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o Lateral and longitudinal vehicle modeling
o Kinematic and dynamic models
@ Formulation of control and simulation oriented models

@ Analysis of the basic properties of the vehicle models

2/15



Kinematic model of the lateral motion

Objective. Calculating the position variables from the speed variables,
without considering the forces generating them.

YA

3/15



Kinematic model of the lateral motion

Objective. Calculating the position variables from the speed variables,
without considering the forces generating them.
Assumptions VA

@ The two wheels at each axle
lumped into a single wheel

3/15



Kinematic model of the lateral motion
Objective. Calculating the position variables from the speed variables,
without considering the forces generating them.

Assumptions VA

@ The two wheels at each axle
lumped into a single wheel

@ Font and rear steered wheels R x5

3/15



Kinematic model of the lateral motion
Objective. Calculating the position variables from the speed variables,
without considering the forces generating them.

Assumptions A

@ The two wheels at each axle
lumped into a single wheel

@ Font and rear steered wheels R x5

@ Planar motion - i A // _
2 o ‘/2% N2 A

3/15



Kinematic model of the lateral motion

Objective. Calculating the position variables from the speed variables,
without considering the forces generating them.

Assumptions VA
@ The two wheels at each axle
lumped into a single wheel
@ Font and rear steered wheels R x5
@ Planar motion . ' gl
. . el . /l(li 17 / ’
© Wheel velocity vectors aligned i

with wheels directions (zero slip
angles) X

3/15



Kinematic model of the lateral motion

Objective. Calculating the position variables from the speed variables,
without considering the forces generating them.

Assumptions VA
@ The two wheels at each axle
lumped into a single wheel
@ Font and rear steered wheels R x5
@ Planar motion . ' gl
. . el . /l(li 17 / ’
© Wheel velocity vectors aligned i

with wheels directions (zero slip
angles) X

Notation

Qo (Sf, Or steering angles,

3/15



Kinematic model of the lateral motion

Objective. Calculating the position variables from the speed variables,
without considering the forces generating them.

Assumptions
@ The two wheels at each axle
lumped into a single wheel
@ Font and rear steered wheels
© Planar motion

© Wheel velocity vectors aligned
with wheels directions (zero slip
angles)

Notation

Qo (Sf, Or steering angles,

Q [, I, distances of CoG from axles,

v

3/15



Kinematic model of the lateral motion

Objective. Calculating the position variables from the speed variables,
without considering the forces generating them.

Assumptions A
@ The two wheels at each axle
lumped into a single wheel
@ Font and rear steered wheels R x5
@ Planar motion it /,(/, . //A 5
© Wheel velocity vectors aligned T i
B

with wheels directions (zero slip
angles) X

Notation
Qo (Sf, Or steering angles,
Q [, I, distances of CoG from axles,
@ X, Y, ¢ longitudinal, lateral
positions, heading in a global

frame,
3/15



Kinematic model of the lateral motion

Objective. Calculating the position variables from the speed variables,
without considering the forces generating them.

Assumptions A
@ The two wheels at each axle
lumped into a single wheel
@ Font and rear steered wheels R x5
@ Planar motion it /,(/, . //A 5
© Wheel velocity vectors aligned T i
B

with wheels directions (zero slip
angles) X

Notation
Qo (Sf, Or steering angles,
@ I, I, distances of CoG from axles, @ B vehicle slip angle,
@ X, Y, ¢ longitudinal, lateral
positions, heading in a global

frame,
3/15



Kinematic model of the lateral motion

Objective. Calculating the position variables from the speed variables,
without considering the forces generating them.

Assumptions
@ The two wheels at each axle
lumped into a single wheel
@ Font and rear steered wheels
© Planar motion

© Wheel velocity vectors aligned
with wheels directions (zero slip
angles)

Notation
Qo (Sf, Or steering angles,
Q [, I, distances of CoG from axles,
@ X, Y, ¢ longitudinal, lateral
positions, heading in a global
frame,

YA

@ p vehicle slip angle,
Q V vehicle velocity.
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Remark about the assumption of zero slip angle.

Sideways slipping (non-zero slip angle) occurs at high lateral forces (higher
2

than tire forces) R

Hence, assuming zero slip angle is legit at low vehicle speed (e.g., urban
dirving).

The vehicle motion is described A nonlinear model in the state

by the following ODEs system space
X =f(x,u),

X = V + 7
cos (i + ) can be obtained by setting

Y = Vsin(y+p),

. V cos
Y = P (tan O — tan (5,) , X 14
lf +1, x=|Y |,u= 5f
Y Or

= ! I tan o, + I, tan o¢
le +1,
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Lateral vehicle dynamics

Write the Newton’s law along the y axis ¥ .
mij = — Vi +Fyf + Fy. X ’
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Lateral vehicle dynamics
Write the Newton’s law along the y axis

mij = — +Fyf + Fy,.

Vi
N——
centripetal acceleration

Moment balance about the z-axis

Ly = lfFyr — L,Fy.

