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Lecture outline

• The ADMM fo constraint-coupled optimization

• The distributed ADMM fo constraint-coupled optimization

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 1 |21
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Constraint-coupled optimization (recall)

A constraint-coupled optimization problem is

min
x1,...,xN

N∑
i=1

fi(xi)

subj. to
N∑
i=1

(Hixi − bi) = 0

xi ∈ Xi, i = 1, . . . , N

with xi ∈ Rni , Hi ∈ Rp×ni , bi ∈ Rp, and Xi ⊆ Rni

Let

• f(x) :=
N∑
i=1

fi(xi) with x := (x1, . . . , xN )

• Hd := diag(H1, . . . , HN )

• b := (b1, . . . , bN ), so that 1>b =
∑N
i=1 bi

• X := X1 × · · · × XN

i

fi,Xi

Hi, bi

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 2 |21
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ADMM for constraint-coupled optimization

Recall that the ADMM results in the following updates: for all k ∈ N perform

xk+1 ∈ argmin
x∈X

f(x) + 1
2c
‖c (Hdx−Hdxk) + 1λk + 1σk‖2

σk+1 = c
N
1>(Hdxk+1 − b)

λk+1 = λk + σk+1

with c > 0, where σk ∈ Rp is the feasibility error and λk ∈ Rp is the Lagrange multiplier

Remark. It is a parallel optimization algorithm:

• N “workers” solve local optimization problems, for all i = 1, . . . , N perform

xi,k+1 ∈ argmin
xi∈Xi

fi(xi) + 1
2c
‖c (Hixi −Hixi,k) + λk + σk‖2

• a master node updates the feasibility error and the dual variable

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 3 |21
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Convergence result of the ADMM algorithm

Theorem. Let the constraint-coupled optimization problem be a convex program, then

• the dual variable {λk}k∈N converges to the optimal Lagrange multiplier λ?

• the primal variables {x1,k, . . . , xN,k}k∈N converge to the optimal primal solution x? := (x1,?, . . . , xN,?)

Remark. Uniqueness of the primal-dual solution pair (x?, λ?) can be relaxed

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 4 |21
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Control-oriented ADMM reformulation

Absorbing the variable σk = c
N
1>(Hdxk − b) yields

xk+1 ∈ argmin
x∈X

f(x) + 1
2c
‖c (Hdx−Hdxk) + 1λk + c J(Hdxk − b)‖2

λk+1 = λk + c
N
1>(Hdxk+1 − b)

with initial conditions x0 ∈ X and λ0 ∈ Rp

Goal. Want to highlight a Lur’e system

The updates can be further manipulated to obtain

xk+1 ∈ argmin
x∈X

f(x) + 1
2c
‖c (Hdx− b) + 1λk − c (I − J)(Hdxk − b)︸ ︷︷ ︸

exogenous information

‖2

λk+1 = λk + c
N
1> (Hdxk+1 − b)︸ ︷︷ ︸

update direction

Remark. The exogenous information involves a delayed version of the update direction

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 5 |21
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The ADMM for constraint-coupled optimization is a feedback system

Introducing vk as a filtered, delayed version of the update direction c (Hdxk+1 − b) yields

λk+1 = λk + 1
N
1>uk

vk+1 = (I − J)uk

yk = 1λk − vk

where the output yk represents the exogenous information necessary
to compute the input uk by solving the following optimization step

xk+1 ∈ argmin
x∈X

f(x) + 1
2c
‖c (Hdx− b) + yk‖2

uk = c (Hdxk+1 − b)

Remark. The optimization step represents a static (memoryless) nonlinearity from yk to uk

Remark. The feedback system is a Lur’e system

optimization

λk+1 = Jλk + Juk

vk+1 = (I − J)uk

yk = Jλk − vk

ykuk

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 6 |21
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Algorithm analysis: error coordinates reformulation

An equivalent (though not implementable) reformulation is obtained by “replacing” b with Hdx?

xk+1 ∈ argmin
x∈X

f(x) + 1
2c
‖c (Hdx−Hdx?) + 1λ? + yk − 1λ? + c (Hdx? −Hdb)︸ ︷︷ ︸

ỹk := 1λk − 1λ?︸ ︷︷ ︸
λ̃k

− (vk − v?)︸ ︷︷ ︸
ṽk

‖2

λk+1 − λ?︸ ︷︷ ︸
λ̃k+1

= λk − λ? + 1
N
1> c (Hdxk+1 −Hdx?)︸ ︷︷ ︸

ũk

vk+1 − v?︸ ︷︷ ︸
ṽk+1

= (I − J)ũk

where (x?, λ?) is the primal-dual solution of the problem and v? := c (Hdx? − b)

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 7 |21
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Algorithm analysis: error coordinates reformulation

Finally, we obtain the error dynamics given by

λ̃k+1 = λ̃k + 1
N
1>ũk

ṽk+1 = (I − J)ũk

ỹk = 1λ̃k − ṽk

in feedback with ũk := φ(ỹk), given by

x+ ∈ argmin
x∈X

f(x) + 1
2c
‖c (Hdx−Hdx?) + 1λ? + ỹk‖2

ũk = c (Hdx
+ −Hdx?)

