VT >0
O

To prove that

\/VQHUTH% + Wi(xo) < yllurll2 + VW (zo)
let v, w € R? be defined as

vi=(yllurlz 0)", wi=(0 VW(z0))"
Then, use the triangle inequality |v 4+ w|, < |v], + |w|,, being

v+ wl, = \/WQHUTH% + Wi(zo), [vly =7llurll2, |wl, = vVWi(zo)
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B.5.11 The Small-Gain Theorem for Finite £,-gain Systems

We present a version of one of the most important results in systems theory, the so-called
Small-Gain Theorem. Small-gain theorems arise when studying feedback interconnec-
tions of systems, occurring naturally in feedback control.

Consider the C! systems
1 = fi(z1,u1), z1(0) =210 &g = fo(w2,u2), x2(0) = 220
21 : ZQ :
y1 = hai(x1) Y2 = ha(x2)

where x1 € R™, 29 € R"2, uy,y2 € R™, and u9,y; € R™2, and their feedback interconnec-
tion

uy

+
dy 21 i

Uz

+
Y2 22 N do

defined by
up :=dy +y2, dp e R™ ug = do + Y1, dy € R™2

The feedback interconnection defines an augmented system

&= f(z,d), z(0) ==z
y = h(z)

with aggregate state x € R™, overall input d € R™ and overall output y € R™

=) ()=l

where n :=nj + ng, m := mq + me, and xg := (219 a:QO)T.
Theorem B.5.12 (L2 Small-Gain Theorem for Dissipative Systems) Assume that:
1. System X is dissipative with respect to q1(u1,y1) = 73 |u1]2 — \y1|2
2. System Y is dissipative with respect to qa(ug,y2) = 72 |u2]2 — \y2|2
If the compositions of the gains v, and 2 form a simple contraction, that is, if
Y1y < 1 (small-gain condition)

then the feedback-interconnected system

is finite Lo-gain stable.
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Proof: Fix, arbitrarily, o and d(-) € L3, and let [0, Tinax) denote the maximal interval
of existence and uniqueness of the corresponding forward solution of the interconnected
system.

dy

Us

2o

da

By assumption of dissipativity with respect to qi(u1,y1) = V2 |us |2 — |y |2, the X1-subsystem
is finite Lo-gain stable. Therefore, for all T € [0, Tinax)

lyir()ll2 < nllurir()ll2 + b1(210)
< 7lldir()llz + 7lly2r()llz + b1 (z10)
Similarly, for the Xy-subsystem one obtains, for all T' € [0, Tiax ),
ly2r()ll2 < v2lld2r()ll2 + v2llyrr ()2 + b2(a20)

Combining the two expressions, one obtains, for all T € [0, Tynax),

lyir()ll2 < ylldir()llz +v1v2llyir ()2 + yv2llder () |l2
+ b1(z10) + y1b2(720)

(1 =77)lyirG)llz2 < nlldirC)ll2 +v1v2llder(-)ll2 + b1(w10) + Y1b2(720)

Since v1y2 < 1,

gl 1
Mz < ———[lldir()ll2 + 12lldar(-)||2] + ————[b1(x10) + 11b2(z
InrClle € 72— [ldir()lls + 3 lder(lla] + == [0 (@10) + ba(am)]
Similarly,
n 1
e £ ————|lldar()|l2 + Y1 ||d17 (- + ——— |ba(x20) + Y2b1(z
s Olle < 72— [ldar )l + 7 Olle] + = [Paazn) + bs (o)

The above bounds would prove the result if Ti,.x = 0o. We are left to show that T, = oco.
By dissipativity of X, there exists a storage function V; : R™ — R such that

Vi(ar,ur) <% Jua)? = [ha(ar))?
< AF|di)? + 22 |ha(@2)” — |ha(a1)]?
< A2 |d1|? 4+ A7 [ha(22))?

Evaluating both sides of the above inequality along the solution (-, g, d()), and integrating
over [0,¢], t € [0, Tinax), yields

t t

Vi(e1(8)) < Vi) + 2 / dy(r)[2dr + A2 / lya(r) 2 dr
0 0

= Vi(e10) + 2lduOIE + 72 e 112
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Note that ||d14()||2 < oo for all t > 0, and

Y2 1
Mo < —L2T|ldgy(- diy(- b b
l[y2¢ () ll2 "1.—-7172[H 2¢(-)ll2 +villdie()ll2] + 1__,7172[ 2(20) + 72b1 (210)]

Consequently, for all ¢ € [0, Tiax)

72
Nz < 7———1lld M2 +ld :
HwAW2_1_%wmznmUM iz, (ll2]
1
T T, e(@) +2bi(@0)] < o0

As a result

limsup Vi(z1(t)) < oo = z1(+) bounded over [0, Tiax)
t—Tmax

Applying the same reasoning to the Xs-subsystem yields

limsup Va(z2(t)) < co = z2(-) bounded over [0, Trax)
t—Tmax

hence Tiax = 00.
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B.6 Input-to-State Stability

B.6.1 Preliminaries

We consider systems of nonlinear ODEs that depend on external input functions, but we
drop the presence of an output function:

&= f(x,u), z(0) = xo (B.20)
use where
o f:R" x R™ — R" is a C* vector field, k > 1

o u(-) el )(Rm) is the input function

[0,00
It is assumed that x = 0 is an equilibrium on the O-input systems, i.e., f(0,0) =0
The fundamental question to ask is the following: Assume that the equilibrium x = 0 of

the 0-input system
= f(x,0), z(0) =z

is GAS (that is, the system with input is 0-GAS). Does this imply any bounded-input
bounded-state properties (as it is the case for LTI systems)? The answer is no, as seen
from the following example:

Example B.6.2 Consider the scalar system
i =—x+ (2> + u, z(0) = xg

The system is clearly 0-GAS (actually, 0-GES). However, the system with input does not
exhibit any bounded-input bounded state property. To see why this is the case, consider first

the selection 1

57
Note that u(-) € Loo. The forward solution is given by

x(t) = % + \gg tan (ﬁt>

xoy = u(t)=1, t>0

2

which is mazimally defined over [0,7/v/3), hence it explodes in finite time.

As a result, the 0-GAS property (even in its stronger 0-GES form) does not imply any type
of L-stability between the input and the state.

B.6.3 Definitions and Properties

Definition B.6.4 (Input-to-State Stability (E.D. Sontag, 1989)) System (B.20) is
said to be input-to-state stable (ISS) if it is dissipative® with respect to the supply rate

q(u, z) = 0(lul) — a(lz)

for some class-IC function 0(-) and some class-K function of-).

SNote: Dissipativity may be used, as one defines the dummy output y = .
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Recall that this means that there exist a C' function V : R® — R and class-K functions
a(+), @(-) such that
alz]) < V(z) <a(lz]) VzeR”

and oy
V(z,u) = %f(m,u) < 0(|u]) — a(|x]) V(x,u) € R" x R™

From the previous dissipation inequality and the fact that V(-) is a radially unbounded
PDF, it follows that, setting u = 0,

g‘x/f(x,(]) < —a(|z|) Ve R”

hence ISS implies 0-GAS

Is the converse statement also true? Not at all, as it is clear from the previous example and
the following result:

Theorem B.6.5 (Equivalent definition of ISS) System (B.20) is ISS if and only if
there exist a class-KKL function 5(-,-) and a class-KC function o(-) such that, for all xog € R™
and all u(-) € Looe, the forward solution x(-) = x(-, xo,u(-)) satisfies

()] < B(xol ,8) + o([lue(llo)  VE=0
What are the consequences of the class-KL / class-KC estimate
z(8)] < B(lzol ;1) + o([[ur()loe)  VE=0

on the forward solution z(-) = x(-, g, u(-))?

1. If u(-) € Lo e, then z(-) is defined over [0,00) for all 2o € R™.
Let z(-) be maximally defined on [0, Tiyax). Then

[z(t)] < B(zol 1) + o(lus()llec) V1t € [0, Tinax)
< B(lzol,0) + o(urpa (o) V€ [0, Tinax)

hence

limsup |z(t)] < 00 = Tax = ©
t—Tmax

2. ISS systems are L. ,-stable.
Fix, arbitarily, zg € R” and u(-) € L. Then, for all t > 0

lz(t)] < B(lzol ,t) + o ([lue(-)]loo)
< B(lzol, 0) + o ([[u(-)|o0)
therefore

supla(t)] < Aol 0) + o([u(]c) < o0

80



Note also that
[2()[loo < B(|zol,0) + o([lu(-)/[o0)

< 2max {B(|zo[,0), o([lu(-)lle)}
hence
[[2(-)loc < max {y0(|zo|), Y([[u(-)lloc)} (B.21)
where v (+) := 206(+,0) and () := 20(-) are class-K functions.
. The state of an ISS system satisfies an asymptotic bound.