Write the lateral tire forces as

Fy = 2Cu(o- Oy,

Fyr = —2CarOvr,
where (small) tire slip angles can approxima-
ted as
g+l y=ly
69‘{f = -f 7 6911r = .

Vi Vi
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Lateral vehicle dynamics

The resulting, speed (V) dependent state space model is

. 2CM+2CM ZC#Q—ZCML A ZCM
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b =10 0 + 0 )
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Y 2Capli—2Coyl, 0 aflp+2Carli Y ' Caf
0 - LV - LV, I
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The resulting, speed (V) dependent state space model is
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Lateral vehicle dynamics

The resulting, speed (V) dependent state space model is

2CM+2CM ZC#Q—ZCML 2Ca
. _ _V. — . f
y 0 16VX 0 Vi ) mVy Yy m
=10 0 + 0 1)
l{{ 2C,2+2C,, 12 1/1 21¢C
Y 0 2C sl =2Cpyly 0 af'f t2larly Y ' Caf
- LV, - LV, I,

By setting x = [

e

] , u = 0, the model can be compactly rewritten as

i = A(Vy)x + B(Vy)u.

Remark. The model has been derived under the assumption of linear tire
forces. This assumption holds for small tire slip angles. More accurate tire
forces reveals tire force saturations for large slip angles.
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Lateral vehicle dynamics with road-aligned
reference frame

Assume to know the road geometry (curvature radius).
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Lateral vehicle dynamics with road-aligned
reference frame

Assume to know the road geometry (curvature radius). In this case the rate
of change of the desired vehicle orientation while traveling at the speed V is

. . .. :
The resulting desired acceleration is & = Vytgs.

By introducing
Q ¢ lateral deviation fo the vehicle CoG from the lane centerline (or path),
@ ¢, orientation error w.r.t. to the road (desired path),

the relative lateral acceleration w.r.t. road is

2

. \% . .
& =(y+Vx1P)—f :y‘*'vx(l,l}_l/}des)-
W

By combining with the Newton’s law....
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Lateral vehicle dynamics with road-aligned
reference frame

. 0 1 0 0 0
e €1
“1 0 _ 2C4+2Cqy 2C4+2Cqy —2C sl =2Csly ; 2C,¢
€1 mVy m mVy €1 “m
- + 0
& 0 0 0 1 & 0
&y 0 _2Cub2Cul  2Cyl-2Cul, 2Col}+2Carl} e 2sCof
- LV, L - LV, L
0
2C,flf=2Cyl,
_ af;1‘] arlr ‘/x )
x
+ 0 l,bdes
ZCLU’I} +2CM13

IZ VX
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Lateral vehicle dynamics with road-aligned
reference frame

P 0 1 0 0 p 0
“1 0 _2Cut2Cu 2Cu+2Ca  —2Cufl;=2Cql, 1 20,
er | _ mvy m mvVy €1 +| Tm 5
e |70 0 0 1 e 0
&y 0 _2Cub2Cul  2Cyl-2Cul, 2Col}+2Carl} e 2sCof
- LV, I - LV, L
0
2Cuflf—2Cul,
- mVy - Vx P
+ 0 l,bdes
2C11f1}+2CM13
- LV,
€1
By setting x = | &1 PR
y setting x = ,U=0,d= 14

2]
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Lateral vehicle dynamics with road-aligned
reference frame

P 0 1 0 0 p 0
“1 0 _ 2C4+2Ca 2C,+2Co, ~2Cufl;=2Col, "1 2C,
er | _ mvy m mvVy €1 +| Tm 5
&y 0 0 0 1 e 0
&y 0 _2Cwlk=2Cul  2Cul-2Cul, _ 2Cuyl42Ca R e 2lCoy
Ve I LV, I
0
2C,rlf=2C,l
_ af;1‘] arlr ‘/x )
x
+ 0 l,bdes
anfl}+2cml$
- LV,
€1
. e ; .
By settingx = | ' |, u =&, d = {4 the model can be compactly rewritten as
()

X =A(Vy)x +B(Vyu + By(Vy)d.
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Transformation into global coordinates

Objective.  Calculating the global
coordinates X, Y from ey, e5.

The global coordinates are calculated
from the coordinates of the desired
path and the lateral deviation e;

X = Xges — €1 5in l;deS/
Y = Y5 + €1 cos 1,l}des

Using
the global coordinates are written as

t
Xes :f V cos 1/}desdtr t
0 X = f V cos gesdt — e1 sinfez + Yes),
0

t
Y s Zf V sin l,Ddgsdt,
0

t
Y = f V'sin Ygesdt + €1 cos(ea + Yies)-
1/} =ex + 1/}des 0

9/15
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Longitudinal vehicle dynamics
Notation

@ Fy, Fy front and rear
longitudinal tire forces,

@ F.r air drag force,
@ Ry, Ry rolling resistance forces,

© m vehicle mass, ' - 0
© g gravitational acceleration, o
@ O road grade.