Goal. Study the properties of the interconnection focusing on the individual components

optimization

[
λ̃k+1

ṽk+1

]
=

[
J 0
0 0

] [
λ̃k
ṽk

]
+

[
J

I−J

]
ũk

ỹk=
[
J −I

] [λ̃k
ṽk

]
ỹkũk

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 8 |21
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Passivity-based stability analysis

For the convergence/stability analysis of ADMM, let

• the (replicated) linear plant be represented with its transfer matrix G(z)

• the nonlinearity be replaced by its sector bound characterization (ỹk + ũk)>ũk ≤ 0 for all k ∈ N

ũk = φ(ỹk)

[
λ̃k+1

ṽk+1

]
=

[
J 0
0 0

] [
λ̃k
ṽk

]
+

[
J

I−J

]
ũk

ỹk=
[
J −I

] [λ̃k
ṽk

]
ỹkũk

(ỹk + ũk)
>ũk ≤ 0

G(z)
ỹkũk

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 9 |21
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Passivity-based analysis: loop transformation

The optimization step exhibits an excess of passivity in its output ũk (OFP)
that can be transferred through a loop transformation

The transfer matrix from ũk to ŷk := ỹk + ũk is

Ĝ(z) = C(zI −A)−1B + IpN

=
[
J −I

] [(z− 1)I 0
0 zI

]−1 [
J

I − J

]
+ I

= 1
z−1

J − 1
z
(I − J) + I

= T

[
z

z−1
Ip

z−1
z
Ip(N−1)

]
T−1

where ŷk and ũk satisfies the monotonicity condition ŷ>k ũk ≤ 0

Remark. The diagonal entries of Ĝ(z) are discrete positive real. Hence, the system is passive

ŷ>k ũk ≤ 0

Ĝ(z) = G(z) + I

(ỹk + ũk)
>ũk ≤ 0

G(z)
+ỹk

+

ŷk

ũk

+

−

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 10 |21
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Convergence result for the ADMM

Proposition. The feedback interconnection of two passive systems is passive

Being Ĝ(z) discrete positive real, there exists a quadratic storage
function V and matrices My and Mu satisfying

V

([
λ̃k+1

ṽk+1

])
− V

([
λ̃k
ṽk

])
≤ ŷ>k ũk − 1

2

∥∥∥My

[
λ̃k
ṽk

]
+Muũk

∥∥∥2
with ũk = φ̃(ŷk) such that ŷ>k φ̃(ŷk) ≤ 0

It implies that lim
k→∞

ŷ>k ũk=0 and a Lasalle argument (with a refined feedforward gain D 6= I) ensures that also

lim
k→∞

λk = λ?

lim
k→∞

xk+1 = x?

ŷ>k ũk ≤ 0

Ĝ(z) discrete positive real
ŷkũk

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 11 |21
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Some questions

The ADMM for constraint-coupled optimization is

λ̃k+1 = Jλ̃k + Jũk

ṽk+1 = (I − J)ũk

ỹk = Jλ̃k − ṽk

with ũk = φ(ỹk)

Remark. It enjoys a sparsity pattern, e.g., in the nonlinear map φ, but also an aggregating averaging term I−J

• Is it possible to implement the ADMM in a distributed fashion?

• Is it possible to exploit the system-theoretic approach to design a distributed algorithm?

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 12 |21
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Unleashing distributed constraint-coupled optimization

Isolating the aggregating terms in the linear update yields

λ̃k+1 = Jλ̃k + ũk − (I − J)ũk

ṽk+1 = (I − J)ũk

ỹk = Jλ̃k − ṽk

As before, replaceJλ̃k 7−→Wλ̃k and handle the aggregating termdk :=(I−J)ũk through a distributed controller

λ̃k+1 =Wλ̃k + ũk − dk

ṽk+1 = dk

ỹk =Wλ̃k − ṽk

ek = ũk

ũk = φ(ỹk)

dk = (I − J)ek

ỹk

ek

ũk

dk

λ̃k+1 =Wλ̃k + ũk − dk

ṽk+1 = dk

ỹk =Wλ̃k − ṽk

ek = h(λ̃k, ṽk, ũk)

ũk = φ(ỹk)

distributed controller

ỹk

ek

ũk

dk

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 13 |21
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Toward a distributed implementation of the ADMM

The nonlinearity stays unchanged and, hence, decoupled across the agents

ỹk =

 ỹ1,k...
ỹN,k

 7−→ ũk = φ(ỹk) =

 φ1(ỹ1,k)
...