Fix, arbitrarily, zo € R™ and u(-) € L. Then
z(8)] < B(lzol 1) + o([lue()loe)  VE=0

lim sup |z(t)| < limsup 5(|zo|,t) + limsup o (||ue(-)||o0)
t—o0 t—o00

t—o00

Note that
lim sup B(|zo| . £) = 0
t—o00

and, since o(+) is continuous and strictly increasing,

MHNPUNWCWm)=U<ﬁE$?HWCWm>=HTCMBWJ$mIUUH>

{00 t—oo  T€[0,t)

- <lim sup |u(t)\>

t—o00

Defining the asymptotic norm of a signal v : [0,00) — RP as

[0(-)[la := Tim sup [v(?)]

t—o0

one obtains, for all u(-) € L

(e < o ([[u(-)]la) (B.22)

regardless of the initial condition zg € R".

Since o (|Ju()]la) < 20 (||u(-)|la) = v (||u(-)||a), combining (B.21) and (B.22) yields

lz()|loo < max{vo(|zo|), Y(||u(-)|lcc)} worst-case estimate

le()lla < 7 (ul)]a) asymptotic estimate

for all g € R™ and all u(-) € L.

|z (+)||co < max {yo0(|zo]), 7(||u(-)|lec)} wWorst-case estimate

lz()le < v (lul-)|la) asymptotic estimate
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|zol

For ISS systems, either the effect of the initial condition x( of that of the input may dominate
the state response initially. The effect of zy is “forgotten” as ¢ — oo, and the long-term
behavior of the norm of the state becomes function of that of the input.

B.6.6 Alternative Definition of ISS

An alternative definition of ISS is due to A. R. Teel (1995). This characterization is more
suitable to analyze interconnections of systems, and leads — in particular — to a simple
version of the small-gain theorem for ISS systems.

Definition B.6.7 (a-L. Bounds (A.R. Teel, 1995)) The state z(-) of the system
&= f(x,u), z(0) = xo

is said to satisfy an a-Loo bound with respect to the input u(-) if there exist class-K functions
Y(+), ¥(+) (referred to as gain functions) such that, for all zo € R™ and all u(-) € Loo

l2(-)loo < max {50(|zol), Y(llu(-)lloo)}
lz()lla <7 (lu-)lla)

Proposition B.6.8 (Equivalence between ISS and a-L., bound) A system is ISS if
and only if its state satisfies an a-Loo bound wrt the input.

B.6.9 ISS Lyapunov Functions

One of the advantages of Teel’s characterization of ISS versus the original definition of
Sontag is that the nonlinear gains vo(-), 7(-) can be computed from knowledge of a so-
called ISS-Lyapunov function.

Definition B.6.10 (ISS-Lyapunov function) A smooth function V : R™ — R is said
to be an ISS-Lyapunov function if there exist class-Ko functions a(-), a(-), and a class-K
function x(-) such that:

aflz]) <V(x) <a(lz])  VeeR"

and av
VueR™ lz| > x(|Ju]) = a—xf(:z,u)<0
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Theorem B.6.11 (Lyapunov characterization of ISS) A system is input-to-state sta-
ble if and only if it admits an ISS-Lyapunov function.

An intuitive explanation of the concept of ISS-Lyapunov function is the following: Fix
u(+) € Lo, and let ¢ > 0 be such that the level set {2, of V(-) satisfies

By(jlu()llee) € 2

so that oy
%f(x,u) <0 Va e (R"\ 2.) Urtial2., Vu:|u| < [lu(-)|

As a result, the level set (2. is forward invariant, and attractive (uniformly on compact sets
of initial conditions.)

z'(t) Qe

One important consequence of the availability of an ISS-Lyapunov functions is that the gain
functions v19(:) and (-) of the a-L, bound can be computed as

-1

mo() =atoa(:),  mo()=a to@ox()

Example B.6.12 Consider the scalar system

i =—2°+ (1 +sin’z)u
and the Lyapunov function candidate V(z) = z%, for which a(s) = a(s) = s%. Since

V(z,u) = =22 + 22(1 + sin® 2)u
—2z|* + 2[z| |1 + sin®z| [ul
3

=21a| [ - |z + 21ul ]

IN A

one has x| > /2 [u| =: x(lu|) = V <0, hence the gain functions

() =s, ~(s)=V2s >0
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B.6.13 ISS of Interconnected Systems

3310*# Z20 T

U2 = I
U —— X1 29 ——» T2

Consider the series interconnection us = x1 of two nonlinear systems
5 i1 = fi(z1,u) 5. io = fa(x2, u2)
1 2!
1‘1(0) = X10 .TQ(O) = T20
where x1 € R™, 29 € R™2, u; € R™! and us € R™.

Theorem B.6.14 (Series interconnection of ISS systems) Assume that X1 and X5
are ISS. Then, the series interconnection

i1 = fi(z1,w1)
io = fa(x2,71)
s ISS with respect to the input u;.
Proof: Using Teel’s characterization of ISS, the two systems satisfy a-Lo, bounds of the
form:
- {Ilwl(')\loo < max {y10(|z10(), 1 ([Ju1(-)lloc)}
1 -
[21()lla <71 (lua(-)lla)
5 {lez(-)lloo < max {y20(|720]), v2(llu2(-)lloc)}
2 -
lz2()lla < 72 (luz(-)lla)
Letting us = x1 and combining the bounds, one obtains for the Xs-subsystem
{!@(')Iloo < max {J10(|z10]), 20(z20]); Y1 (ur(-)lloc)s Y2(l[ua(-)llo)}

[22()lla < max {F1 (llur(-)lla), v2 (Juz()lla)}
where
Y0() ==r2070(), () :=r20m()
Since for any vector v = (v{ v3)T it holds that |v1| < |v|, |v2| < |v|, one obtains
{Han(-)Hoo < max {y10(|o|), 71 ([[u(-)lloc)}
21 .
[z1()lla < 71 ([lu-)la)
5 {llﬂﬁz(')lloo < max {Y10(|zo|), Y20(|zol), Y1 (l[u(-)lloc)s v2(lJu(-)lloc)}
2 -

lz2()lla < max {31 ([[u(-)lla), 72 ([u(-)lla)}
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Also, since |[v| < |v1| + |va| < 2max{|v1], |va|}, it follows that the augmented state satisfies
the a-L,, bound

norma(-)., < max {jo(|zol), ¥([lu(-)llec)}
[2()la < (Ju()]la)
where

F0(-) := 2max {710(-); 710(-),720()},  7() 7= 2max {71 (-),71(-);72()}

O
We conclude this section with an extremely important result, due to Teel (1995), which
provides a small-gain theorem in the a-Lo, framework.

Consider the feedback interconnection u; = w9, us = x1 of the nonlinear systems

. p o p
21:{ &1 = fi(w1,u1,dy) 22:{ &g = fo(x2,u2,dz)

a;l(O) = 10 xQ(O) = T20

where x1,uo € R™, z9,u1 € R", d; € R™ and dy € R™4.

xlOT

21 21

dl—b

Uy

U2

i) 22

It is assumed that the two systems satisfy a-L~, bounds of the form

lzi (oo < max {vio(|iol), i1 (ui(-)lloc), via(lldi(-)llo0) }
[zi(-)lla < max{viallui(-)lla), vizlldi()lla)),  i=1,2
Theorem B.6.15 (Small-gain Theorem for ISS Systems (Teel, 1995)) Assume that

the composition of the channel-1 gains of the two systems forms a simple contraction, that
18, assume that

Y10 21(s) < s Vs >0

Then, the augmented state x = (21 1)1 of the feedback-interconnected system

&= f(z,d), =(0) =z

satisfies an a-Lo, bound with respect to the overall input d := (d¥ di)T.
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Proof: Fix, arbitrarily, o = (ZL‘F{O 3720) € R" and d(-) € L and let [0,Tax) be the
maximal interval of existence and uniqueness of the corresponding forward trajectory. Then,
for all 7 € [0, Thhax) one obtains the bounds

[217()lloe < max {y10(|z10(), Y11([[22+()llo0)s 12(lld1+()]l00)}
227 ()lloo < max {y20(|z20); Y21([[717(-)[lo0)s Y22(lld2r(*)]lc0)}

Substituting the second bound into the first one yields

717 () [loo < max {y10(|z101); F20(|Z20); Fo1([[717()[lo0),
Y12(lld1r () lloo)s F22(lld27()llo0) }

where
Foo() == v110920(1)s  21(-) ==y 0721(4),  Fez(+) == y11 0 y22(+)
Lemma B.6.16 Let a,b,c,d € R and consider the inequality
a < max{b, c,d}
If b < a then max{b, c,d} = max{c,d}, thus
a < max{c,d}

Since

Y21 (217 (lloe) = 111 021217 ()lloc) < ll217(-)lloo
one can drop this term from the bound for ||z1,(-)|c, yielding

1217 () lloe < max {y10(]x10]), F20(lz20[); 12(lld17()lloc), F22(lld2r()]lo0) }
< max {y10(|z10]), F20(|220), M12([d1(-)llo0), F22(lld2(-) o)}

hence

limsup |21, (-)[lec < 00
T—Tmax

Repeating the procedure for the bound involving ||z2,(-)|lec, and noticing that the small-
gain condition 11 0 y91(s) < s for all s > 0 implies 21 0 y11(s) < s for all s > 0, sone
obtains

22+ (Moo < max{vy20(|z20]), Y10(lz10]), Y22(lld2()ll00)s F12([ld1(-)]lo0)}

hence

limsup [|z2, () [|oo < 00
T—Tmax

Consequently, T.x = oo and

|71 () loo < max {y10(|z10]), F20(|201); Y12(lld1()ll00)s F22([ld2()[loc) }
[22(*)]loc < max {y20(720), F10(|Z10[), Y22(lld2(-)[l00), F12(lld1()[l00)}

Furthermore, using the previous reasoning, one obtains

21 () lla < max{yi2([|di(-)lla); F22(lld2(-)lla)}
[22(-)lla < max {v2a([ld2(-)lla), Tr2(lld1(-)lla)}
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Appendix C

A Primer on Adaptive Systems

C.1 Introduction

In this chapter, we introduce fundamental issues concerning stability of equilibria for classes
of systems that arise in direct adaptive control systems design. We start from a few mo-
tivating examples, and introduce a typical system structure that we regard as a standard
adaptive control problem. We then specialize the tools introduced in Chapter B to deal with
the stability analysis for the standard problem.