Write the Newton’s law along the vehicle longitudinal axis

mx:Fxf+Fxr_Faero_Rxf_RXT_mgSine‘

Aird
Air drag force Longitudinal tire forces
1
Foero = EPCdAF(Vx + Vwind)2/ Frx = CU*OX*I
Ar = 1.6 + 0.00056(m — 765), Gop = @ TV e

m € [800 — 2000]Kg ToWwx
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Tire forces

The interaction between the tire contact patch and the road generates a
number of forces and moments
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Tire forces

The interaction between the tire contact patch and the road generates a
number of forces and moments

side view

topview =

contact patch

In this course we are interested in modeling the forces F,, F, as function of
the vehicle states and control input.

FX* ZfX(a*/ Ox, ;u*/FZ*)/
Fy* :fy(a*r o*r [u*/ PZ*)~
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Tire forces
Longitudinal tire forces

Fox = Ca*ax*/

TwWwx — Vy
Oxe = —————, x €{f, 1}
T Wwx
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The forces have been plotted for a constant normal force F, and varying
friction coefficient y.
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Longitudinal tire forces Lateral tire forces
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Tire forces

Longitudinal tire forces Lateral tire forces
Fix = ConOuxx, Fy* = Caxy,
Orx = TwWywx — Vx, *c {f/ 7) ar = 00— GVfr ar = =0y
TwWwx

Tire Longitudinal Force Tire Lateral Force

50001
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40001 3000 — =03
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— =09
20001
1000
1000[ _
= z
z z
s 9 S0
_ -1000
- 2000
-3000
—~a000f
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B () 50 50 100 4009, -20 0 20 30

0 ETEE) 1
slip [%] slip angle [deg]

The forces have been plotted for a constant normal force F, and varying
friction coefficient y.

These are static tire forces characteristics. Indeed, tire dynamics are fast and
can be neglected in our applications. .



Tire forces

The characteristics seen so far show the tire forces in pure braking/driving and
cornering.
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Tire forces

The characteristics seen so far show the tire forces in pure braking/driving and

cornering. In combined braking/driving and cornering maneuvres,

Tire Longitudinal Force for u=0.9 Tire Lateral Force for forp=0.9

50001 4000

— slip=0
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4000f 3000
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4009

oo 50 50 100 0 20

0 -10 0 10
slip [%] slip angle [deg]

Physical modeling of the tire forces can be very much involving.

Although useful physical tire models exist (Brush model, LuGre friction
model, Dugoff’s model), the semi-empirical Pacejka’s model is the most
widespread.
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The magic formula

The Pacejka’s tire model relies on functions, which are “shaped” to resemble
the tire forces.
Y(X) = Dsin (C arctan (BO(X))) + S,
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The magic formula

The Pacejka’s tire model relies on functions, which are “shaped” to resemble
the tire forces.
Y(X) = Dsin (C arctan (BO(X))) + S,
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o Cis the shape factor,
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where E is the curvature factor and Sy, is the horizontal shift
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The magic formula

The Pacejka’s tire model relies on functions, which are “shaped” to resemble
the tire forces.

Y(X) = Dsin (C arctan (BO(X))) + S,

@ Y is either the longitudinal
or lateral generated force,

@ X is either the slip ratio or
the tire slip angle,

o D is the peak factor,
o C is the shape factor,
@ Bis the stiffness factor,

Cornering force [N]

5 o 5
Slip angle [deg]

o O is defined as:
®D(X) = (1 -E)(X + Sp)+(E/B)arctan (B(X + Sy)),
where E is the curvature factor and Sy, is the horizontal shift

The parameters in the magic formula are calibrated on experimental data.
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Longitudinal tire forces and wheels dynamics

In order to calculate F, we need the tire longitudinal slip. This depends on
the wheels speed.

m¥ = Fyf + Fxr — Faero — Ryf = Ry —mgsin 0,
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Longitudinal tire forces and wheels dynamics
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Longitudinal tire forces and wheels dynamics

In order to calculate F, we need the tire longitudinal slip. This depends on
the wheels speed.

m¥ = Fyf + Fxr — Faero — Ryf = Ry —mgsin 0,

Fx* :fx(a*/ O-*/ /-l*/ FZ* )/

TwWx

Vi,

Uy,

1—

TwWx
Iw,*d)*- = —Fl Jw — b- Wx,0 — Tb*,. + Tf*,./
* € {f, r}, e €{l, 1}

-1if V,, > rpws, Vi, # 0 for braking
Ox =

if Vi, <rpws, wy # 0 for driving,

Remarks.

@ V,, should be the wheel velocity. You can approximate it with the
vehicle speed.

@ Fuero, Ry, Ryr, mgsin O can be neglected in some vehicles speed regimes
and under the assumption of flat road, respectively,

@ Ty,,, Tt,, can be seen as control inputs to the system.
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