φN (ỹN,k)



Two alternative strategies for the distributed controller are

1. the dynamic average consensus to track the average
of the update direction ek := ũk = φ(ỹk)

2. the integral action to reject the consensus error
ek := (I −W )λ̃k

λ̃k+1 =Wλ̃k + ũk − dk

ṽk+1 = dk

ỹk =Wλ̃k − ṽk

ek = h(λ̃k, ṽk, ũk)

ũk = φ(ỹk)

distributed controller

ỹk

ek

ũk

dk

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 14 |21
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Strategy 1: Tracking-ADMM

Given the reference signal ek := ũk = φ(ỹk), the dynamic average consensus reads

ξk+1 = Wξk + (I −W )ek, ξ0 = 0N

dk = ξk

The closed-loop system results in

λ̃k+1 = Wλ̃k − ξk + ũk

ṽk+1 = ξk

ξk+1 = Wξk + (I −W )ũk

ỹk = Wλ̃k − ṽk

with ũk = φ(ỹk)

Remark. The initialization is not arbitrary

λ̃k+1 =Wλ̃k + ũk − dk

ṽk+1 = dk

ỹk =Wλ̃k − ṽk

ek = ũk

ũk = φ(ỹk)

ξk+1 =Wξk + (I −W )ek

dk = ξk

ỹk

ek

ũk

dk

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 15 |21
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Local perspective of Tracking-ADMM (recall)

Reverting the error coordinates, each agent i implements the following local updates

λi,k+1 =
∑
j∈Ni

wijλj,k − ξi,k + ui,k, λi,0 ∈ RN

vi,k+1 = ξi,k, vi,0 = 0

ξi,k+1 =
∑
j∈Ni

wijξj,k + ui,k −
∑
j∈Ni

wijuj,k, ξi,0 = 0

yi,k =
∑
j∈Ni

wijλj,k − vi,k

with the input obtained as

x+i ∈ argmin
xi∈Xi

fi(xi) + 1
2c
‖c (Hixi − bi) + yi,k‖2

ui,k = c (Hix
+
i − bi)

i

λj,k
ξj,k−uj,k

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 16 |21
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Transfer matrix of Tracking-ADMM

We can compactly write λ̃k+1

ṽk+1

ξk+1

 =

W 0 −I
0 0 I
0 0 W

λ̃kṽk
ξk

+

 I
0

I −W

 ũk
ỹk =

[
W −I 0

] λ̃kṽk
ξk


in feedback with a sector-bounded nonlinearity satisfying (ỹk + ũk)>ỹk ≤ 0

The transfer matrix from ũk to ŷk := ỹk +Dũk (steal passivity from the optimization!) is given by

GT−ADMM(z) = C(zI −A)−1B +D

=
[
W −I 0

] zI −W 0 I
0 zI −I
0 0 zI −W

−1  I
0

I −W

+D

= (zI −W )−1
(
W − 1

z
(I −W )− (zI −W )−1(I −W )

)
+D

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 17 |21
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Positive realness of Tracking-ADMM

Example. A connected network of N = 10 agents: smallest eigenvalues of GT−ADMM(z)+GT−ADMM(z̄)>

smallest
eigenvalue

second
smallest
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Convergence of Tracking-ADMM

Theorem. The transfer matrix GT−ADMM(z) is discrete positive real

Hence, there exists a quadratic storage function V and matrices My and Mu satisfying

V

(λ̃k+1

ṽk+1

ξk+1

)− V(
λ̃kṽk
ξk

) ≤ ŷ>k ũk − 1

2

∥∥∥∥∥My

λ̃kṽk
ξk

+Muũk

∥∥∥∥∥
2

with ũk = φ̃(ŷk) such that ŷ>k φ̃(ŷk) ≤ 0

Similar rguments as in the centralized case apply to show that

lim
k→∞

λk = 1λ?

lim
k→∞

xk+1 = x?

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 19 |21
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Strategy 2: Integral action for ADMM

Given the consensus error ek := (I −W )λ̃k, a Proportional-Integral (PI) controller reads

ξk+1 = ξk + ek, ξ0 ∈ RN

dk = (I −W )ξk + ek

The closed-loop system results in

λ̃k+1 = (2W − I)λ̃k − (I −W )ξk + ũk

ṽk+1 = (I −W )ξk + (I −W )λ̃k

ξk+1 = ξk + (I −W )λ̃k

ỹk = Wλ̃k − ṽk

Remark. The initialization is arbitrary

λ̃k+1 =Wλ̃k + ũk − dk

ṽk+1 = dk

ỹk =Wλ̃k − ṽk

ek = (I −W )λ̃k

ũk = φ(ỹk)

ξk+1 = ξk + ek

dk = (I −W )ξk + ek

ỹk

ek

ũk

dk

Prof. I. Notarnicola • Control Tools for Distributed Optimization • ADMM and distributed ADMM 20 |21
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Local perspective of the integral-action-based ADMM

By reverting the error coordinates, each agent i implements the following local updates

λi,k+1 =
∑
j∈Ni

wijλj,k + ui,k, λi,0 ∈ R

vi,k+1 = ξi,k + λi,k −
∑
j∈Ni

wij(ξj,k + λj,k), vi,0 ∈ R

ξi,k+1 = ξi,k + λi,k −
∑
j∈Ni

wijλj,k, ξi,0 ∈ R

yi,k =
∑
j∈Ni

wijλj,k − vi,k

with the input obtained as

x+i ∈ argmin
xi∈Xi

fi(xi) + 1
2c
‖c (Hixi − bi) + yi,k‖2

ui,k = c (Hix
+
i − bi)

Remark. Same optimization step as before

i

λj,k
ξj,k
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