C.1.1 Adaptive Stabilization of Nonlinear Systems in Normal Form

Suppose we are given a parameterized family of nonlinear time-invariant systems of the
form

&= f(z,p) + gz, pu (C.1)

with state x € R, control input © € R and unknown constant parameter vector p € RY.
We make the usual assumptions on smoothness of the vector fields, and assume that the
origin = 0 is an equilibrium of the unforced system, i.e., f(0,u) =0 for all u € R,

The problem we want to address is the design of controllers of fixed structure that
enforces certain properties for the trajectories of the closed-loop system, regardless of the
actual value of the unknown parameter vector. The simplest (and most fundamental)
problem that can be carved out from the above setup is the design of a (possibly dynamic)
state-feedback controller, that is, a system of the form

é = O‘(é.vx) (02)

that renders the origin of the closed-loop system (C.1)-(C.2) a globally uniformly asymp-
totically stable equilibrium, robustly with respect to p. Note that it is explicitly assumed
that the entire state vector is available for feedback. Clearly, a general solution of the
above problem is not available unless more structure is specified for the plant model. In
particular, the problem can be considerably simplified if additional properties hold, namely
the existence of a globally defined normal form in which the uncertain parameters enter
linearly. Specifically, we make the following (quite restrictive) assumption:
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Assumption C.1.2 There exists a globally-defined diffeomorphism' @ : R™ — R™, which
preserves the origin, such that the system in the new coordinates z = ®(x) reads as

o= 0P @) + O (@ ),
= Az + By [¢7(2)0 + u]

where Ay, By are in Brunovsky form, i.e.,

10 --- 0
01 --- 0
Ap=|: 0 i, By=1]1],
00 --- 1 0
0

the function ¢(-) : R™ — RP is known, and 0 € RP, with p > q, is a re-parametrization of
the vector p, that is, a continuous map 0 : u— O(p).

If this is the case, if the actual value of the parameter vector 6 was available, the obvious
memoryless control law that globally asymptotically (and exponentially) stabilizes the origin

would be given by
u=Kz—¢'(2)0 (C.4)

with K € R™™ chosen in such a way that Ay, + ByK is Hurwitz. Since 6 is unknown,
one may resort to the principle of certainty equivalence, and substitute 6 in (C.4) with an
estimate 6, and apply the control

u=Kz—¢T(2)0(t)

instead. The design must then be completed by a suitable update law

6= (6, 2) (C.5)

that guarantees stability of the closed-loop system, and, hopefully, convergence of z(t) to
the origin, and of §(t) to #. To find such an update law, let P be the symmetric, positive
definite solution of the Lyapunov matrix equation

P(Ay+ ByK) + (Ay+ ByK)T'P = -1
and consider the Lyapunov function candidate
A7 1575
V(z,0) =2 Pz+6"0

where v > 0 is a positive constant that plays the role of an adaptation gain, and 6=0-—0is
a change of coordinates that shifts the origin of the coordinate system for the state of (C.5)

!That is, a continuously differentiable map whose inverse exists and is continuously differentiable as well.
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to the “true” value of the parameter vector. Evaluating the derivative of V' along solutions
of (C.3)-(C.4) yields

V(z,0) = —|z|* + 22T PBy¢T ()0 %éé

from which, keeping in mind that 0~ = —é, one obtains
V(2,0) = — |2 + 2 [40(2) B Pz - (0, 2)] .
The obvious choice R
6 = y¢(2) Bl Pz

yields ‘ .
V(Z, 9) = _|Z|2 ) (06)

and this renders the equilibrium (z,HN) = (0,0) uniformly globally stable, as for any initial
condition (zg,0y) € R™ x RP the corresponding trajectory of the closed-loop system

i = (Ay+ ByK)z+ Byo'(2)0

. (C.7)
0 = —y¢(2)By Pz

satisfies )
(t)) < V(20,60), Vt>0

<
—
I
~—
~
S~—
et}

and thus . )
|(2(1),0(t)] < al(z0,00)|, Vt>0

for some a > 0 which depends only on the given choice of the controller parameters K
and 7. The asymptotic properties of the trajectories of (C.7), on the other hand, can
be determined by a simple application of La Salle’s invariance principle, as (C.7) is an
autonomous system. In partlcular traJectorles converge to the largest invariant set M
contained in the set S = {(z,0) € R" x R? : V = 0}. It is easy to see that any trajectory
(2*(t), 6*(t)) which originates in M remains in ./\/l for all ¢ > 0 (recall that (C.7) is forward
complete) and satisfies

0* = const .

2¥(t) =0, 0*(t)

As a result, the set M is given by

M={(z0)eR"xRP: z=0, ¢7(0)0 =0}.

Note that M is a closed set, but in general not compact. As a matter of fact, the only case
in which M is compact is when p = 1 and ¢(0) # 0, and thus M = {(0,0)}. As a result, it
is not possible to conclude that the origin is an asymptotically stable equilibrium of (C.7),
apart from the rather trivial case discussed above. The only conclusions that can be drawn
are the following;:

a.) The origin is a (uniformly) globally stable equilibrium of (C.7).

b.) The closed set M is globally attractive?.

2Tt is worth noting that convergence to M is not guaranteed to be uniform, since M is not compact.
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Assuming that p > 1, the closed-loop system achieves boundedness of all trajectories and
regulation of z(t) in place of global asymptotic stability of the origin in R"*?, which may
still seem a reasonable outcome. In the literature, this result is referred to as “partial
stabilization,” that is, regulation of a certain subset of the state variables to zero, while
preserving boundedness of all trajectories. The problem is that this is not enough to guar-
antee that (C.7) possesses even the mildest form of robustness ensured by the theorem
of total stability. In particular, trajectories of (C.7) may grow unbounded in presence of
arbitrarily small non-vanishing perturbations, as will be shown later in this chapter.

The question is whether (C.6) can be used to assess uniform global asymptotic stability
of the equilibrium set M, as opposed to asymptotic stability of the equilibrium at the origin.
As a matter of fact, it is true that the Lyapunov function candidate V' admits a class-Koo
estimate from below which is a function of the point-to-set distance from M alone, as

V(Z,é) > ZTPZ > )\min (P)|Z’2 = )\min (P)’(zvé)ﬁ\/( ’
and that obviously the estimate
V(z,0) < —|(2,0)[34

holds for the derivative of V' along (C.7). However, the function V' does not admit a class-
Koo estimate from above which is a function of |z| alone, thus missing a crucial ingredient in
the Lyapunov characterization of global uniform asymptotic stability with respect to a set.
The following counterexample shows that, indeed, equation (C.6) does not imply stability
of M in the sense of Lyapunov, and thus, for the system (C.7), a Lyapunov function with
respect to the set M does not exist.

Example C.1.3 Consider the simple problem of global asymptotic stabilization of the
origin of the scalar system
T = ua:2 +u

where p > 0 is an unknown parameter. The origin is semi-globally stabilizable by means of
the simple high-gain feedback v = —kx, k£ > 0, meaning that the origin is rendered locally
asymptotically stable, with domain of attraction given by the open interval A = (—o0, k/u).
However, it is clear that global asymptotic stabilization is not attainable by linear feedback
alone. Applying the principle of certainty equivalence, a candidate controller is given by
the control law

u:—kx—§x2, k>0
with update law
é = 7:L"3 , v>0
obtained using the obvious Lyapunov function candidate V(a:,é) = 22 + 7*152, where

0=0-— . Clearly, in this case we have adopted the trivial re-parametrization 6(u) = u for
the unknown plant parameter.
Application of La Salle’s invariance principle shows that trajectories of the closed-loop
system
i = —kz— 220

i (C.8)

ézfym
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are bounded, and converge asymptotically to the equilibrium set M = {0} x R. We will
first show that, while the set M is obviously attractive, it is not stable in the sense of
Lyapunov. Recall that, for the set M to be stable in the sense of Lyapunov, for any ¢ > 0
there must exist § > 0 so that for any initial condition (zq, ) satisfying |(zo,80)|pm < &
the corresponding trajectory (x(t),0(t)) satisfies |(x(t), 0(t))|m < € for all t > 0.

Fix k > 0 and v > 0, and consider the set S; = {(x,0) : © > 0, 6 > —k}. This set is
forward invariant for the closed-loop system (C.8), as the lower boundary {x = 0} is made of
trajectories (the set M, which is an equilibrium set), whereas on the boundary {z 6 = —k}

the vector fields point inward (note that # = 0 and § > 0 on {6 = —k}.) On the other
hand, the set Sy = {(,0) : © > 0, £6 < —k} is backward invariant. Choose, arbitrarily,
e > 0 and an initial condition p(0) = ((0),6(0)) such that |p(0)[ar > €. Without loss of
generality, assume that p(0) lies on the first quadrant, so that 20 >0 (see Figure C.1).
Since dz/ df < 0 on Sy, the trajectory p(t) originating from p(0) remains in & and converge
asymptotically to M. Note also that the trajectory in question approaches M along the
normal direction to the set, since dz/ df — —ocas z — 0. Integrating the system backward
from the initial condition p moves the trajectory towards the boundary {acé = —k}, since
in this case

Since z(t) is increasing in backward time, it is bounded away from zero, and so is df/d(—t).
As a result, there exists a finite time —7 such that z(—7)0(—7) = —k. At the boundary, the
vector field of the backward system points inward S3. Once the backward trajectory has
entered the invariant set Sa, the sign of dx/d(—t) is reversed, and thus lim,_ z(t) = 0.
This implies that for any 0 < 0 < € there exists T" > 0 such that [p(—T")|p < d. Therefore,
the forward trajectory originating from p(—T') leaves the ball {p : |p|sm < €} in finite time.
By virtue of the fact that § is arbitrary, this implies that the set M is not stable in the
sense of Lyapunov. O

The Role of Passivity

The structure of the closed-loop system (C.7) lends itself to an interpretation that is of
fundamental importance in the analysis of adaptive systems: system (C.7) can be seen as
the negative feedback interconnection, shown in Figure C.2, between the system

z

Az + BoT (2)uq
¢(2)Cz,

212

Y1

where A = (4, + ByK), B = By, and C = Bl P, and the system

0 = ~u
5 Y u2

y2:9.

Note that, by construction, the triplet (A, B, () is strictly positive real, since it possesses
the KYP property,® and that the system X is strictly passive, with positive definite and

3See Lemma 3.5.2, Lemma 3.5.3, and Lemma 3.5.4 in [28].
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p(t) = (x(1),6(t)

56—( é

T4 .
=

Figure C.1: Example C.8

Uy Y1

Y2 Uz -

- 22 v

Figure C.2: Adaptive feedback loop

proper storage function given precisely by Vi (z) = 27 Pz. Also, the system Y is readily seen
to be passive, with a positive definite and proper storage function given by Vg(é) =~ 1674.
By virtue of Proposition B.4.5, the feedback interconnection between X and X shown in
Figure C.2 is passive with respect to the input/output pair (v,ys), and when v = 0 the
state trajectories of X'; converge to the origin by virtue of Proposition B.4.6.

C.1.4 Model-Reference Adaptive Control of Scalar Linear Systems

As a second example, consider the SISO linear system defined by the 1/O representation

" _a(s)

U
S+ a

y(s) =
or, equivalently, by the state-space realization
y=—ay+bu, y(0) =yo (C.9)
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with y,u € R. It is assumed that the parameter vector 6 = col(a, b) is unknown; however,
the sign of b is known. In particular, without loss of generality, we let b > by for some
bp > 0. Note that the system (C.9) has unitary relative degree.
The problem we want to address is the following: Given an exponentially stable reference
model of the form
ym = —0mYm + bmur ) ym(o) =0 (ClO)

where a,, by, > 0 and u,.(+) € L5 ) find a control law for (C.9) to achieve asymptotic model
matching between the two systems, that is, to let limy_ o |y(t) —ym (¢)| = 0, regardless of the
unknown value of the model parameter vector 6. To solve the problem, we appeal once again
to the certainty equivalence principle, and first devise the solution under the assumption

that 6 is known. To this end, we postulate the following structure for the controller
u = kiy + kor (C.ll)

which is comprised of a feedback and a feedforward term, and derive matching conditions
relating the vector of controller gains, k = col(ky, k2), with 6 to ensure fulfillment of the
control objectives. To this end, the dynamics of the model matching error e := y — y,, is
easily derived as

¢ = —ame + (bk1 + am, — a)y + (bkg — bp,)r (C.12)
Consequently, setting
— b
[ L (C.13)
b b
yields the converging dynamics é = —ane, hence the solution to the asymptotic model

matching problem. The identities (C.13) are precisely the matching conditions mentioned
above. The second step is to replace the fixed gains in the certainty equivalence con-
troller (C.11) with tunable gains, k = col(ky, k) and propose, in place of (C.11), the dy-
namic controller

=1
u = ky + kor (C.14)

where 7 € R? is an update law to be determined. This yields the formulation of the
asymptotic model matching problem as an adaptive control problem, commonly known as
the Model Reference Adaptive Control (MRAC) problem. Two strategies may be pursued:
In the first one, direct adaptation of the tunable gain vector k is sought, on the basis of
the minimization of a quadratic functional of the model matching error (or, as we will
see, to enforce stability of the ensuing error system). This is referred to as direct MRAC.
The second strategy consists in obtaining an estimate 6 = col(a, I;) of the plant parameter
vector # through on-line system identification techniques, and then computing the tunable
gains from the matching conditions, that is, by letting

(@) = 220 @)= O (C.15)

b b

This approach is referred to as indirect MRAC. Note that in the indirect approach one needs
to bound the estimate IA)(t) away from the singularity at b= 0. This is usually accomplished
by means of projection techniques, where the assumption made previously that b > by > 0
becomes instrumental.
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Direct Approach

Using the matching conditions, one readily obtains for the closed-loop system

é = —ay + b(ky — K} + kD)y + b(ka — k3 + k57 + amYm — binr
= —ame + b(ky — E})y + b(ka — k3)r
= —ame + boT (t,e)k (C.16)

where k := k — k* is the parameter estimate error, and ¢ (t,e) := (6 + ym(t) r(t)) is a
known regressor. Note that the dependence of the regressor on the reference signal, r(-),
and the output of the reference model, y,,(-), has been regarded as an explicit dependence
on time. Since b > 0, the function

Viek):= 2e? + %b’yfllzle;:

where v > 0 is a gain parameter, is a Lyapunov function candidate for the closed-loop
system. Evaluation of the derivative of V' along the vector field of the closed-loop system

yields (recall that k = k) .
V = —ame + % [T+ vo(t, e)e]

leading to the obvious choice
"= —y9(t,c)e

for the update law. Application of La Salle/ Yoshizawa Theorem (Theorem B.3.18), yields
global uniform stability of (e, /;:) = (0,0), boundedness of all trajectories, and asympttotic
convergence of e(t) to zero.

Note that, at this point, we do not have enough tools yet to ascertain whether the origin
(e, I;:) = (0,0) is a uniformly asymptotically stable equilibrium, which is not ruled out by
the conclusions of La Salle/ Yoshizawa Theorem. The following examples show that the
possibility of achieving uniform asymptotic stability of the origin of the error system

&= —ame + bl (t,e)k
k= —7(t,e)e (C.17)

depends indeed on the properties of the reference signal r(-).

Ezample 1: The case of constant reference signals. Consider the case r(t) = ro = const,
and — for the sake of simplicity — let a,, = 1, b,, = 1 in the reference model (C.10). Letting
Um = Ym — To one obtains the closed-loop error system in the form

Um

= _gm
é = —ame + bd” (Gim, e, 70)k
k= =7 (m, €,0)e (C.18)

where
(bT(gma €, 710) = (6 + gm + 70 TO)

is the regressor. Note that the overall system is autonomous, hence one can use La Salle’s
invariance principle instead of La Salle’s / Yoshizawa theorem to assess the asymptotic
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properties of its solutions. Note also that ry is regarded as a constant parameter. It is
easily seen that the origin (7, e, l;:) = (0,0,0), albeit stable in the sense of Lyapunov, is not
uniformly attractive, hence not uniformly asymptotically stable. This is a simple conse-
quence of the fact that the origin is not an isolated equilibrium point. As a matter of fact,
the system possess an equilibrium manifold (subspace) given by

M:{(g’e7l})€RXRXR23g:07 6:0, 1%1:—];2}

Ezxample 2: The case of sinusoidal reference signals. Consider this time the reference signal
r(t) = cos(wpt), w > 0. Let

ym () = e’ " cos(woT)dT =

/t t cos(wot) + wp sin(wot)
oo 1+wd

be the steady-state solution of the reference model, where, once again, it has been assumed
that a,, = 1 and b,,, = 1. The change of coordinates @, := y,, — y,, yields the error system

Ym

= _gm
é=—ame +bg" (t,Gm, e)k
k= —y6(t, Gims €)e (C.19)

where
O (b s €) = (e G + 05 (0) (1))

is the new regressor. Note that both the reference signal and the steady-state of the reference
model can be generated by the autonomous linear system (a so-called exosystem)

()= (8 9 ()= ) )
) _ , (. (C.20)
wa —wo 0 wa Y wgil w21/ \W2

with initial condition w;(0) = 0, w2(0) = 1. Note also that the equilibrium (w;, w2) = (0,0)
of the exosystem is stable in the sense of Lyapunov, all trajectories of the exosystem are
bounded, and that the state matrix is skew-symmetric. As a result, La Salle’s invariance
principle applies to the closed-loop error system augmented with the exosystem, with Lya-
punov function candidate given by

V(w, G, e, k) == wlw + 352, + $e* + 1oy kT k

where w = (w1, ws). A simple analysis shows that the trajectories of the closed-loop sys-
tem (C.19)-(C.20) converge to the largest invariant set M C R? x R x R x R? contained in
the set

£ = {(w,gm,e,l%)eR2><RxRxR2:gm:o, ezo}

This invariant set is obviously comprised of the trajectory w(t) = (r(t), y;,(t)) and trajec-
tories k(t) = k* = const satisfying

(cos(wot) + wo sin(wot) cos(wot)> <’5T> =0

1+w? k%
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for all ¢ € R. Differentiation of both sided of the above identity yields the system of
equations ~
Q)k* =0 VteR

where

cos(wot) + wo sin(wot)

14 w%

2 .

wg cos(wot) — wo sin(wot)

cos(wot)

Q) :=

—wy sin(wot)

2

Since det Q(t) = —w3 /(1 + w3), it is concluded that, necessarily, k* = 0. As a result, the
equilibrium (7, e, k) = (0,0,0) of the time-varying system (C.19) is uniformly (globally)
stable in the sense of Lyapunov and globally attractive. Unfortunately, we are not still in
the position to conclude that the equilibrium is globally uniformly asymptotically stable, as
uniform (global) attractivity has not been determined. However, it is noted that asymptotic
convergence of the parameter estimates I%(t) to the “true values” k* has been established.

Indirect Approach

In the indirect approach, we use a model estimator of the form
J=—ay+bu+L(y—7) (C.21)

where £ > 0 is the output injection gain. Next, define the model estimation error y := g —y,
with dynamics
y=—ty—(a—a)y+ (b—0)r (C.22)

and the estimated model mismatch error é := § — Yy, with dynamics
é = —amé —Lj+ (am — @)y — byr + bu
Applying the certainty-equivalence control
w=ki(0)y + ka(0)r (C.23)
where the tunable gains are given in (C.15), yields
é=—amé — 1§ (C.24)
Next, the equation of the g-dynamics (C.22) is written in the more compact form

§=—Lg+T(t,g,6)0 (C.25)

where 6 := 0 — 0 is the parameter estimate error, and VT (t,7,8) == (g —é—ym(t) r(t))
is a known regressor. Following a similar reasoning as in the direct approach, consider the
Lyapunov function candidate

W(e,.0) = 1¢* + 3 (5 +~71070)

where A > 0 is a scaling factor to be determined. Scaling the term in parenthesis in the
Lyapunov function candiate above allows one to take into account the coupling between the
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é- and the g-subsystems in (C.24). Evaluation of the derivative of W along the vector field
of the system one obtains

W = —a;é® — 16+ A (—@2 T (5, 0)0 + fléé)
Choosing

é = _wa(t ga é)g
for the update law yields

W = —amé? — e — \j? (C.26)

The selection A > ¢/(4a,,) ensures that the quadratic form on the right-hand side of (C.26)
is negative definite. As a consequence, application of La Salle/ Yoshizawa Theorem yields
boundedness of all trajectories and asymptotic regulation of both é(t) and §(t), if one can
show that the control (C.23) is well-defined, for instance, if one can ensure that b(t) > by for
all £ > 0. As we will see later in this chapter, this goal can be easily accomplished (at least
for this simple example) by projecting the estimate l;(t) onto the convex set R := {l; > by}

Comparing side—by—Aside the two controllers (and ignoring for the time being the issue of

possible singularity of b in the indirect approach) yields

(

:—dy+i)u+£(y—gj)

.

1%1 ==y — ym)y b= (9 -y
direct: { f, — A_,},(y - Ym )T indirect: b= —(§—y)u (C.27)
u=kiy+ kor a— am bm
U = — Y+ =
\ b b

where v > 0 and ¢ > 0 are the adaptation and the observer gains, respectively. It is clear that
the indirect approach is more complex, as it involves a controller of higher dimesionality and
requires an additional controller gain to be selected (the gain £). This may be a disadvantage
when the dimansion of the plant model is large, as the order of an indirect controller increases
roughly by a factor of two with respect to its direct counterpart. Nonetheless, the indirect
approach presents a clear advantage over the direct approach in the presence of bounded
control inputs. Specifically, consider again the plant model (C.9), and assume that the
control input is saturated, that is,

g = —ay + bsatu, y(0) =y (C.28)

In this case, the direct design proceeds by ignoring the presence of the saturation function,
essentially regaring the effect of input saturations as an unmeasurable disturbance. As
a result, the ensuing direct controller is the same as the controller on the left in (C.27).
Conversely, using the indirect approach one has the luxury of providing to the parameter
estimator a model of the plant that incorporates the effect of the saturation. This task is
achieved by replacing the controller on the right of (C.27) with the modified controller

’Zj = —ay + l;satu + €(y - ?J)
a=7(9—y)y
indirect (modified): b— —~(§ — y)satu
u— a— Am + bm’l”
T
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where, again, the issue of non-singularity of b has been set aside. It can be verified that
this modification has a beneficial effect, similar to that of an anti-windup modification, as it
prevents the adaptation law from reacting erroneously to the occurrence of input saturation
(see the Matlab-Simulink example provided in the file repository.)

C.2 The Standard Adaptive Control Problem

It was shown in the previous sections that several adaptive control problems share a common
formulation in which one needs to study the stability of the interconnection between a
strictly passive and a passive system. We will refer to this particular setup as the standard
adaptive control problem, or simply as the standard problem. Namely, we will analyze the
stability of the equilibrium at the origin of a nonlinear time varying system of the form

o1 = Az + BQZ)T(t,.I)iL‘Q
9 = —yo(t,z)Cxy (C.29)

where x = col(z1, z2) € R™7"2 and 1 is a positive constant. The vector field ¢ : R>oxR™ —
R™2 where n = nj + no, defined by the mapping (¢, z) — ¢(t, z) is piecewise continuous in ¢
for any fixed x, and locally Lipschitz in x uniformly in ¢. In particular, we are interested in
determining under which conditions system (C.29) possesses a UGAS (and LES) equilibrium
a the origin. As we have already seen, the case in which the vector field ¢ depends only
on zp and the triplet (A, B, C) is strictly passive or SPR can be easily dealt with using
La Salle’s invariance principle. A similar situation applies when the dependence on time is
due to signals which can be generated as trajectories of autonomous exogenous systems, as
in this case La Salle’s invariance principle also applies.

A more interesting situation occurs obviously when ¢ depends explicitly on time, hence
(C.29) is non-autonomous. We begin with considering the situation in which ¢ depends on
t but not on the state z, and thus (C.29) takes the form of a time-varying linear system.
Specifically, we consider first the linear time-varying system

1 = Az + B¢T(t)$2
2 = —0(t)Cir (C.50)

with the following standing assumptions:

Assumption C.2.1 There exist P = PT >0 and Q = QT > 0 such that

ATP 4+ PA< —Q
PB=CT.

Assumption C.2.2 The function ¢ : R>g — R™ is bounded and globally Lipschitz.

Let Q = QT Q1, denote with A%(-), C%, and P® respectively the mappings

0 A BT (t) o . [P O
A(t)_<—v¢(t>0 0 ) =@ o). _<o v—lf>’

and endow system (C.30) with the output y = C'®x. Then, the following holds:
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Proposition C.2.3 The system (C.30) is globally exponentially stable if the pair (C'*, A%(+))
18 uniformly completely observable.

Proof. The result follows directly from Proposition B.3.20, using the Lyapunov function
candidate V (z) = 2T P%. O

The main problem in applying Proposition C.2.3 to a given system (C.30) is to assess uni-
form complete observability of the pair (C'%, A%(-)). A direct evaluation of the observability
gramian is a formidable task, as it requires the explicit computation of the transition ma-
trix of A%(-). A useful result is provided by the following lemma, which states that uniform
complete observability is invariant under bounded output injection.

Lemma C.2.4 Given bounded matriz-valued functions A : R>g = R™", C': R>q — RP*"
and N : R>o — R™*P_ the pair (C(-), A(+)) is uniformly completely observable if and only if
so is the pair (C(-), A(-) — N(-)C(+)).

Proof. See [28, Lemma 4.8.1]. O

The above result can be used to replace the computation of the observability gramian
of the original system with that of the system under output injection, provided that the
latter takes a simpler form. For our purposes, it suffices to use

-1
= A9 B
—9(t)CQ;

to obtain

0 Bo(t)
0 0

A%(t) — N°(£)0® = (

for which the transition matrix can be easily computed as

&(t,7) = <é BU(;’T)> , o(t,7) / T (

It follows that the observability gramian of (C?(-), A%(-) — N%(-)C*(-)) reads as, after some
manipulations,

qn Q QBo(r,tr)
W(thtg)—/tl <0T(T,t1)BTQ O'T(T,tl)BTQBU(T,tl)>dT' (C.31)

Proposition C.2.5 Assume that the function ¢(-) is bounded and globally Lipschitz, and
that there exist constants k > 0, d > 0 such that

t+48
$(r)p" (T)dr > kI, ¥Vt >0. (C.32)
t

Then, there exists p > 0 such that
W(t,t+6) > ul, Vt>0

where W (-, -) is the observability gramian in (C.31).
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Proof. See [28, Lemma 4.8.4]. O

The condition (C.32) is commonly referred to as a persistence of excitation (PE) condition.
The PE condition plays a fundamental role in the analysis of the asymptotic properties
of adaptive systems. In a nutshell, it guarantees that the time-varying signal ¢(-) yields
enough couplings between the trajectories z1(-) and z2(-) of (C.30) to obtain uniform com-
plete observability. The PE condition has been studied quite extensively in the adaptive
control literature. For a comprehensive survey of the properties of PE signals and their role
in control and system identification, the reader should consult [28], [38], [39], [40], and the
recent paper [41], which provides a nice review of earlier results.

The PE property (C.32), used in conjunction with Assumption C.2.1 and Assump-
tion C.2.2, yields a sufficient condition for global exponential stability of (C.30), established
by means of Proposition B.3.20. The result is summarized as follows:

Theorem C.2.6 Consider system (C.30), and let assumptions C.2.1 and C.2.2 hold. As-
sume, in addition, that the function ¢(-) satisfies the PE condition (C.32). Then, the origin
is a globally exponentially stable equilibrium of (C.30).

Reverting back to the full nonlinear system (C.29), one may wonder to what extent
the result of Theorem C.2.6 can be used to find conditions for global uniform asymp-
totic stability of the origin, as opposed to the much weaker form of stability implied by
La Salle/Yoshizawa theorem. For this purpose, assume that Assumption C.2.1 holds for
the triplet (A, B,C) in (C.29). As a result, by La Salle/Yoshizawa theorem, the origin is a
uniformly globally stable equilibrium, and thus for any initial condition (tg,zg) € R x R™
the corresponding trajectory x(t;to,xo) is bounded for all ¢ > ¢y. Let the parameterized
family of functions

g)(to,mo)(') = ¢(7 x( ito, Io)) ) (t()v 1,‘()) €RxR" (033)

be defined as the function ¢(-,-) evaluated along the trajectories of (C.29), that is, as the
mapping

t—= ot x(t;to, o)),  t>to
parameterized by the initial condition of (C.29). Note that since each single trajectory
x(t) £ z(t;tg, o) satisfies the differential equation

0 :< A Biﬁo,z())(t)) AN (C.34)
o (t) —YD(t0,20)(t)C 0 Ta(t)

to each trajectory of (C.29) one can associate a linear time-varying system, which can
in principle be used to study the asymptotic properties of that particular trajectory. In
particular, the standing assumptions on ¢(-, -) and boundedness of z(- ; to, xo) imply that the
system (C.34) is well defined for for each pair (¢, z¢). Note, however, that it is not possible
to replace (C.29) with (C.34), and that any conclusion about the asymptotic behavior of
z(t) drawn from (C.34) will be valid only for that particular trajectory, unless additional
conditions hold.

Theorem C.2.7 Assume that, in addition to Assumption C.2.1, the following conditions
hold:
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i.) For any (tg,xo) € R x R™, the function $(t07w0)(-) is globally Lipschitz.

ii.) The function (Z)(to,xo)(') satisfies a PE condition, that is, for each pair (to,xo) € RxR"
there exist kg > 0 and oy > 0 such that

t+dp _ o
/ D(t0.20) (T)P(1g,00) (T)AT = oI, Vit >1o.
t

Then, the system (C.29) is globally exponentially convergent (see Definition B.2.6).

It is important to point out that Theorem C.2.7 does not imply neither exponential stability
nor uniform asymptotic stability of the origin of (C.29). As a matter of fact, Theorem C.2.7
only improves on the results of La Salle/Yoshizawa theorem establishing convergence of x(t)
to the origin (as opposed to that of z1(¢) alone,) but the convergence need not be uniform.
Moreover, Theorem C.2.7 may be difficult to apply, as in order to check the conditions i.)
and ii.) above, knowledge of the solution z(-;tg, z¢) may be required.

C.2.8 Uniform Asymptotic Stability of Adaptive Systems

From the above discussion, it is clear that for the prototype system (C.29) persistence of
excitation of the parameterized family of functions (C.33) plays an important role in ex-
tending convergence to the origin of the trajectory z(t), implied by LaSalle/Yoshizawa
theorem, to the whole trajectory x(t) = (z1(t),z2(t)). The result, stated formally in The-
orem C.2.7, establishes “pointwise” convergence of each individual trajectory z(t;to, o),
interpreted as a parameterized family of functions indexed by the initial condition (tg,xg).
A natural question to ask is whether such a convergence can be made uniform with respect
to all (to, o) in any given set of the form R>( X B, so that the result of Theorem C.2.7 can
be extended to yield global uniform asymptotic stability of the origin, versus mere expo-
nential converge. Not surprisingly, the key to achieving this goal is an enhanced persistence
of excitation property for the family of functions &(tom) in (C.33), which holds uniformly
with respect to (tg,xo). In particular, the following definition is introduced in [41]:

Definition C.2.9 Assume that the system (C.29) is forward complete. The parameterized
family of functions é(to,xo) in (C.33) is said to be uniformly persistently exciting (y-PE)
if for any r > 0 there exist K > 0 and 6 > 0 such that for any (to,x0) € R>o x B, the
corresponding trajectory x(t; to, o) of (C.29) satisfies

t+4
7 T
t D(to,20) (T) Pty 20)(T)AT = K1 , Vit >tp.
Applying the definition of u-PE directly to a system of the form (C.29) appears to be
of limited use, as one needs to know a priori the solutions of (C.29) to be able to check
that the given conditions are satisfied. However, it is possible to infer the u-PE property
without solving explicitly the differential equation if appropriate conditions on the solutions

of (C.29) and on the vector field ¢(¢, ) hold.

Proposition C.2.10 Let ¢(-,x) be piecewise continuous for each x € R™, and let ¢(t,-) be
locally Lipschitz uniformly in t. Consider a system of the form (C.29), and assume that
there exist:
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i. A number p > 0 such that for any initial condition (tg,x0) € R>g x R™ the corre-
sponding solution x(-; to, xo) satisfies max {||z oo, ||z1]l2} < plzol;

ii. A function ¢ : R>q — R™ which is bounded and satisfies the PE condition (C.32) for
some k > 0 and some A > 0.

it1. A nondecreasing function 1 : R>g — R>¢ and nonnegative constants c; and cy satis-
fying c1 + co > 0 such that for any unitary vector £ € R™

|6 (8, ) €] > [e1 + eatp(|aa])|a2]] [T (H)€] (C.35)

where ¢0(t7 .’E) = ¢(t,$)’$1:0.

Then, the parameterized family of functions gE(tOJO)(-) in (C.33) is u-PE. Moreover, if
(C.35) holds with ¢y > 0, the function ¢ is not required to be bounded

Proof. See [41, Prop.2]. O

A simplified version of the above result holds for the important case in which the vec-
tor field ¢(t,x) does not depend on the component zo, and the realization (A, B,C) is
strictly passive.

Corollary C.2.11 For the given system (C.29), let Assumption C.2.1 hold. Assume that
the vector field ¢(t,x) does not depend on xo, that is, let ¢(t,x) = ¢(t,x1). Then, if the
function ¢g : R>9 — R"? defined as ¢o(t) = ¢(t,0) is PE, then the parameterized family of
Junctions ¢y z0)(-) = d(-, 1 (- s to, w0)) is u-PE.

The concept of u-PE is instrumental in deriving a sufficient condition for global uniform
asymptotic stability of system (C.29). Specifically, the following result can be proven using
the arguments in [41, Theorem 1]:

Theorem C.2.12 Consider the system (C.29), where the vector field ¢(t,x) is such that
o(-,z) is bounded for each fized x € R™, and ¢(t,-) is locally Lipschitz uniformly in t. Let
Assumption C.2.1 hold. If, in addition:

i.) There exists a nondecreasing function p : R>g — Rx>q such that

2
max ¢ (57

ool <otia)

for all (t,x) € R>o x R™;
ii.) The parameterized family of functions é(to,zo)(') in (C.33) is u-PE.

Then, the origin is a uniformly globally asymptotically and locally exponentially stable equi-
librium of system (C.29).
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C.3 The Issue of Robustness

Consider again the standard adaptive control system (C.29), endowed with Assumptions C.2.1
and C.2.2. Let us consider the presence of external disturbance signals d = col(dy, ds), with
di(-) € L2(R"™) and da(-) € L2(R"?) as follows

i1 = Axy + BoT (t,x)xs + di (1)

To = —’y¢(t,x)0x1 + dz(t) (C.36)
The aim of this section is to investigate the effect of bounded disturbances on the tra-
jectories of system (C.36), in particular on the properties of boundedness and asymptotic
regulation of z;(t), which are guaranteed by La Salle/Yoshizawa theoerm in absence of

model perturbation. The first result is a direct consequence of the theorem of total stability
(Theorem B.3.11), which is behind the raison d’étre for uniform global asymptotic stability:

Corollary C.3.1 Assume that the assumptions of Theorem C.2.12 hold for system (C.36).
Then, for any € > 0 there exist 51 > 0 and 62 > 0 such that for alltg € R, all zg € 5’51 C R"
and all d(-) € L>(R™) such that [|d||oc < 02, the forward solution x(t) := x(t;to, X0, djy 1))
t > to, of (C.36) satisfies ||z(-)]|oc0 < €.

The above result establishes the property of small-signal bounded-input bounded-state sta-
biliy for the perturbed system (C.36), under the assumption of UGAS and LES of the
equilibrium at the origin of the unforced system (C.29). It must be noted that the above
result is local in nature (that is, it is only valid for “small” values of the £>°-norm of the dis-
turbance and the norm of the initial condition). The following example serves the purpose
of clarifying this issue.

Example C.3.2 Consider again the one-dimensional direct MRAC problem of Section C.1.4,
with the following assumptions:

1. The control input coefficient b is known (without loss of generality, let b = 1;)
2. The reference model is the identity operator, y,,(t) = r(t), t > 0;

3. The reference signal is constant, r(t) = rg, t > 0, where 9 > 0.

4. The adaptation gain is selected as v = 1;

5. The tracking error dynamics is affected by a constant disturbance, d(t) = —dg, t > 0,
where dg > 0.

Under these assumptions, the equations of the closed-loop system read as

é=—e+(e+ro)k —do
k= —(e+ro)e (C.37)

i

where k := k — k* is the estimation error, and k* = a — 1 (refer to Section C.1.4.)
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Let us consider first the case in which ro > 0. It is readily seen that (C.37) has a
unique equilibrium point at (e, k) = (0,dp/r9). Changing coordinates as § := k — dy/ro,
system (C.37) is written as

0 =—(e+rpe (C.38)

where the equilibrium point has been shifted to the origin, (e,#) = (0,0). The jacobian
matrix of the vector field of the system evaluated at the origin reads as

— =1 r
A: TO 0

—To 0

and its characteristic polynomial is pa(A) = A% + (1 — do/ro)\ + r3. Clearly, for ro > do
the equilibrium at the origin of (C.38) is LES, whereas for 0 < r¢p < dy the equilibrium is
unstable. To determine the global portrait of the solutions, consider first the case ry > dy.
Using the Lyapunov function candidate V (e, #) = e? + 6%, one obtains

V(e, ) = —2 <1 - do) <0
To

Application of La Salle’s invariance principle (notice that the system is autonomous) yields
that the only invariant set contained in the set {(e,0) € R? : V(e,0) = 0} is the origin,
hence the origin is a globally asymptotically and locally exponentially stable equilibrium.
Clearly, this situation also includes the case in which dy = 0, where in this case 0 = k.

For the case 0 < rg < do, let us consider the backward solutions of (C.38), which are
obtained as the forward solutions of system

0= (e+ro)e (C.39)

Once again, using the Lyapunov function candidate V (e, ) = €? + 62, one obtains

To

V(e,e):2<1—d0>62§0

hence, using the same reasoning as before, one concludes that the origin is a globally
asymptotically stable equilibrium of (C.39). Consequently, reverting back to system (C.38),
it is concluded that for any ¢ > 0 and any R > 0, there exists T; g > 0 such that for all initial
conditions z(0) := col(e(0),0(0)) € Bgr the corresponding backward trajectory satisfies
z(t) := col(e(t),0(t)) € Be for all t < —T. p. This implies that all forward trajectories
of (C.38), except the one originating at x(0) = 0, satisfy lim;_, 4 |2(f)| = +00.

Finally, for the case 0 < 19 = dy, it is readily seen that the function V(e,8) is a first
integral of motion for the system (that is, V' (e,8) = 0 for all (e, ) € R?), hence the solutions
generate a family of closed orbits given by the level curves V(e,0) = ¢, ¢ > 0.

To summarize the behavior of the solutions of (C.38) when 79 > 0:
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e For rg > dy, the origin is GAS and LES;

e For 0 < rg < dy, the origin is unstable, and solutions originating away from the origin
diverge as t — o0;

e For 0 < rg = dp, solutions are bounded, as solutions originating away from the origin
describe a closed orbit.

It is clear that p:=1—dy/rg € (—o00,00) plays the role of a bifurcation parameter for the
system, with g = 0 corresponding to the critical case. It is also clear that the stability
margin of the system (in the sense of robustness of the stability of the equilibrium at the
origin with respect to the constant disturbance dy) depends on 7¢: the larger the value of
ro, the larger the disturbance that can be accommodated by the system. As rg — 0, the
system loses robustness to constant disturbances. In particular, when rg = 0 and dy = 0,
system (C.38) possesses an equilibrium manifold A := {(e, k) € R? : e = 0} that is globally
attractive but not stable in the sense of Lyapunov (see the discussion in Example C.1.3.)
In this case, there is no robustness whatsoever, and even an infinitesimally small positive
constant disturbance results in unbounded forward trajectories (note that when ro = 0 and
dp > 0 the system does not have equilibrium points, hence no closed orbits either.)

The previous discussion has highlighted two important issues related to robustness of adap-
tive systems in the standard form (C.29) with respect to external disturbances:

e When the equilibrium x = 0 is UGAS and LES, there is robustness to “small enough”
external disturbance signals, for solutions originating within a neighborhood of the
origin, as provided by the theorem of total stability;

e In absence of a UGAS equilibrium at the origin (that is, when only the weaker prop-
erties provided by the La Salle/ Yoshizawa theorem hold) there is no guaranteed
robustness to external disturbances.

Clearly, these issues make the application of adaptive control techniques less than ideal,
especially in all those cases (which are indeed typical) when uniform persistence of excita-
tion of the regressor can not be guaranteed. This lack of robustness to model perturbations
has prompted the development of robust update laws, that is, modifications of the stan-
dard passivity-based update laws aiming at providing robustness to external disturbance of
arbitrarily large magnitude. This will be the topic of the next section.

C.4 Robust Modifications of Passivity-based Update Laws

The aim of this section is to introduce three different strategies aimed at providing ro-
bustness of adaptive control systems to external bounded disturbances. For notational
convenience, we write the standard adaptive control problem in the following form

e=Cz (C.40)
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where z € R™ comprise the state of the plant model and that of the controller, 6 € R is the
vector of parameter estimates, 0 :=0—0* is the parameter estimate error, d = col(dy, ds) €
R™ ™72 js an external disturbance, e € R is the error to be regulated and 7 € R™ is an
update law to be designed. The regressor ¢ : R x R™ x R"2 — R™2 defined by the mapping
(t,z,é) — gb(t,z,é) is continuous and bounded in ¢ for any fixed z and 6, and locally
Lipschitz in z and , uniformly in ¢. Furthermore, it is assumed that the triplet {C, A, B}
defines a strictly passive system with positive definite storage function Vi(z) = 27 Pz and
negative definite supply rate W(z) = —27Qz. It has been shown in the previous sections

that the passivity-based update law
T =—7é(t, 2,0)Cz (C.41)

achieves boundedness of all trajectories and asymptotic regulation of e(¢) when d = 0,
but does not ensure robustness (in the sense of bounded-input bounded-state behavior) to
arbitrary disturbance signals d € £>°(R"). To achieve the goal of ensuring bounded-input
bounded-state behavior (and, possibly, preserving asymptotic regulation when d = 0), we
will consider three modifications to the update law (C.41), namely leakage, leakage with
dead-zone, and parameter projection.

C.4.1 Update Laws with Leakage

The first and simplest modification consists in adding a dissipation term (a so-called leakage)
to the update law, namely to replace (C.41) with

7= —4(t,2,0)Cz — oy (C.42)
where o > 0 is a small gain parameter, resulting in the closed-loop system
i= Az + Bo'(t,2,0)0 + d,
0= —o(t, 2,0)C2 — 00 — o7 + do (C.43)

It is noted that the addition of the leakage term destroys the property of the closed-loop
system possessing an equilibrium in (z,2) = (0,0) when d = 0, due to the presence of the

constant term —oy8* on the equation of the #-dynamics. This is the reason why the gain of
the leakage term should not be chosen too large in order to prevent an unduly deterioration
of regulation performance.
Stability Analysis
As customary, consider the Lyapunov function candidate

V(z,0) = 1Pz + %975 (C.44)
and evaluate its derivative along the vector field of (C.43) to obtain

V(2,0) = -327Qz + 2" Pdy — 0070 — 007 0* + 47107 dy

)\min

< =S5l = ol + |2l [ Pllda| + 57 6]|da| + o16]]6”] (C.45)
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where Amin > 0 is the smallest eigenvalue of Q. Letting & := col(z, ), one obtains (with a
minor abuse of notation)

V(x) < —Xola]? + polz||d| + olx||6"] (C.46)
where \g := min{\min/2,0} and po := |P| +~~!. Using Young’s inequality* in the expres-
sion

olal? + 3/ 3plalyE poldl + /g laly/Zole"
which is equivalent to the right-hand side of (C.46), one obtains

. 2 o2 1 0k
V(ac) < —%]a:\Q + R2d? + &[0 (C.47)

2 2
\/ NO $2 + ; |9*’2
0

2] > x(|d) = V(z) <0

therefore, by Theorem B.3.13 the perturbed system (C.43) has the GUUB property when
d(-) € L.

Defining the class-N function y(-

from (C.47) one obtains

C.4.2 Update Laws with Leakage and Dead-zone Modification

As mentioned, the leakage modification to the passivity-based update law has the undesired
effect of destroying the equilibrium at the origin of the closed-loop system in the coordi-
nates (z, é) in absence of the disturbance. To remedy the situation, a further modification
is introduced via the use of a dead-zone function that “switches off” the leakage when the
estimation error is inside a given compact set.

To begin, we need a preliminary assumption:

Assumption C.4.3 The parameter vector 0* ranges over the interior a known compact
and convex set, © C R™ that is, 0* € int ©.

Fix a number ¢ > 0 such that

t> I;gg({|01|v ‘92|7 SRR |0n2’}

and consider the decentralized multivariable dead-zone function dzy(-) : R"? — R™, de-
fined as

dz(1) 1 9 < -1
ng(ﬂg) % b=
dz,(v) = : , dze(¥;) =9 — Esat7 , satt; = ¢ ;|9 <1
) 1 9; > 1
dze(Vn,)

The decentralized dead-zone (hereby simply referred to as “dead-zone”) with the given
choice of the level ¢ has the following properties:

4Given a > 0and b> 0, ab < a2/2+b2/2.
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e Forally ¢ R™ and all 0 € ©

9T dz (9 +6) >0 (C.48)

e There exist constants ¢; > 0 and ¢y > 0 such that for all ¥ € R"? satisfying || > ¢;
and all 8 € ©
9T dz (9 4 0) > ¢o|0)? (C.49)

Note also that dz,(8) = 0 for all § € ©. The leakage with dead-zone modification of the
passivity-based update law (C.41) is defined as

T = —y¢(t, 2,0)Cz — oy dze(0) o>0 (C.50)
resulting in the closed-loop system
= Az+ BoT(t,2,0)0 + dy
0= —vp(t, 2,0)Cz — oy dzg(0 + 6%) + do (C.51)
Note that, as opposed to the standard leakage modification, when d = 0 the system preserves
the equilibrium at (z,0) = (0,0), due to the fact that §* € © by assumption.
Stability Analysis

Consider the Lyapunov function candidate (C.44), and evaluate its derivative along the
vector field of (C.51) to obtain

V(z,0) = —327Qz + 2" Pdy — 007 dz(0 + 0%) + 77107 d» (C.52)
Amin 117 A A *
< —?W + [2||P||d1| 4+ v~ 18] |da| — o6T Az (6 + 6%) (C.53)

where Apin > 0 is the smallest eigenvalue of Q. As before, let z := col(z, é) First, consider
the case |0 < ¢1, which together with (C.48) and (C.53) implies

. s )\min c
V(z0) < = =501l + [2AIPlldi] + Zlda

Applying Young’s inequality to the right-hand side of the above inequality, and using the
fact that |d;| < |d|, i = 1,2, one obtains

. ~ Amin 2 ‘PP 2 Cc1
< —— — — 54
V(z,0) < 1 |2 + /\min|d| + S |d| (C.54)

Defining the class-K function xi(-) as follows

4| P|? 4c
Xl(S):\/‘ oz do1

)\r2nin Amin’)/
one obtains, from (C.54) and the assumption |6] < ¢1,

lz| > xa(ld|]) and [8] < ¢ = V(2,6) <0 (C.55)
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Assume now that |0 > ¢;. Using (C.49), the right-hand side of (C.52) can be bounded as

y a )\min a —115
V(2,0) < ==z + 2 [ Plldi| = co0 0" + 97 0]|da]
)\min 2 ’P|2 2 C20  ~ o 1 2
< — di|* — — .
< SR = TR (C:56)

where we have made again use of Young’s inequality. Letting x := col(z, #), one obtains
V(ZL‘) < —)\o‘l'|2 + ,LL()|d|2 (C.57)

where Ao := min{Anin/4, c20/2} and po = |P|?/Amin + (2c2072)~1. As a result, defining
the class-Ko function xa(-) as
X2(8) = 4 /';f—s(s

lz| > x2(|d]) and |0] > ¢ = V(z) <0 (C.58)

one obtains

Next, we combine the two conditions (C.55) and (C.58) into a single one involving a class-N
function. Let the class-N function x(-) be defined as

x(8) = /2 +x3(s) + X3(9)

and notice that |z| > x(|d|) implies |z| > x2(|d|), and that |z| > x(|d|) implies |z[> >
c? + x3(|d|). In particular, when |f] < ¢; one obtains

& +xi(d) < [a]* = e +x3(d) <[P +10P < [z + & = xi(ld]) < |2
hence
0] <c1 and |z > x(|d]) = 0] <1 and |z| > yi(|d]) = V(z) <0
Conversely,
0] > ¢ and |z| > x(|d]) = |0] > and |z| > x2(|d]) = V(z) <0
therefore, by Theorem B.3.13 the perturbed system (C.51) has the GUUB property when
d(-) € L.

C.4.4 Update Laws with Parameter Projection

The last modification of the standard passivity-based update law presented in this sec-
tion is applicable to those cases in which the disturbance affects only the z-dynamics of
system (C.40), that is, when da = 0. As in the previous section, it is assumed that Assump-
tion C.4.3 holds. Note that convexity of the parameter set @ is a strict requirement, along
with compactness. In this regard, we pose an additional requirement:

Assumption C.4.5 The set O is given by
O={0ecR™:II0) <0}

where I1(+) : R™ — R is a convex and differentiable function.
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T
Denote with VII(-) the gradient of I1(-), that is VII(0) = (g—g(ﬁ) g—g(@) e 8‘9917 (9)) ,

and define the projection operator onto © as follows:

T if § € int© or {6 € 96 and VIIT (f)r < 0}
Proj {7} = HOVIIT (o . .
569{} -y ()VA (6) 7 if § € 90 and VIIT (6) > 0
IVII(9)[?
The dynamics of the parameter vector estimate is selected as
6 = Proj {r}, 6(0) € int® (C.59)
beco

where 7 is the passivity-based update law (C.41) resulting in the closed-loop system®
i= Az + BoT(t,2,0)0 + d;

5 = Proj {—’y¢(t, Z, é)Cz} (C.60)
deo

The use of parameter projection ensures the following properties:
Proposition C.4.6 The set O is forward invariant under the flow of (C.59).
Proof. At each point 6 € 9O
vt (6)r if VIIT(0)r < 0}
_ vI@)vito)
[VII(0)[?

T(9) Proj {r} = R
v E vnTw><I

) r it vIT(@)r >0

Clearly, if VIIT(6)T < 0, then VIIT(0) Projseo {7} < 0 as well. Conversely, assume

VHT(é)T > 0, and decompose 7 along the direction of the vector VII (é) and a given
basis of the tangent plane to 0O at 6, that is, let

T =aVII0) + 1
for some o > 0 and ¢ € {spanVII(6)}*. Then

T(h : _ Ty |+ — VHT(é)T i
VII* (0) Proj{r} = VII* (0) ( \VH(@)P VH(H))

e)
o [ aor1iy 4w QYOO s VIO s
= v’ () ( VII(0) + I 11(6) VIO v (9))
— v () (avn(é) - wn(é))

=0

As a consequence, VIIT (6) Projy.o {7} < 0 at each point 0 € 06, hence the vector field of
system (C.59) points inward along the boundary of ©. O

5Recall that, by assumption, d2 = 0.
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Proposition C.4.7 Let 0 := 0 — 0*. Then, 0 Projjeo {7} < 071 for all 6 € R™ and all
0* €intO.

Proof. According to the definition of Proj; g {7}, we only need to prove the proposition in

the case where 6 € 90 and VIIT () > 0. From the convexity of the function I7(-) and the
fact that 0* € int O, it follows that

0TVII0) = (0 —0")TVII(H) >0 VOedo

Consequently, if 6 € 80 and VIIT (6)T > 0

~ ~ ~ NT 7 T 4 ~
6" Proj {r} < 0T =0"r — 6" VIIO) VAH ) <o''r
6co IVII(9)?

Stability Analysis

Evaluation of the Lyapunov function candidate (C.44) along the vector field of the closed-
loop system (C.60) yields

V(z, 9~) = —%ZTQZ + 2T PBoT(t, 2, é) + 2T Pdy + 67 Proj {—7¢(t, z, é)Cz}

e)
< —%zTQz + 2T Pd,
Ami
< - I;HIZ!Q + |2[|P||du] (C.61)

where we have made use of Proposition C.4.7. Adding and subtracting the term Apin|0]%/2
to the right-hand side of the last inequality in (C.61), and recalling that the solution
of (C.59) satisfies 6(t) € O for all ¢ > 0, one obtains

. ~ Amin Amin | 5 Amin | 7
V(20) < =220 2 — 2GR 4 |2 Py | + 22 P
)\min )\min
< =20 22 4 [g)| Pl + “2 (C.62)

where 11 = 2maxgeg |6]. Application of Young’s inequality yields

. Amin 2 |P|2 2 Amin 2
V(z) < —2min P g 2 4 2min
@) < -2 4 Py ) 2,
Consequently, defining the class-N function
4| P|?
()= [ AL g2 4 g,
)‘min

one obtains .
2] > x(ld1]) = V(z) <0

therefore, by Theorem B.3.13 the perturbed system (C.60) has the GUUB property when
dl() € Lo,
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